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The  object  of  the  present  volume  is  to  ofl'er  to  the 
student  a  fairly  complete  aceoimt  of  the  elementary 
portions  of  the  Differential  Calculus,  uiien  cumbered  by 
8ueh  parts  of  the  .subject  as  are  not  usually  read  in 
colleges  and  schools. 

Where  a  choice  of  method  exists,  geometrical  proofs 
and  illustrations  have  been  in  most  eases  adopted  in 
preference  to  purely  analytical  processes. 

It  has  been  the  constant  endeavour  of  the  author 
to  impress  upon  the  mind  of  the  student  the  geometrical 
meaning  of  differentiation  and  its  aspect  as  a  means  of 
measurement  of  rates  of  growth.  The  purely  analytical 
character  of  the  operator  -7-  as  a  symbol  and  the  laws 
of  combination  which  it  satisfies  have  also  been  fully 
considered. 

The  applications  of  the  Calculus  to  the  treatment  of 
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vi  PREFACE. 

plane  curves  have  been  introduced  at  an  earlier  stage 
than  usual,  from  the  interesting  and  important  nature 
of  the  problems  to  be  discussed.  At  the  same  time, 
the  chapters  on  Undetermined  Forms  and  Maxima  and 
Minima,  which  have  been  thereby  postponed,  may  be  read 
in  their  ordinary  place  if  thought  desirable. 

The  direct  and  inverse  hyperbolic  functions  have 
been  freely  used,  and  the  convenient  notation  ^,  to 
denote  partial  differentiation,  has  been  adopted. 

It  is  hoped  that  the  frequent  sets  of  easy  illustrative 
examples  introduced  throughout  the  text  will  be  found 
useful  before  attacking  the  more  difficult  problems  in 
tlie  copious  selections  at  the  ends  of  the  chapters. 
Many  of  these  examples  have  been  selected  from  various 
university  and  college  examination  papers,  others  from 
papers  set  in  the  India  and  Home  Civil  Service  and 
Woolwich  examinations,  and  many  are  new. 

I  have  to  thank  the  Eev.  H,  P.  Gurney,  M.A.,  formerly 
Senior  Fellow  of  Clare  College,  Cambridge,  for  the  kind 
interest  he  has  taken  in  the  preparation  of  this  work, 
and  for  many  useful  suggestions.  I  have  also  been 
much  assisted  in  the  revision  of  proof  sheets  and  in 
the  verification  of  examples  by  J.   Wilson,  Esq.,  M.A., 
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PREFACE.  vii 

forniGrly  Fellow  of  Cliriat's  College,  one  of  H.M.  In- 
speetora  of  Schools,  and  also  by  H.  G,  Edwards,  Esq., 
B.A.,  late  Scholar  of  Queen's  College.  I  hope  therefore 
that  the  hook  will  not  be  found  to  contain  many  serious 
errors. 

JOSEPH  EDWARDS. 

80  Cambridge  Gardens, 
NoKTH  Kensington,  VV., 
November,  1886. 
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CHAPTER   I. 

DEFINITIONS.    LIMITS. 

I.  Primary  Object  of  the  Differential  Calcalus. 

In  Nature  we  frequently  meet  with  quantities 
which,  if  observed  for  sonao  period  of  time,  are  found 
to  undergo  increase  or  decrease;  for  instance,  the 
distance  of  a  moving  particle  from  a  known  fixed  point 
in  its  path,  the  length  of  a  moving  ordinate  of  a  given 
curve,  the  force  exerted  upon  a  piece  of  soft  iron  which 
is  gradually  made  to  approach  one  of  the  poles  of  a 
magnet.  When  such  quantities  are  made  the  subject  of 
mathematical  investigation,  it  often  becomes  necessary  to 
estimate  their  rates'  of  growth.  This  is  the  primary 
object  of  the  Differential  Calculus. 

i.  In  the  first  six  chapters  we  shall  be  concerned  with 
the  description  of  an  instrument  for  the  measurement  of 
.such  rates,  and  in  framing  rules  for  its  formation  and  use, 
and  the  student  must  make  himself  as  proficient  as  possible 
in  its  manipulation.  These  chapters  contain  the  whole 
machinery  of  the  Differential  Calculus,  The  remaining 
chapters  simply  consist  of  various  applications  of  the 
methods  and  formulae  here  established. 
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2  DEFINITIONS.    LIMITS. 

3.  We  commence  with  an  explanation  of  several 
technical  terms  which  are  of  frequent  occurrence  in  this 
subject,  and  with  the  meanings  of  which  the  student 
should  be  familiar  from  the  outset. 

4.  Constants  and  Variahles. 

A  CONSTANT  is  a  quantity  which,  during  any  set  of 
mathem.atical  operations,  retains  the  same  value. 

A  VARIABLE  is  a  quantity  which,  during  cmy  set  of 
mathematical  operations,  does  not  retain  the  same  value, 
but  is  capable  of  assuming  dAfferent  values. 

Ex.  The  area  of  any  triangle  on  a  given  base  and  between 
given,  parallels  is  a  constant  quantity ;  so  also  the  base,  the  distance 
between  the  parallel  lines,  tlie  sum  of  the  angles  of  the  triangle  ai'C 
constant  quantities.  But  the  separate  angles,  the  sides,  the  position 
of  the  vertex  are  variables. 

It  has  become  conventional  to  make  use  of  the  letters 
a,b,G,.  .  .  ,  a,  j8,  y,  .  .  .  ,  from  the  beginning  of  the 
alphabet  to  denote  constants ;  and  to  retain  later  letters, 
such  as  u,  V,  w,  x,  y,  z,  and  the  Greek  lettera  f,  >i,  f,  for 
variables. 

5.  Dependent  and  Independent  Variables. 

An  INDEPENDENT  VARIABLE  is  One  which  may  take  wp 
any  arbitrary  value  that  may  be  assigned  to  it. 

A  DEPENDENT  VARIABLE  is  One  which  assumes  its  value 
in  cotisequenve  of  some  second  variable  o->-  system,  oj 
variables  taking  up  any  set  of  arbitrary  values  that  may 
be  assigned  to  them,. 


6.  Fanctions. 

Wh&ii  one  quantity  depends  upon  another  or  u/pon  a 
system  of  others,  so  that  it   ass'wmes   a   definite  vahte 
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DEFmiTIONS.    LIMITS.  :t 

when  a  system  of  definite  valines  is  given  to  th/i  others,  it 
is  called  a  functios  of  those  others. 

The  function  itself  is  a  depend&nt  variable,  and  the 
variables  to  which  values  are  given  are  independent 
variables. 

The  usual  notation  to  express  that  one  variable  y  is  s. 
function  of  another  x  is 

y^f(x),  or  y^F(x),  or  y^<l,{x) ; 
the  letters  /(  ),  F(  ),  ^(  ),  x{  >>  ■  ■  ■  being  generally 
retained  to  represent  functions  of  arbitrary  or  unknown 
form.  If  ti  be  an  arbitrary  or  unknown  function  of 
several  variables  x,  y,  s,  we  may  express  the  fact  by 
the  equation 

n^f(x,y,z). 

Ex.  In  any  triangle,  two  of  whose  sides  are  x  and  y 
and  the  included  angle  6,  we  have  A  =  ^xy  sin  9  to 
express  the  area.  Here  A  is  the  dependemt  variable,  ' 
and  is  a  function  of  known  form^ — of  x,  y,  and  6,  which 
are  the  independent  variables. 

7.  It  will  he  seen  that  we  could  write  the  same  equation 
in  other  forms, 

e.g.,  sin  0  =  -  , 

xy 

which  may  be  regarded  as  an  expi'ession  for  sin  d  in 

temas  of  the  area  and  two  sides  ;  so  that  now  sin  0  may 

be  regarded  as  the  dependent  variable,  while  A,  x,  y,  are 

independent  variables. 

And  it  is  clear  that  if  there  be  one  equation  between 

four  variables,  as  above,  it  is  sufficient  to  determine  one 

in  terms  of  the  other  three,  so  that  any  one  vaHcihle  may 

bs  regarded  as  dependent  and  the  others  as  indepetident. 
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4  DEFINITIONS.     LIMITS. 

This  may  be  extended.  For,  if  there  be  one  equation 
between  n  variables,  it  will  suffice  to  find  one  of  them  in 
tenns  of  the  remaining  {n  —  1),  so  that  any  one.  variable 
can  he  considered  dependent  and  the  remaining  (i!  — 1) 
■md^>endent. 

And,  further,  if  there  be  r  equations  connecting  n 
variables  {n  being  greater  than  r)  they  will  be  enough  to 
determine  r  of  the  variables  in  terms  of  the  other  n~r 
variables,  so  that  any  r  of  the  variables  can  he  eonside^-ed 
dependent,  while  the  remaining  (n  —  r)  are  independent. 

8.  EzpUoit  and  Implicit  Fuuctioiis- 
A  fwnetion   is  said  to   be  explicit  when  ecopressed 
directly  in  te^'ms  of  the  independent  variable  or  variables. 

or  s=a»e"log«  +  (a+.r)" : 

■  J  is  expressed  directly  in  teniia  of  the  independent  variablea,  and  iw 
therefore  in  each  of  the  above  cases  said  to  be  an  explicit  function 
of  those  variables. 

But,  if  the  funetion  be  not  expressed  directly  in  te^'ms 
of  the  independent  variable  (or  variables),  the  function  is 
said  to  be  implicit. 

If,  for  example,  a,v''  +  t/;v  -&  =  U  ; 

or  ifi  +  i)^  =  ^axy; 

1/  in  each  case  is  said  to  be  an  implicit  function  of  j;. 
Sometimes,  howevei',  we  can  solve  the  equation  for  >/:  e.g.,  the 

first  equation  we  can  write  as  y—— ,  and  in  this  form  y  is  said 

to  he  an  explicit  fiuiction  of  x. 

It  appears  then  Hiat  if  the  equation  connecting  the  variables  be 

solved  for  the  dependent  Tajiable,  that  variable  is  reduced  from 

beijig  an  implicit  to  being  an  explicit  function  of  the  r 


y  Google 


DEFINITIONS.     LIMITS.  o 

viu-iahle   or   variable«.       Such    soliitiui,   i«   not,   lioiviiver,   always 
possible  or  convenient. 

9.  Species  of  Known  Functions, 

Functions  which  are  made  up  of  powers  of  variables 
and  constants  connected  hy  the  signs  +  —  x  -4-  are 
classed  as  algebraic  functions.  If  radical  signa  or  frac- 
tional indices  occur  in  the  function,  it  is  said  to  bo 
iiTational ;  if  not,  rational. 

All  other  Junctions  are  classed  Jis  traiisccndental 
functions. 

Of  transcendental  functions,  sines,  cosines,  tangents, 
etc,  are  called  trigonometrical  or  ei/i-cul-ar  functions. 

Functions  such  as  sin'U',  tan"'^;,  etc.,  are  called  invent,, 
trigonoTneti'ical  functions. 

Functions  such  as  e",  a  ,  in  which  the  variable  occurs 
in  the  index,  are  called  exponential  functions. 

While  if  logarithms  are  involved,  as  for  instance  in 
logjic  or  log,,(a  +  &x),  etc,,  the  function  is  called  log- 
arithmic. 

Besides  the  above  we  have  the  hyperbolic  functions, 
sinha;,  cosh  a;,  etc.,  of  which  a  short  description  follows 
in  Art.  25. 

10.  Limit  of  a  function. 

Def,  When  a  function  can  be  made  to  approach  eon- 
tinually  to  equality  with  some  jvenA  value  w  condiiio'ii 
so  as  to  differ  from  it  by  less  tha/n,  any  assignable  qua/ii- 
tity,  however  small,  by  maldng  t!ie  independent  variable 
or  variables  approach  soine  assigned  value  oi-  values, 
that  fixed  value  or  condition  is  called  t/ie  limit  of  Hie 
function  for  the  value  or  values  of  the  variable  or  vari- 
ables referred  to. 
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11.  Illustrations. 

Ex.  1.  If  an  equilatei'al  polygon  be  inscribed  in  any 
closed  curve,  and  the  sides  of  the  polygon  be  decreased 
indefinitely  and  at  the  same  time  increased  in  number 
indefinitely,  the  polygon  continually  approximates  to  the. 
form  of  the  cui've,  and  ultimately  differs  from  it  in  area 
by  less  titan  any  assignable  magnitude,  and  the  curve  is 
said  to  be  the  limit  of  the  polygon  inscribed  in  it. 

Ex.  2.  The    limit   of  ^±^    when    x    is    indefinitely 

diminished  is  3.     For  the  difference  between     -  ,-■    and 

3  is  — -  ,  ;  and  by  diminishing  x  indefinitely  — — ,  can  be 

made  less  than  any  assignable  quantity  however  small. 

Hence  it  is  said  that  the  limit  of  -   ,  ,    when  x  is  in- 
x  +  \ 

definitely  diminished  is  3. 

2+1 

The  expi-ession  can  also  be  written  - — '     which  shows 

that  if  X  be  increased  indefinitely  it  can  be  made  to 

continually  approach  and  to   differ   by   less   tha/n   any 

assignable  quantity  from  2,  which  is  therefore ,  its  limit 

in  that  ease. 

Ex.  3.  The  lim/it^  of  some  quantities  are  sero,  e.g., 

a^  +  bx,  I 

sin  X,  \  when  x  is  zero, 

1  — cosic,  ) 

1— sinx,  ■)     ,  TT 

^whenx^-. 

COSiK,  I  2 
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When  the  Hmib  of  a  quantity  is  zero  for  any  value  or 
values  of  the  independent  variable  or  variables,  the  quan- 
tity is  said  to  be  a  vanishing  quantity  for  those  values. 

It  is  useful  to  adopt  the  notation  Ltx^a  to  denote  the 
words  "  the  limit  when  x  —  a  of." 

Ex.  4.  The  sum  of  a^  G.P.  of  which  the  first  term  is  u, 

r"  — 1 
common  ratio  r,  and  n  the  number  of  terms,  is  a— — y- 

If  ?■  <  1,  the  sum  to  infinity  is        ~_.     For  the  diff'er- 

ence  is ,-  :  and  since  iL=„ ^  =0  (when  r  <  1),  this 

r— 1 '  ■*■— 1         ^ 

difference  is  a  vanishing  quantity. 

Ex.  5.  We  say  'C^f,  by  which  we  mean  that  by  taking 
enough  sixes  we  can  make  '666. ..  differ  by  as  little  as 
■we  please  from  |. 

Es.  6.  The  definition  of  a  tangent  is  another 
example. 

Def.  Let  PQ  be  a  chord  joining  P,  Q,  two  adjacent 
points  on  a  cv/rve.  Let  Q  travel  along  the  curve  towards 
P  and  come  so  close  as  ultimately  to  coincide  ivitk  P. 
Then  the  limiting  podtimi  of  PQ,  viz.  PT,  is  called  the 
tangent  at  P. 


Fig.  1. 
The  angle  QPT  is  a  vanishing,  quantity  ;  for  it  can  be 
made  less  than  any  assignable  quantity  by  making  Q 
move  along  the  cwme  sufficiently  close  to  P. 
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12.  There  are  several  important  principlea  with  regard 
to  limits  which  we  shall  continually  require  to  use  and 
which  we  may  stay  to  enunciate  here  : — 

(1)  The  limit  ofiheatim  of  a  finite  number  of  quantities 
is  equal  to  the  sum.  of  their  liTnits. 

(2)  The  limit  of  the  product  of  a  finite  number  of  quan- 
tities is  m  general  equal  to  the  product  of  their  limits. 

(3)  The  Ivmit  of  the  ratio'  of  two  quantities  (whose 
li/mits  are  not  zero  or  .infinite)  is  equal  to  the  ratio  of 
their  limits. 

(4)  The  limits  of  two  quantities  (whose  limits  are 
finite)  are  equal  when  the  li/mit  of  their  difference  is  sero. 

These  statements  are  almost  aelf-evideiit.  We  give  however 
formal  proofs  of  the  moat  important. 

(1)  Let  «„  «j  ...  be  the  vaiiahle  c[itantities, 

II,,  iJj  ...  their  limits. 
Let  "i  =  ''i  +  o„ 

a2  =  )i2  +  £Lj, 

where  a;,  oj,  ...  become  less  than  any  assignable  quantitiu.s  \vheii 
the  variables  «j,  u,,  etc.,  approach  their  limits. 
Then  (ii  +  Kj-i-. ..  =  («!+■.,) +  (»s+«i!)  +  -- 

Now,  if  a  be  the  greatest  of  the  quantities  Oj,  o^,  ...,  and  it  n  be 
their  number,  a^  +  aj+...  <  no  ;  and  therefore, 

i!|  +  Uj  +  , . .  differs  from 

o,+v^  +  ... 
by  less  than  no.     But  by  hypothesis  Lta  =  0  ;  and  therefore,  if  «  l>e 
finite,  Ltna^O. 
"Whence         Lt{u,  +  v,.+ ...)-v,+v^  + ... 

--  Ltii^  +  £eu^  +  Ltv.^-\-.... 

(2)  Again,  with  the  same  notation, 

«lM2=(lt,fai)()'2  +  a2) 
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i(oj%=Oj  uiileas  j>i  be  infinite, 

ita,«)"0,  unless  v^  be  infinite, 

Lta^a^  =  0. 

Z(ifjMji=  aura  of  the  limits  of  tile  abov«  terms 

i((!ijKj!ij...M„)  =  ifi/[  .  i^Mj.-ii!',  ...  /(('<„, 

e  of  these  limits  infinite. 


and  if  VijVq,  be  finite  i({iii»3  —  aji^i)  =  0  ; 
and  therefore  also  Ji°i'''-~?3'\=Q 
provided  j)^  does  not  vanish. 

Hence  ijl-'j-fifl. 

The  student  will  fiad  no  difficulty  in  establishing  the  fourth 
statement  in  a  similar  maimer. 

In  the  same  way  may  be  proved  (with  certain  exceptions] 
(5)  JAii"={l.tu)"  for  positive,  negative,  etp.,  values  of  ». 

0)  Zilog«  =  logii«. 

13.  Indeterminate  or  Illusory  Forms. 

When  a  function  involves  the  independent  variable  (or 
variables)  in  such  a  manner  that,  for  a  certain  assigned 
value  of  that  variable,  its  value  cannot  be  found  by 
jiimply  substituting  that  value  of  the  variable,  the  func- 
tion is  usually  said  to  take  an  indeterminate  fm-m  or  to 
e  an  indeterminate  value. , 


14.  The  name  indeterminate,  though  sanctioned  by 
common  use,  is  open  to  objection,  inasmuch  as  it 
will   be    found    tliat   the    true   vaiues    of   such   forms 
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can  in  general  be  arrived  at  by  means  of  certain  pro- 
cesses which  we  shall  hereafter  discuss  at  length  in  a 
special  chapter ;  whereas  it  would  seem  to  be  implied  in 
the  name  indetefWiinate  that  it  would  be  impossible  to 
obtain  the  value  of  a  function  to  which  that  name  was 
applied.  "  Undetermined  "  or  "  Illusory  Forms  "  appear  to 
be  better  designations  for  such  cases. 

15.  One  of  the  commonest  forms  occurring  is  when  the 
function  tabes  the  form  of  a  fraction  whose  Numerator 
and  Denominator  both  varnish  or  both  become  infinUe  for 
the   value    (or   values)    of    the   variable   (or  variables) 


!  treated  fully  in 


Several  other  indeterminate  forms  ii 
Chapter  XIII. 

16.  The  limit  of  the  ratio  of  two  vatvishing  quantities 
•may  be  sero,  finite,  or  infinite. 


Ex. 

(i. 

Lt,,,~^-.Lt,,,^x.O, 

zero. 

Ex. 

(ii. 

i*,..^-i(..o|-j, 

finite. 

Ex. 

(iii. 

i(„.^,-ifc4""' 

infinite 

Ex. 

("'- 

i^t^-^-~'^  =L1^^Jx  +  a)  =  -2a 

finite. 

Ex. 

(«. 

finite. 

Ex. 

(vi 

a. 

«-2    ._              I     _ 

infinite 

17-  Two  functions  of  the  same  independent  variable 
.re  said  to  be  vMimately  equal  when,  as  the  independent 
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variable  approaches  indefinitely  near  its  assigned  value, 
the  U'mit  of  their  ratio  is  unity. 


Thus 

mJ^^^v. 

and  therefore,  when  an  angle  is  indefinitely  diniiniehed, 
its  sine  and  its  circular  measure  are  ultimately  equal. 

■Examples. 

1.  i'iiid  the  limit  when  ;*-  =  0  of  ^, 

(i-) 

When                     ,j  =  nix. 

(ii.) 

When                  y^-t.. 

(iii.) 

When                   y^ax^+h. 

2.  FiBd 

^'^^'  ^^^  ""^^^'  ^^^  '   '"■'  ^■''^"  ■^■  =  "- 

3.  Find 

Ltx^gt,  vheny^^^ax-s,". 

4.  Find 
:..  Find 

(i.  Find 

Lts^ft^-,  y/hibt\.y^=a3:+hx-  +  ':.%~. 

7.  Find 

/,,„.|:4 

S.  Find 

i'S*;'?. '*«■><!■)«'-»:  (ii-)«— - 

9    Find  £tx=^  ^{^x+i-  Ja;). 

10.  Prove  thatp-^j;  and  g— ^  tend  to  equality  as  x  diminishes 
to  zero,  hut  yet  tliat  their  limits  are  not  eqiiaL 

11,  The  opposite  angles  of  a  quadrilateral  inseribed  in  a  circle  are 
together  equal  to  two  right  angles.  What  does  this  become  when 
in  the  Umit  two  angular  points  coincide  1 

13.  Find  the  tdtimate  position  of  the  point  of  ioteraection  of  tlie 
diagonals  of  a  rhombus,  when  one  of  the  angles  diminishes  in- 
definitely. 
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18.  We  now  proceed  to  consider  the  limits  of  four  very 
important  indeterminate  forms. 

19.  I.  The  proofs  of  the  well-known  results 

Lts~ocos  9=1, 
,  ^       tan  0     , 

can  he  found  in  any  standard  book  on  Plane  Trigonometry. 

20.  11.  ^'■'=i5~i^'"' 

Let  ic  =  1  +  s.  Then  when  x  ftj)proaches  the  value  unity 
s  approaches  zero,  and  we  can  therefore  consider  s  to  he 
less  than  1,  and  therefore  can  apply  the  Binomial  Theorem 
to  expand  {1  +s)",  whatever  n  may  he. 

a+^r-i 


Hence   i4=i    "    .  —Lt^^ 
x—l 


<n-l). 


5*'  +  .. 


=.Lt,, 


21.  III.  £4=^(1  +  -^  =e,  where  fi,  is  the  base  of  the 

Napierian   system    of   logarithms.      This   number  e   is 

defined  as  the  value  of  the  series  l  +  H-^+;  +  ...to3o, 

and  it  may  easily  be  shown  to  be  2-7182818. ... 

Since  X  is  to  be  ultimately  infinite,  we  may  throughout 
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consider  -  to  be  less  than  unity,  and  may  therefore  apply 
the    Binomial   Theorem   to   the    expansion   of    I1  +  -J. 


We  thus  obtain 

J^i 

1.2   "  '£'' 


io  the  limit,  when  x  is  indefinitely  increased. 

Co..  i;4..(i+^;=i^.4(i+^)-}"=^. 

22.  IV.  Lt^jf.-z}.^\og^,, 
Assume  the  expansion  for  «*,  viz. : 

a^  =  1  +iBlogjffl+— ^*-'^-  + .... 
This  is  a  convergent  series,  for  the  test  fraction  is  — ^-- , 

and  can  be  made  less  than  any  assignable  quantity  by 

making  n  sufficiently  large. 

We-  have  therefore 

a" -I  x(logs((,)^ 

— ^=log,a+      ^.       +... 

and  the  limit  of  theriglit-handside,  when  j;  is  indeiinitely 
diminished,  is  clearly  hy^e'i. 

23.  The  following  proof  of  II.  is  independent  of  the 
Binomial  Theorem ; 
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(i.)  Let  M  be  a  positive  integer.    Then,  by  diviaiou. 

Puttinga^=l, 

^(,=,■^^=1 +  1  +  1  +  .. .  +  1  +  1 4-1, 
there  being  n  terras, 


(ii.)  Let  n  be  a  positive  fraction^ 


y  =  ic,  so  that,  if  a:  =  l,  j'  =  I,  and  ,■ 


(ill,)  Let  »i  be  negative  and  = 
rhen  ii,„i^^  =  i(„,^ 


£(  ,(~-l)xir    ^!ri„    uij  (i)  XI 1 


(ii.),  and.'  i 

(iv.)  Finalh     if    n   he     nconunensi  i-ible    two      umleis   ij 
can   be   foun  1    1  otli    coram ensui able    one    on    eith    side    of    n 
such   that  their  diffeicnte  is  le^h  than  inj  that  pan  l«  assigned 
beforehand  howevei  smilL 

Hence  x  *   c"   j.  s  are  m     ider  of  maguitu  ie     and  therefoie  s 
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».,  a-S, 


but  Hi,  Mj,  are  indefinitely  nearly  equal,  and  n  lies  between  tliem, 
Lt^^i^—^  =  n  in  this  case  also. 

24.  Also  IV,  can  be  deduced  from  III.  thus  : 

Let  «'-!  =  -, 

y 

and  therefore  when  a:  becomes  zero  y  bewiraes  infinite,  and 


""''^""'"^•K) 


"  ".'/^.(l  +  i)        '  "log„(l  +  l^ 

[Arts.  12  (7)  and  21.] 


"..g.[x,.„(i+l)7l°»- 

=  iog^a. 
Examples. 

1.  Prove  Lt.=J^^=^\. 

[Put  .1^=1+;/.] 

2.  Prove  Lt^^.^i-f^=~''i.<'"—. 

3.  Prove  ii^=o(14-iW!)'  =  e". 

4.  Prove  Lt^c^o—. =  -  - 

.!,.   rrov.  i,!,..'''~'~f'°'!-°-^( 
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2i5.  Hyperbolic  Functions. 

By  analogy  with  the  exponential  values  of  the  sine, 
cosine,  tangent,  etc,,  the  exponential  functions 

li-.'^-.  ?+?..*■. 

are  respectively  written 

3tnh  6,  coah  0,  tanh  6,  etc., 

and  called  the  hyperbolic  sine,  cosine,  tangent,  etc.,  of  0, 

and  as  a  class  are  styled  hyperbolic  functions. 

c-  -A       f-'^  —  e-'S  e'^  +  f'-'" 

oince    310  0=   ------^   and    cos0=   ■  — -- — ,    whertr 

(  =  V  —  I,  it  will  be  clear  that 

sini0  =  isinhO, 

cos  10  =  cosh  d, 
and  hence  or  from  the  definition 

(1)  tan  ,0  =  ,-^f^  =  i  tanh  e; 
^  '  cosh  B 

(2)  cosli-e-sinh^O-l; 

(3)  Kin(0+i0)  =  9in0cosli  ^  +  icos0sinh  0; 
with  many  other  forreiulae  analogous  to,  and  easily  dc- 
ducible  from,  the  common  formulae  of  Trigonometry, 

If  3;  =  sinh0, 

,we  have  0  =  ainh"'j;, 

an   inver»e   hyperbolic  function  of  x  analogous  to  the 
inverse  trigonometrical  function  sin"'^. 

This  species  of  function  however  is  merely  logarithmic  ; 

for,  since  3;  =  — — „-^, 

we  have  e'>--x+ ^1+ j}, 

and  0  =  log.(a!+N/T+.t-), 

while  corresponding  results  hold  for  cosh"'a^,  tanh"'a;,  etc. 
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Examples. 

1.  Prove  the  following  formulae^ 

{a)  eosech=S=ooth2e-l  ; 

ih)  ainh(fl  +  <}i)  =  sinh  Pcoali^  +  oosh  flaiuli  0  ; 

1  +taiilio  taiin  ip 
(rf)      BiDhe  +  ainh^  =  2Binh  -"t--cosli  -~    . 

2.  Sliow  that  the  co-ordiaates  oi  any  point  on  the  reotiiugular 
hyperbola  x^-jfl^a^  may  bedeaoted  by  aeoahe,  aainhe, 

;J.  Prove •{!»)  smh-'a:=  tanli"'-.— =^  ; 

(6)       2  tanb''j^  =  Iog  j-^-. 

Infinitesimals. 
:i6.  All  measurable  quantities  are  estimated  by  the  ratios 
which  they  bear  to  certain  fixed  but  arbitrary  units  of 
their  own  kind.  The  whole  measure  of  a  quantity  thus 
consists  of  two  factors— the  unit  itself  and  an  abstract 
number  which  represents  the  ratio  of  the  measured 
quantity  to  the  unit.  The  magnitude  of  the  unit  should 
be  chosen  as  something  comparable  with  the  quantity  to 
be  measured,  otherwise  the  abstract  number  which 
measures  the  ratio  of  the  quantity  to  the  unit  will  be  too 
large  or  too  small  to  lie  within  the  limits  of  comprehen- 
sion. For  instance,  the  radius  of  the  earth  is  conveniently 
estimated  in  imlfis  (roughly  4,000);  the  moon's  distance  in 
eartJi's  radii  (about  60) ;  the  sun's  distance  in  moon's 
ifdstances  (about  400) ;  the  distance  of  Sirius  in  sun's 
distances  (at  least  200,000).  Again,  for  such  relatively 
small  quantities  as  the  wave-length  of  a  particular  kind 
of  light,  one  tert-millionth  of  an  inch  is  found  to  be  a  suf- 
ficiently large  unit:  the  wave-length  for  light  from  the  red 
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end  of  the  spectrum  being  about  266,  that  from  the  vioJet 
end  :67  such  units  (Lloyd,  "Wave  Theory  of  Light,"  p.  18). 

27.  Any  comparison  of  two  quantities  is  equivalent  to 
an  estimate  of  how  many  times  the  one  is  contained  in  or 
contains  the  other ;  that  is,  the  one  quantity  is  estimated 
in  terms  of  the  other  as  a  niiit,  and  according  as  the 
number  expressing  their  ratio  ia  very  large  compared 
with  unity  or  a  very  small  fraction,  the  one  is  said  to  be 
very  large  or  very  small  in  comparison  with  the  other. 
The  terrm  great  and  small  are  therefore  pwrely  relative. 

The  standard  of  smallness  is  vague  and  arbitrary.  An 
error  of  measurement  which,  centuries  ago,  would  have 
been  reckoned  small  would  now  be  considered  enormous. 
The  accuracy  of  observation,  and  therefore  the  smallness 
of  allowable  errors  of  observation,  increases  with  the 
continual  improvement  in  the  construction  of  instruments 
and  methods  of  measurement. 

28.  Orders  of  Smallness. 

If  we  conceive  any  magnitude  A  divided  up  into  any 
large  number  of  equal  parts,  say  a  billion  (10^^),  then  each 

part  r— ^  is  extremely  small,  and  for  all  practical  purposes 

negligible,  in  comparison  with  A.     If  this  pai't  be  again 

subdivided  into  a  billion  equal  parts,  each  =     j^  each  of 


so  on.      We   thus   obtain   a   series   of   magnitudes,    A, 
Ti^  Tnw'  iTite'  ■■■■  ^^^  of  which  is  excessively  small  in 
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comparison  with  the  one  which  precedes  it,  but  very 
large  compared  with  the  one  which  follows  it.  This  fur- 
nishes us  with  what  we  may  designate  a  scale  of  smaUness. 

More  generally,  if  we  agree  to  consider  any  given 
fraction  /  as  being  small  in  comparison  with  unity,  then 
J'A  will  be  small  in  comparison  with  A,  and  we  may 
term  the  expre.'ssions  fA,f^A,f'^A,  ...,  small  quantities 
of  the  fivst,  second,  third,  etc.,  order's;  and  the  numerical 
quantities /, /^, /^,  ...,  maybe  called  small  fractions  of 
the  first,  second,  third,  etc.,  ordera. 

Thus,  supposing  A  to  be  any  given  finite  m^;nitude, 
any  given  fraction  oi  A  is  at  our  choice  to  designate  a 
small  quantity  of  the  first  oi'der  in  comparison  with  A. 
When  this  is  chosen,  any  quantity  which  has  to  this  small 
quantity  of  the  first  order  a  ratio  which  is  a  small  frac- 
tion of  the  first  order,  is  itself  a  small  quantity  of  the 
second  order.  Similarly,  any  quantity  whose  ratio  to  a 
small  quantity  of  the  second  order  is  a  small  fraction  of 
the  first  order  is  a  small  quantity  of  the  third  order,  and 
so  on.  So  that  generally,  if  a  small  quantity  be  such 
that  its  ratio  to  a  small  quantity  of  the  p^  order  be  a 
small  fraction  of  the  5'^  order,  it  is  itself  termed  a  small 
quantity  of  the  (p  +  qf^^  order. 

39.  Infinitesimals. 

If  these  small  quantities  Af,  Af^,  Af^,  . . .,  be  all  quan- 
tities whose  limits  are  zero,  then,  supposing  /  made 
smaller  than  any  assignable  qua/ntity  by  sufRcientiy 
increasing  its  denominator,  these  small  quantities  of  the 
first,  second,  third,  etc.,  orders  are  termed  infinitesimals 
of  the  first,  secOTid,  third,  etc.,  orders. 

From  the  nature  of  an  infinitesimal  it  is  clear  that,  if 
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any  equati<m  contain  finite  quantities  and  infinitesi- 
'mats,  the  injmiteaimals  inq,y  he  rejected. 

30.  Prop.  In  any  equation  between  infi-mtes'mala  of 
different  orders,  none  but  those  of  the  lowest  order  need 
be  retained. 

Suppose,  for  instance,  the  equation  to  be 

A^  +  B^  +  G,  +  D^  +  E^  +  F^  +  ...^0, (i.) 

each  letter  denoting  an  infinitesimal  of  the  order  indi- 
cated by  the  suffix. 

Then,  dividing  by  A  „ 

•-f-^^^^-- -•<^> 

the  limiting  ratios  -j*  and    -,-'   ai'e  finite,  while  -^,   -.-, 
are  infinitesimals  of  the  first  order,  -^  is  an  infinitesimal 

of  the   second   order,   and   so   on.     Hence,  by  Art.  29, 

equation  (ii.)  may  he  replaced  by 

and  therefore  equation  (i,)  by 

A,+B,  +  C^^O, 
which  proves  the  statement. 

31.  Prop.  In  any  equation  eonneeti/ng  injlniteavmals 
we  may  substitute  for  any  one  of  the  q'uantities  involved 
a/iiy  oth&r  which  differ)*  from  it  by  a  quantity  of  higher 
order. 

For  if  .4,-|-iJ,  +  0,  +  A  +  ...=0 

be  the  equation,  and  if  A^^F^+f^, 

/^  denoting  an  infinitesimal  of  higher  order  than  F^,  we 
have  Fj  +  .B.  +  C^  +f  +  D,+ . . .  =  0, 
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i.e.,  by  the  iaat  proposition  we  may  write 

j-^  +  B^  +  Cj^O, 
which  may  therefore,  if  desirable,  replace  the  equation 

A-^  +  B^+G^^'a. 

32.  Illustrations. 


aad 


COS  6  =  i  — 


sin  0, 1  -  cos  B,d~  sin  d  ai'e  respectively  of  the  first,  second, 
and  third  orders  of  small  quantities,  when  Q  is  of  the  first 
order ;  also,  1  may  be  written  instead  of  cos  0  if  second 
order  quantities  are  to  be  rejected,  and  Q  for  sin  d  when 
cubes  and  higher  powers  are  rejected. 

33.  Again,  suppose  AP  the  arc  of  a  circle  of  centre  0 
and  radius  a.  Suppose  the  angle  A  0P(  =  0)  to  be  a  small . 
quantity  of  the  first  order.  Let  PN  be  the  perpendicular 
from  P  upon  OA  and  AQ  the  tangent  at  A,  meeting  OP 
produced  in  Q.     Join  P,  A. 


arc  AP^ad  and  is  of  the  first  order, 
NP^asinO        do.  do., 

vlQ  =  ittan0        do.  do.. 

chord  AP  =  2a  sin  ^      do.  do., 

NA  =  a(l  —  cos  6)  and  is  of  the  second  order. 
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So  that  OP—  ON  is  a  small  quantity  of  the  second  oivieiv 
Again,  arc  jIP— chord  AP^aQ  —  tamji 


(i-.^:--) 


«0»  , 

=  .~T-,-etc., 

and  is  of  the  third  order. 

PQ~NA^NA{ss:C0~\) 

2  sin^- 

cosfJ 
=  (second  order)(aeeond  order) 
=  fourth  order  of  small  quantititis, 
and  similarly  for  others. 

34!.  Such  results  may  also  be  established  without  the 
use  of  the  series  for  sin  Q  and  cos  B. 


For  example,  let  APB  be  a  aemioircle,  F  any  point  very  near  to 
A,  so  that  the  arc  AF  may  be  considered  a  small  quantity  of  the 
first  order.  Join  AP,  BP,  and  let  BF  produced  cut  the  tangent  at 
J  in  jS,  and  let  the  tangent  at  P  out  AU'vaT,  and  draw  the  per- 
pendicnlar  PjVupon  AB.  7"  will  he  the  middle  point  of  All,  aud 
AT=TR=TP. 

(1)  We  may  take  it  as  aaiomMic  that  the  length  <if  the  are  AP  is 
intermediate  betvreeii  the  chord  AP  and  the  smw  of  the  tangerUa  AT, 
TP  ;  i.e.,  between  cliord  AP  and  tangent  AR.  Hence  chord  AP, 
arc  AP,  tangent  AR  are  in  ascending  order  of  magnitude,  and 
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therefore  1,  -H£ji^„    tangent^^   ^^.^    .^^    ascending   order  of 

chord  ^P"     eiwTAAl' 
niHgititude. 

Now,  X(  =  i(      =  1 

chord  ^P        5/' 

whence  ^'^"/fn=l- 

chord  ^P 

aud  therefore,  if  arc  JP  be  reckoned  a  small  quantity  of  the  first 

order,  the  chord  AP  and  the  tangeut  AR  are  also  of  the  first  order 

of  small  Iness. 

(2)  Again,  since  M^  =  -^  and  since  AP  is  of  the  Brat  order 
of  smallness,  AS  is  of  the  second  order, 

(3)  Alao  :C£'  =  ^^,  whicli  is  iiitiniately  a  ratio  of  equality,  and 
therefore  PR  ia  also  of  the  second  order. 

,4,  SMMy,  .i„„  «^^/-4gr4J'=_™iy,  „„  .inc. 

PJP  ia  0,  small  quantity  of  the  fourth  order,' and  JA  +  jli"  is  a  small 
quantity  of  the  first  order,  we  see  that  AR-AP  is  of  the  third 
order  of  sniEill  qnantities. 

And  similarly  for  other  quantities  the  order  of  amailnesa  may  be 
jfeometricalty  investigated. 

35.  The  hose  a/ngles  of  a  triangle  beiiig  given  to  he. 
small  quantities  ofthefirBt  order,  to  find  the  order  of  the 
difference  between  the  base  and  the  sum  of  the  sides. 


By  what  has  gone  before  (Art.  33),  if  APB  he  the 
triangle  and  PM  the  perpendicular  on  AB,  AP  —  AM 
and  BP  —  BM  are  both  small  quantities  of  the  second 
order  as  compared  with  AB. 
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Hence  AP+PR  —  AB  is  of  the  second  order  conipaied 
with  AB. 

If  AB  itself  be  of  the  first  order  of  small  (juaiifcifcies, 
then  AP  +  PB-AB  is  o/(Ae  third  order. 

36.  Degree  of  approximation  in  taking  a  small  chord 
for  a  Somali  are  in  any  curve. 


Let  AB  be  an  arc  of  a  curve  supposed  continuous 
between  A  and  B,  and  so  small  as  to  be  concave 
at  each  point  throughout  its  length  to  the  foot  of  tin: 
perpendicular  from  that  point  upon  the  chord.  Let  AP, 
BP  be  the  tangents  at  A  and  B.  Then,  when  A  and  B 
are  taken  sufficiently  near  together,  the  chord  AB  and  the 
angles  at  A  and  B  may  each  be  considered  small  quanti- 
ties of  at  least  the  first  order,  and  therefore,  by  what  has 
gone  before,  AP+PB  —  AB  will  be  at  least  of  the  third 
order.  Now  we  may  take  as  an  axiom  that  the  levgth 
of  the  arc  AB  is  intermediate  between  the  length  of  the 
chord  AB  and  the  sum  of  the  tangents  AP,  BP,  Hence  the 
difference  of  the  arc  AB  and  the  chord  AB,  which  is  less 
than  that  between  AP+PB  and  the  chord  AB,  must 
be  at  least  of  the  third  order. 
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JiXAMPLES. 


1.  Show  that,  in  the  figure  of  Art.  33,  the  area  of  the 
segment  boimded  by  the  chord  AP  and  the  arc  AP  is  of  the 
third  order  of  smali  quantities. 

2.  In  the  same  figure,  it  PM  be  drawn  perpendicular  to  AQ, 
show  that  the  triangle  PMQ  is  of  the  fifth  order  of  siaallness. 

3.  A  straight  line  of  constant  length  slides  between  two 
straight  lines  at  right  angles,  viz.,  CAa,  GbB ;  AB  and  ah  are 
two  positions  of  the  line  and  7"  their  point  of  intei'section. 
Show  that,  in  the  iiinit,  when  the  two  positions  coincide,  we  have 

Bb~CA^^    PB~  CA^' 

i.  From  a  point  y  in  a  radius  OA  of  a  circle,  produced,  a 
tangent  TP  is  drawn  to  the  circle,  touching  it  in  P ;  PN  is 
di'awn  perpendicular  to  the  radius  OA.  Show  that,  in  the 
limit,  when  P  moves  up  to  A,  NA  =AT. 

5.  If,  in  the  equation  sin(<i)  ~  $)  —  sin  to  cos  a,  6  be  very  small, 
show  that  its  appi'oximate  value  is 


1)-, 


[I.  C.  S.  Exam.] 

6.  Tangents  are  drawn  to  a  circular  arc  at  its  middle  point 
aiid  at  its  extremities.  Show  that  the  area  of  the  triangle 
formed  by  the  chord  of  the  arc  and  the  two  tangents  at  the 
extremities  is  ultimately  four  times  that  of  the  triangle  formed 
by  the  thi-ee  tangents.  [Fkost's  Newton.] 

7.  If  G  be  the  centre  of  gravity  of  the  arc  PQ  of  any  uniform 
curve,  and  if  PT  he  the  tangent  at  /",  prove  that,  when  PQ  is 
indefinitely  diminished,  the  angles  GP2'  and  QPT  vanish  in  the 
ratio  of  2  to  ?,.  [I.  C.  S.  Exam.] 
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FUNDAMENTAL  PROPOSITIONS. 

37.  Direction  of  the  Tangent  of  a  Carve  at  a  griven  point. 

Let  AB  be  an  arc  of  a  curve  traced  in  the  plane  of  the 
the  paper,  OX  a  fixed  straight  line  in  the  same  plane. 


Let  F,  Q,  be  two  points  on  the  curve  ;  FM,  QK,  per- 
pendiculars on  OX,  and  FE  the  perpendicular  from  F  on 
QK  Join  P,  Q,  and  let  QF  be  produced  to  cut  OX  at  T. 
When  Q,  travelling  along  the  curve,  approaches  iu- 
deiinitely  near  to  F,  the  chord  QP  becomes  in  the  limit 
the  tangent  at  F.  QR  and  PR  both  ultimately  vanish, 
but  the  limit  of  their  ratio  is  in  general  finite ;  for 

Ltr^  =  Lt  tan.  RFQ=Ltta,nXTF  =  tangent  qf  the  angle 

which  the  tangent  at  P  to  the  curve  malcea  with  OX. 
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Ex.  1,  Consider  the  straight  lijie  whose  equation  is  ;/~mx-i-/^. 


Let  OX,  Or,h»  the  axes,  and  let  the  co-ordinates  of  P  be  ^,  y. 
Then,  taking  the  general  construction  of  the  preceding  article,  the 
intercept  OA  —o,  for  y  =  c  when  r=0. 

Draw  AK  parallel  to  OX  to  meet  MI'  m  A  ;   then,  from  similar 

triangles,  ^  =  ^=^^^ 

^     '  PR    AK        OM 


Hence  tan  XTP  =  tanKPQ=in. 

Ex.  2.  Consider  the  parabola  referred  to  its  usual  axes,  via., 
axis  of  the  paraboLi  and  the  tangent  at  tlie  vertex.    With  the  si 


construction  as  before,  we  have 

PM^  =  iAS.AM, 
QN'=4AS.AN, 
QN^^  PM^^iAS(AN  -  AM)=4AS .  PR. 
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But      QN-^-PM^={QN-PM){QN+PM)  =  Rq.{qN+PM), 
.-.    ltQiQX+PM)=='iAS.Pii, 

whence  Ft^^-rt-^^     -^^'^ 

whence  ^^pR-^'^+pM^^PM 

when  §  comes  to  coincidence  with  P, 
and  therefore  in  the  limit 
=  M* 
PM' 
Ex.  3.  Consider  the  "curve  of  sines"  whose  equation  is 


nXTP  = 


e  construction  heing  made,  it  P  be  the  point  (.c,  i/)  on  the 


ifP  =  &8in-. 
Let      MN=h,  then  iV§= 
Hence  RQ=b'>.  Biii£±^- 
and  therefore 


Therefore  in  the  limit 
tanATi'=-co8'''. 
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29 


From  the  above  examples  it  will  now  be  obvious  that 
the  direction  of  the  tangent  at  any  point  of  any  curve 
may  be  determined  in  a  similar  manner. 

38.  Equation  of  Tangent. 

Let  us  consider  the  general  case  in  which  the  eijuation 
of  the  curve  is  y  = 


Fig,  10. 
Let  the  co-ordinates  of  the  points  P,  Q,  on  the  eur 
be  {x,y)  (x-^&c,  y+&y)  respectively,  Sx  and  &y  bei 
used  to  denote  increments  of  the  variables  x  and  y. 
Then,  the  construction  being  as  before, 

OM=x,  ON^-x-^Sx,  therefore  PS  =  JifiV"=  5a;; 
also,  MP^y^NQ^-y+Sy,  theieiore  RQ  =  6y. 

Again,  since  the  point  x  +  Sx,  y  +  Sy,  lies  on  the  cnr\ 
y  +  Sy  =  i>ix+Sx). 
whence  RQ  ^Sy  =  <p{x+Sx)  ~  ^{x). 

■m 


Hence     we      can      express      LX 


PR 


Lts^^, 


Lts^-. 


,l,{x+&x)_-_±{x) 


^Sx 


Hence,  to  draw  the   tangent  at  any  point  (a;,  y)  on 
the  curve  y  =  <p(x),  we  must  draw  a  line  through  that 
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point,  making  with  the  axis  of  x  an  angle  whose  tangent 
is  fla—'S^^+Mz*-?);  and  if  this  limit  be  called  m, 
■the  equation  of  the  tangent  at  P{x,  y)  will  be 

X,  Y  being  the  current  co-ordinates  of  any  point  on  the 
tangent ;  for  the  line  represented  by  this  equation  goes 
through  the  point  {x,  y),  and  makes  with  the  axis  of  a;  an 
angle  whose  tangent  is  m. 

Examples, 
Find  the  equation  of  the  tangent  iit  the  point  (j;,  y)  on  each  of 
the  following  curves  : — 

..   a^    y_i  5'  y  =  tana'. 

3.  y=e. 
39.  Def. — Differential  Coefficient. 
Let  <p(x)  denote  any  fimetion  of  x,  and  (p(x+h)  the 

^am,e   fvmction    of  x+k;     then   Lth=^ r — ■-—    ^^ 

called  the  first  derived  function  oi-  dikpekbntial  co- 
efficient of  ij)(x)  with  respect  to  x. 

The  operation  of  finding  this  limit  is  called  differenti- 
ating ifi{x). 

After  reading  Chap.  V,,  it  will  be  obvious  why  the 
above  expression  is  stj'led  a  "  coefficient,"  for  it  is  shown 
there  to  he  one  of  a  series  of  coefficients  occurring  in 
the  expansion  of  ^{x+h)  in  powers  of  k 

The  geometrical  meaning  of  the  above  limit  is  indicated 
in  the  last  article,  where  it  is  shown  to  be  the  tangent  of 
the  angle  -^  which  the  ta/ngent  at  any  definite  point 
{x,  y)  on  the  curve  y  —  (j>{ai)  maJces  with  the  axis  ofx. 
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40,  We  can  now  find  the  differential  coefficieut  of  any 
proposed  function  by  investigating  the  value  of  the 
above  limit;  but  it  will  be  seen  later  on  that,  by  means 
of  certain  rules  and  a  knowledge  of  the  differential 
coefficients  of  certain  standard  forms,  we  can  always 
avoid  the  labour  of  an  a  priori  evaluation. 

When  an  a  priori  investigation  becomes  necessary,  it 
may  often  be  conducted  very  simply  by  pure  geometry. 
It  is  however  usual  to  treat  the  more  complicated 
functions  algebraically.     Several  examples  are  appended. 

Ex.  1 ,  To  tiiid  geomelricall^  the  differential  coefficient  of  sin  x. 

Let  the  angle  J  0/*=^,  AO^=x + !i,  tMdlst  a  circle  with  centre  O 

Had  radius  unity  cut  the  lines  OA,  OP,  OQ,  in  .1,  P,  Q.     Dvawper- 


pendiculars  PM,  QN,  to  OA,  and  PR  to  §iV.     Join  PQ.     Then 
MP=sinx,  jVO=siate+A), 

Again,  A=iingle  POQ  =  a,TC  PQ,  the  radius  lieiiig  unity, 

"'="  h  arc  PQ         choi-d  Pq 

{for  chord  PQ  and  arc  PQ  are  equal  in  the  limit) 
=Ltco&BQP=eoiiOPR 
(ance  ill  the  limit  QPO  is  a  right  angle) 
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Ex,  a.  To  find  geometrically  the  differential  coefficient  of  si 

111  Kg.  11   let  AOP  =  sin''x, 

and  A0q=3\.n-\x+h). 

Then,  with  the  same  eonatniction  as  before, 

therefore  RQ  =  h. 

^""^l,    sin-V+/0-5in-;r_j^     AOQ^AOf 


jhord  /'§ 

1 

I 

aif^P    coi 
1 

eosJOi' 

1 

^sinMOf 

Vi- 

-.r! 

Examples. 
Find  in  a  similar  maimer  the  differential  coefficients  of 

(1)  tan^f.  (3)  cosecar. 

(2)  tan-'a'.  (4)  coaec-',r. 

Ex.  3.   Find  from  the   definition   the   differential   coefficient   of 


*(J^  +  A} 


.{^+i)= 


therefore       Lt^J-^-^^^^^Lt^J^^l^ 
=Lt  -  ?^±^-=i(     (Sj^+A) 


The  geometrical  interpretation  of  this  result  is  that,  if  a  taugent 
he  drawn  to  the  parabola  aj/~x^  at  the  point  (a;,  y),  it  will  be 
inclined  to  the  axis  of  x  at  the  aiigle  tan"'     . 
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Ex.  4.  -Find  from  the  definition  the  differential  coefficient  of 
log  sin  -,  where  a  is  a  constant. 

Here  ^(a;)  =  log  sin  -, 

h  k 


=  i(s=oi  log  (l  +  ^  cot  -  -  higher  powers  of  A  ) 
bysubstitntingfor  sin- and  cos- tlieir expansions iu powers of- 
-  cot-- -higher  poweiB  of  A 

[by  expanding  the  logarithm] 
=icot-. 

Hence   the   tangent    at   any   point   on   the    curve   '^  =  l<>gsin-    is 

inclined  to  the  axis  of  x  at  an  angle  whose  tangent  is  cot..  ;   that  is 

at  anange^--. 

41.  Notation. 
The  result  of  the  operation  expressed  ty  LtA=o— — i 

or  by  i'sit-o^l  is  generally  denoted  by  ^  or  ^. 

It  will  be  well  to  note  distinctly  once  for  al!  that  in 
the  notation  thus  introduced,  dx  aoid  dy,  aa  here  used,  are 
not  separate  smalt  quantities  as  Sx  and  Sy  are,  but  that 
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T-  is  a  symbol  of  o'peration  which,  when  applied  to  y, 

denotes  the  result  of  taking  the  limit  of  the  ratio  of  the 
small  quantities  Sy,  Sx, 

Sometimes  d^y  is  used  to  denote  the  same  thing ;  or,  if 

y  =  ip(x),  we  often  meet  with  the  forms  ■■  %—,  -^,  0'(«)> 

'pm  i>\  or  ^.  Again,  aa  the  letters  u,  v,  w,  etc.,  are  fre- 
quently used  to  denote  functions  of  x,  ,  we  sliall 
have  the  differential  coefficient  variously- 


expressed,  as  —,-,  vf,  Its,  or  V,,  with  a  similar  notation  for 
those  of  V,  IV,  etc. 

42.  Aspect  of  the  Differential  Coefficient  as  a  Rate-Measurer. 

When  3.  particle  is  in  motion  in  a  given  manner  the  space 
described  is  a  function  of  the  time  of  describing  it.  We 
may  consider  the  time  as  an  independent  variable,  and  the 
space  described  in  that  time  as  the  dependent  variable. 

The  rate  of  change  of  position  of  the  particle  is  called 
its  velocity. 

If  uniform,  the  velocity  is  measured  by  the  apace 
d^cribed  in  one  second  ;  if  variable,  the  velocity  at  any 
instant  is  measured  by  the  space  which  would  be  de- 
scribed in  one  second  if,  for  that  second,  the  velocity 
remained  unchanged. 

Suppose  a  space  s  to  have  been  described  in  time  t 
with  varying  velocity,  and  an  additional  space  Ss  to  be 
described  in  the  additional  time  St.  Let  v.^  and  v^  be  the 
greatest  and  least  values  of  the  velocity  during  the 
interval  6t;  then  the  spaces  which  would  have  been 
1  with  unifotTM  velocities  v.,  v.,  in  time  Si  are  v  St 
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and  vjt,  and  are  respectively  greater  and  less  than  the 
actual  space  iSs. 

Hence  v,,  -j-f  ^'^^  %  ^^^  '^'^  descending  order  ofmagnitude. 

If  then  St  be  diminished  indefinitely,  we  have  in  the 

limit  1!^  =  1)3  =  the  velocity  at  the  instant  considered,  which 

Ss  ds 

is  therefore  represented  by  Lt-.-  i.e.,  by  ■^. 

43.  It  ajipears  therefore  that  we  may  give  another  inter- 

ds 
pretation  to  a  differential  coefficient,  viz.,  that  -57  means 

the  rate  of  i/iwrease  of  a  in  point  of  tvme.     Similarly 

■-TT,  ■—,  mean  the  rates  of  cha/nge  of  x  and  y  respectively 

in  point  of  time  and  measure  the  velocities,  resolved 
parallel  to  the  axes,  of  a  moving  particle  whose  co-ordin- 
ates at  the  instant  under  consideration  are  x,  y.  If  x  and 
y  be  given  functions  of  t,  and  therefore  the  path  of  the 
particle  defined,  and  if  Sx,  Sy,  St,  be  simultaneous  in- 
finitesimal increments  of  3;,  y,  t,  then 
Sy    dy 

dx      '  Sx      '  Sx     i^ 
'di     dt 
and  therefore  represents  the  ratio  of  the  rate  of  change  of 
y  to  that  of  x.     The  rate  of  change  of  a;  is  arbitrary,  and 

if  we  choose  it  to  be  unit  velocity,  then  -1^  =  h|  =  absolute 

rate  of  change  of  y. 

44.  Meaning  of  Sign  of  Differential  Coetficient. 

If  X  be  increasing  with  t,  the  ^-velocity  is  positive. 
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whilst,  if  X  be  decreasing  while  t  iiici-eases,  that  velocity 
is  negative.     Similarly  for  y. 

Moreover,  since  -^-  =  ^r-,^  is  positive  when  x  and  y 
ax    ax  ax 

di 

increase   or  decrease   together,   but  negative   whem,   one 

increases  as  the  other  decreases. 

This  ia  obvious  also  &om  the  geometrical  interpretation 

■  -^  i. 
'  dx 

i  of  a/n  acute  angle  and  therefore  positive,  while,  if 
as  X  i/ncreases  y  decreases,  j--  represents  the  tangent  of 
cm  obtuse  angle  and  is  negative. 
Examples. 
Find  from,  the  definition   the  differentia!   coefficient  of  y  witli 
respect  to  a;  in  each  of  the  following  cases  ; 


». 
9. 

J  =  log  cos  J^ 

^=*/a^+xl 

10. 

y=Iogtana^ 

y=<^. 

11. 

y=^. 

y=W^. 

12. 

y=^-. 

y=»"-. 

13. 

^=(sinj?}'. 

y=a^^^. 

14. 

y  =  [.i-..y' 

15.  In  the  curve  y  =  ce',  if  •f'  be  the  angle  which  the  tangent  at 
any  point  raafces  with  the  axis  of  a:,  prove  y  =  c  tan  i'. 

16.  Ill  the  curve  y=(!  cosh-,  prove  3i=c  sec  i/i. 

17.  In   the   curve   lfly—~~ax^  iiiid   the   points   at   which   tiie 

tangent  ia  pai'allel  to  the  axis  of  x. 

fN.B.--Thi8  requires  that  Ian  ^  =  0.] 
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18.  Find  at  what  points  of  tie  eliip8e^+-^=l  the  tangent  cuts 
off  equal  intercepts  from  the  ajtes. 

[N.B.— This  requires  that  tan  ^=  ±1.] 

19.  Prove  that  if  a  particle  move  so  that  the  space  deacrihed  is 
proportional  to  the  square  of  the  time  of  description,  the  velocity 
will  be  proportional  to  the  time,  and  the  rate  of  increase  of  the 
velocity  will  he  constant 

20.  Show  that  if  a  =c  sin  pi,  where  /t  is  a  constant,  the  rate  of  in- 
crease of  the  velocity  is  proportional  to  the  distance  of  the  particle 
measured  along  its  path  from  a  fixed  position. 

4o.  It  will  often  be  convenient  in  proving  standard  re- 
sults to  denote  by  a  small  letter  the  function  of  x  considered, 
and  by  the  corresponding  capital  the  same  function  of 
x+k,  e.g.,  iiu  =  <p(x},  then  U  =  /p{x+k),  or  if  it  =  a*,  then 

Accordingly  we  shall  have 


sideration  of  several 


47.  Prop.  I.  The  Differential  Coeffieient  of  any  Constant 
is  zero. 

This  proposition  will  be  obvious  when  we  refer  to  the 
definition  of  a  constant  quantity.  A  constant  is  essen- 
tially a  quantity  of  which  there  is  no  variation,  so  that  if 
y=c,Sy~ absolute  zero,  whatever  may  be  the  value  of  Sx. 

Hence  -1^  =  0  and  -;^  =  0  when  the  limit  is  taken. 


dii. 

tl- 

S" 

■Lk, 

"TT 

di' 

-Lh. 
etc. 

46.  We 

now  proceed 

to  the  CO 

important  propositions. 

dx 
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Or,  geometrieally ;  y  =  c  is  the  equation  of  a  straight  line 
parallel  to  the  axis  of  x.     This  makes  an  angle  zero  with 

dx 


that  axis,  and  therefore  tan  yp-  o 


48,  Peop.  II.  Product  of  Constant  and  Funetion. 
The  diff&i-ential  coeffi.cient  of  a  product  of  a  constcmt 
cmd  a  function  of  x  is  equal  to  the  product  of  the  con- 
stant and  the   differential   coefficient   of  the  function, 
or,  stated  algebraically, 

d^.    .._  du 

dx'     '"  (M 

For,  with  the  notation  of  Art.  45, 


_  du 
dd 

49.  Prop.  III.  Differential  CoefBcient  of  a  Sum. 
Th^  differential  coefficient  of  the  sum,  of  a  set  of  func- 
tions of  X  is  the  sum  of  the  differential  eoeffioients  of  the 


Let  u,  v,w,  .. .,  be  the  functions  of  x,  and  y  their  sum. 
Let  JJ,  V,  W,  ...,  The  what  these  expre.ssion5  become 
when  X  is  changed  to  x+h. 
Then  y=^if,+v-\-w-\-.,. 

and  therefore 

Y-y  =  {U-u)  +  (V-v)  +  (W-w)  +  .,.; 
dividing  by  h 

Y-y_  TI-u  ,  V-v  ,  W-w  , 
J^-     ;,      +     A     +      ;,      +■■■ 
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and  taking  the  limit 

dx~  dx    dx    dx 

If  some  of  the  eonnecting  signs  had  been  —  instead  of 

+  a  corresponding  result  would  immediately  follow,  e.g., 

if  y  =  u-\-v~w-}-... 

,  dy  _du     dv    dw 

dx     dx    dx     dx 

50.  Pkop.  IV.  The  Differential  Coefficient  of  the  product 
of  two  functions  is 

(First  Function)  x  [Diff.  Coeff.  of  Second) 
+  (Second  Function)  x  (Diff.  Coeff.  of  First), 
or,  stated  algebraically, 

d{uv)  _    dv      du 
dx    ~    dx       d,x' 
With  the  same  notation  as  before,  let 

2/  =  ttv,  and  therefore  Y~UV\ 
whence  Y—y—UV  —  uv 

=  u(V-v)+r(U-u); 

therefore         ^^^u^^+v"^', 
k  h  h 

and  taking  the  limit 

cZy_    dv      du 

dx       dx       dx 

-51.  On  division  by  wo  the  above  result  may  be  written 
1  d^_  1  '^  ,  1  ^ 
y  dx    u  dx    V  dx' 
Hence  it  is  clear  that  the  rule  may  be  extended  to  pro- 
ducts of  more  functions  than  two. 

For  example,  iiy  =  u/mv  ;  let  vui  =  s,  then  y  =  iiz. 


y  Google 


fuj:wamental  propositions. 


Whence 

ydx" 

Idul  dz 

but 

sis" 

1  *  , 

Idtii 
wdrr/ 

whence  by  substitution 

ldy_ 
y  dx 

1  dii    1  d^ 

1  dfiv 
wdx 

Generally,  if 

»  = 

--uwit.. 

1  dy ^\  du     1  •^f  ,  1  (^  ,  1  dt 
y  dx~  V,  dx    vdx    w  dx     l^dx     '"' 
and  if  we  multiply  by  uvwt...  we  obtain 

dy     ,     ^    .du  ,  ,     ^    .dv  ,  ,     ,    ,(iw(  , 

i.e,  multiply  the  differential  coefficiemt  of  each  separate 
junction  by  the  product  of  all  the  remaining  fvmctionn 
and  add  up  all  the  results;  tbe  sum  will  be  the  differ- 
ential coefficient  of  tbe  product  of  all  tbe  funetiona, 

52.  Prop.  V.  The  Differential  CoefBeient  of  a  quotient  of 
two  functions  is 
(D->ff.Coef.ofI!u7)V.){Den'.)-(Diff.Coeff.ofDen\)(N'am?\) 

Square  of  Denominator. 
or,  stated  algebraically, 

du       dv 
d  /u\  _dx      dx 
dx\v/ ~        ifi 
With  the  same  notation  as  before,  let 

U 


~  V     V 
_  Uv~  Yu 
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U-u        V~v 

therefore 

'-^'-^ 

h    '"        h    ^ 

Vv 

and  taking  the 

;  limit 

du      dv 

dy_ 

dx      dx 

^- 

ii       ■ 

53,  This  proposition  may  also  be  deduced  iir 

1  mediately  from  Prop. 

IV.,  thus : 

Let 
i.e., 

whence 

du    udv 

and  therefore 

dy    dx    vdx 
& 

du        dv 

54.  We  may  aJso  remark  that  Prop.  II.  is  deducible  from  Proposi- 
tions I.  and  lY.     For  by  Prop.  IV. 

cf ,    ._  rfii ,     dc 
d.v  dx      dx' 

and  by  Prop.  I,  -  -  =0. 

Wkmce  4("')-4' 

dx  dx 

The  differential  coefScient  of  -  is  aJso  of  importance  ;  and.  it  fol- 
lows immediately  from  Prop.  V.  that 
<f  /  c  \  __      e  du 
da^u'        u^  dx' 
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55.  Prop.  VI.  To  find  the  Differential  Coefficient  of  a 
Function  of  a  Function. 

Let  ■   u^f{v) (1) 

and  v=F{x) (2) 

Then,  by  elimination  of  v,  we  have  a  result  ■which  may 
be  expreaaed  as  u  =  ^{x) (3) 

Suppose  the  independent  variable  x  to  change  to  X 
in  (2)  and  let  a  value  of  v  deduced  from  (2)  he  V.  Let 
this  he  Kubstituted  for  v  in  (1),  and  let  a  value  of  u 
deduced  from  (1)  be  V.      Then  we  have  the  following 

equations.  U^JiV) (4) 

and  V^FiX) (5) 

and  by  the  same  process  by  which  (3)  was  ded-uced  from 
(1)  and  (2)  we  obtain  from  (4)  and  {'•■) 

U=i,!X) (6) 

This  result  proves  that  if  x  be  changed  to  X  m 
equation  (3),  then  one  of  the  values  thence  deduced  for  v. 

willbe  (7,  and  therefore  Lt-,- —    when  X—x  is  dimin- 
X~x 

ished  indefinitely  is  a  value  of  the  differential  coeifieient 

of  u  with  respect  to  x,  reckoned  as  a  direct  function  of  x 

as  expressed  in  equation  (3), 

U-u     U~u   V-v 

JN  OW  -^ =  -ry- .  "v 

X  —  X        V  —  V    X  —  X 

and  ii|7_„=o-j^— -  is  a  value  of  the  differential  coefEcient 

of  u  with  respect  to  v  derived  from,  equation  (1)  and 

denoted  by  ^-:   also,  Ltr-x^Hv is  a  value  of  the 

•'    dv'  '  X—x 

differential  coefficient   of  v  with   respect  to  x  derived^ 
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have,  when  we  proceed  to  the  limit, 

dnh __dM   dv 

dx     dv '  dx' 
a  formula  already  established  in  a  different  manner  and 
with  different  letters  in  Art.  43. 

56.  It  is  obvious  that  the  above  result  may  be  extended. 
For,  i{u,^^(v),  v^\}r(w),  w^f{x),  we  have 

du_d/ii   dv 

dx~  dv'  dx' 
,  dv_dv   d/w 

dx    dw '  dx ' 

,  ,,       -.  du    du    dv  dw 

and  therefore  -^-=^-.  -,— ,  ^— , 

dx    dv  dw  dx 
and  a  similar  result  hoJds  however  many  functions  there 
may  be, 

Ex.  LetM  =  &sin",  «=siii-'M',  w=-,  thatis, 


Then,  by  Ex.  3,  Art.  37,^ 


The  rule  may  be  expressed  thus : 
d{lst  Fiinc)  _  djlstFimc)    d(SndFunc.) 


diSndFmic.) '  d{Srd  Func)' ' '         dx 
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57.  There  is  a  diiSculty  in  Prop.  VI.  arising  from  the  fact 
that  for  one  value  of  x  in  (2)  there  may  be  several  values 
■of  V,  and  for  any  value  of  v  in  (1)  there  may  be  several 
values  of  u.  In  fact  the  f(v)  and  F{x)  may  one  or 
both  be  many-valued  /unctiona  (such,  for  example,  as 
ain-'ai,  which  denotes  any  one  of  the  series  of  angles 
whose  sines  are  equal  to  x).  But  it  is  clear  that  the 
■same  values  of  u  and  x  will  satisfy  equation  (3)  aa  would 

Mm-ultaneously  satisfy  (1)  and  (2),  and  that  Lt^ — 

when  X  —  ic  ia  indefinitely  diminished  is  OTie  value  of  the 

differential  coefficient  of  u  considered  as  a  function  of  x ; 

and  it  is  equally  obvious  that  there  may  he  a  series  of 

du         ,     J.     du       ,  e      d,v        .... 
"-  "'""  for  -r   and  for  ^-,  so  that  in 
.dv  dx 

the  theorem  enunciated  and  proved  above,  in  Art,  55,  a 

proper  selection  of  those,  values  is  assumed  to  he  made. 

58.  If  in  the  theorem -T-  =  ^- .~  (where  y  is  written 

dx     dy  ax  ^  ^ 

for  V  in  the  result  of  Art  55)  we  suppose  u  =  x,  then 
du_da)_j-       (x+h)~x_. 
dx    (fo        *"*'        h 
Hence  we  have 

dy  dx  _ 
dx ' dy       ' 

dtn    dx' 
dy 

59.  In  this  application  of  the  general  theorem  of  Prop. 
VI.  y  is  assumed  to  he  a  function  of  x  and  consequently  x  is 

the  inverse  function  of  y.     So  that  -^  is  the  differentia! 
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coefGcienfc  of  y  with  respect  to  x  when  y  is  cOTwidered  as 


with  respect  to  y  when  x  is  considered  as  the  i 
fu/ncUon  of  y : 


r,  thenir=siii  ^, 

^3^  =  cos^(Bs.  I,  Art.  40), 


■   Vl-y2      Vl-si 


60.  The  same  ditficulty  occurs  in  Arts.  58  and  59  as 
that  discussed  in  Art.  57. 

If  vAx}...ii), 

and  this  equation  be  supposed  solved  for  x,  the  result 
will  be  of  the  form      a;  =  F(i/)...(2). 

Now,  if  ic  be  changed  toXin  (1)  and  ybe  a  value  deduced 
for  y,  then  if  Y  be  substituted  for  y  in  (2),  X  will  be  owe 
f)f  rte  values  thence  deduced  for  x. 

Hence  Lt-^i^—  when  T—y  is  indefinitely  diminished 

is  ((  value  of  the  differentia!  coefficient  of  x  with  respect 


X—xis  indefinitely  diminished  is  avalue  of  the  differential 
coefReient  of  ^  with  respect  to  x  as  derived  from  equation 
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when  tbe  limit  is  taken,  the  -proper  selection  being  m-nde  of 

the  values  deduced  for  -^  and  j-. 
ax         ay 

61.  This  may  be  illustrated  geometrically. 

Let  the  curve  2/ =/{»!)  be  drawn.     Let  the  tangent  to 


!■«.  12. 

the  curve  at  the  point  P,  (x,  y),  make  an  angle  i^  with 
the  axis  of  x.  Then,  by  Art.  39,  -j -  =  tan  i/r ;  and  in  the 
same  way  it  is  obvious  that  ^  =  tan'(90— T/')  =  coti/',  so 


Suppose  however  that  the  ordinate  through  P  cuts 
the  curve  again  at  P^,  P^'  ^^^  •■■ 

Then,  for  a  given  value  of  x  there  are  several  values  of 
y,  and  therefore  also  for  a  given  increase  Sx  in  the  value 
of  X  there  may  be  several  values  of  Sy  the  increment  of  y- 
But  if  it  he  carefully  noted  that  the  Sy  and  Sx  chosen  are 
to  refer  to  the  satiie  branch  of  the  curve  at  the  same  jmnt 

when  we  consider  -r-  as  when  we  consider  -i—,  then, 
ax  ay 

under  these  circumstances,  thi 
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tively  the  tangent  and  cotangent  of  the  same  angle,  and 


Fig.  13, 
therefore  their  product  is  unity. 

We  say  the  scmie  branch  of  the  cttwe,  for  it  may  happen 
that  more  than  one  branch  of  the  curve  passes  through  a 


given  point  P,  as  in  Fig.  14,  and  then  there  are  two  or 
more  tangents  at  P  and  therefore  two  or  more  values  of 

-^  and  -^-  afc  P.     But  the  product  of  the  -^  and  the  -r- , 
ax  ay  '^  ax  dy 

which  belong  to  any  the  same  branch  through  P,  is  unity. 

62.  Differentiation  at  Inverse  Functions. 

When  the  differential  coefficient  of  any  function  of  x  is 
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found,  that  of  the  corresponding  inverse  function  is  easily 
deduced  by  means  of  the  theorem  of  Art.  58. 
For  let  x=f(y),  and  therefore  y=f~  (x) ;  then 

ax    ax 
therefore      ^/-■(.)=^=^-i,--. 


EXAMPLES. 

'Differentiate  by  means  of  the  definition  and  the  foregoing 
rules: — 

1.  y= IE  log  sin  a;. 

2.  y=xja^-i»?. 

3.  ,.p. 


5.  y  =  '2  ^/«M,  where  u  =  a''^'. 

6.  y  =  e^",  where  u  =  log  sin  v,  and  v  =  (sin  w)", 

and  tw  =  a;'. 
The  results  of  any  preceding  examples  may  be  assumed. 
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STANDARD    FORMS. 

63.  It  is  the  object  of  the  present  Chapter  to  investigate 
and  tabulate  the  results  of  differentiating  the  several 
standard  forms  referred  to  in  Art.  40, 

We  shall  always  consider  angles  to  be  measured  in 
circular  measure,  and  all  logarithms  to  be  Napierian, 
unless  the  contrary  is  expressly  stated. 

It  will  be  remembered  that  if  u  —  tl>{x),  then,  by  the 
definition  of  a  differential  coefficient, 

^  —7f      ^(^  +  ''■)  —  0(^) 
<ix~     *"°  /t 

64.  Differential  Coefflcient  of  a;". 

If  ^^,^(a;,  =  a,« 

then  <^{x + ft)  =  (a; + ft)", 

^^*^  d^=^^'-' ft 


=  i4= 


hT 


Now,    since    ft     is    to    be    ultimately    zero,    we    may 
i  than  unity,  and  we  can  therefore 
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apply  the  Binomial  Theorem  to  expand  (I  +  -1  ,  what- 


ever be  the  value  of  n ;  hence 


=  i4=o('^iB" " '  +  powers  of  h 


65.  If  it  be  required  to  find  the  differential  coefficient  of  sf  witli- 
out  the  use  of  the  Binomial  Theorem,  we  quote  the  result  of  Art.  23, 
viz.  :  Lty^y.^'^^n, 

and  proceed  as  follows  : 


(■+i)"-' 

-  =  Z4=o^- ^-—  [as  before] 


=  Zt^i^-'^~^     rwherei/=l+-l 
y-i      L  ^-J 


66.  Differential  Coefflcient  of  a". 
If  u  —  <p{x)—a^, 

and  -r—Lth^D ^ — 


.  du_ 

'  dx 


=  ffl*log^a.    [Art.  22.] 
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67.  Differential  Coefflcient  of  logaie. 


If 

and 

#(a!+t)  =  log,(it  +  4). 

=  B.4'''4'+i)- 

Let|  =  ., 

so  that  if  7(  =  0,  5  -  »  ;  therefore 

*=i4„|.og.(i+3) 

4/*„lo4l+l)' 

=  -  log.8.     [Arts.  12  (7)  and  21.] 

COH.   It  11 

c^w     1 ,            1 

68.  Ditferential  Coefficient  of  sin  a). 

It 

and 

«  =  *(!«)  =  sin  », 
#(3:+*)  =  «in(»+i), 

(^     Ti     sin(a;+?t)-sin3! 

K-l) 


.....-^^ico^.!) 

2 
-co3a;.     [Arts.  12  (2)  and  19.] 
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.  Biffereutial  Ooefflcient  of  cos  w. 
u  =  ^(a;)  =  (!0S  X, 
<p{x+h)— cos  {x+k), 

dv.     J       co3(x+^)  — eosa; 


=  -a... ^-^ — 5i 


-ifj.o 


■(-I) 


70.  Differential  Coefttcient  of  tan  x. 

If  U  =  <j>(x)  =  i&TiX, 

0  (as  4- A)  =  tan  (as + A), 
,  dii      r,     tan  (x+M  — tansE 

""*  1=*-" h 

_  ,.      sin(cc+A)cos.i;  — cos(3;+A)aina; 
~"     ^"^  A  cos  3;  cos  (a; + A.) 

—  Tt     ^^"^ ?^ 

~     '^^   A    'cosiccoa  ((K+A) 

=  — 5-  =  sec^a:. 


71.  Differential  CoefBcient  of  cot  a;. 
If  v,  —  ij>{x)  =  Q<.-Ax, 

^(cc+/t)  =  eot(a;+A), 
^  du     r,     <'ot  (a; + A)  —  cot  X 

■■"^  S'-^'*- A"    

_  J       cos  ((T + ^)  siu  X — COS  a;  sin  {a;+A-) 
~     '''"  A  sin  3! .  sin  (a3+A) 
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.       ain  h  1 

h      siiixsm(x+h) 


72.  Differential  Coefficient  of  sec  x. 

If  'W^rp{x)  =  SQCX, 

fp{x+h)^3ec  {x+h), 

and  a;=-^'»-» 1 

—  Tf     t^osx  —  cosjx+h) 
~°hcosxcoA(x+h) 
.    k        .    /    ,h\ 

-Lt  '-^   '^"  r +.27 

~     ''""   A     ■  COS  a:  COS  (a: + A) 


73.  Differential  Coefficient  of  eosec  x. 
If  tt  =  9ii(«)  =  cosec »;, 

,  ^{x+h)  —  coBBc{x+h), 

du     T^     cosec  (ic+Ti)  — cosec  a; 

md  -£  =  -'*«- ^r 

_  ,       sina;  — sin(a;+^) 
~     ''""/t  sin  X  sin  (a:+ f) 


/i     siniKsi!i(a;+/i) 


C03  1C 

sin^a;* 
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74,  Inverse  Trigonometrical  Functions. 

For  the  inverse  trigonometrical  functions  it  seems  use- 
ful to  recur  to  the  notation  of  Art.  45,  and  to  denote 
0(3!+A)  hy  JJ. 

75.  Differential  Coefficient  of  sin"  ^x. 
If  u  =  <p{x)  =  s,i\i~'^x, 

'U=<j,{x+K)  =  s\xi-\x-\-K). 


Hence 

a;  =  sin  It,  and  x+'k  =  &\nV  \ 

therefore 

/t  =  sini7-sintt, 

and 

du     J.      U~u     J.             U^u 

r    U-U    -, 
L*               2                 1 

^^"-^     .    U-u         U+u 

1                  1                     1 

emu     v'1-sin^it     ^1-*^ 

76.  Differential  Coefficient  of  cos-^a;. 

If 

Hence 

u  =  <p(x)  =  coii-^x, 
U'-=.p{x+h)  =  Gos-\x+h). 
x=cosu,  and3;-(-A  =  cosE7'; 

therefore 

/t=coaf7-cos«, 

*-  It  ^-''-  It      '^-'^ 

an 

dec                        h                 """"COStJ-COSM, 

,-  tr-» , 

-     r,.    J       2      1        1 

[r-iif  .  u+v. 

.n— g— J  8m  -J— 

1  1 

V 1  —  COS%  VI  —  3!^ 
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77.  Differential  Coeffleient  of  tan-^ic. 

If  u~tj,{x)  =  i&ii~^x, 

V  ^  ip(x-\-K)  =  tm.-'^{x^h). 

Hence  a;  =  tantA,and.  a;+^  =  tan  U  \ 

therefore        h  ~  ban  Xf—  tan  a, 

,  d/u,     r,      U—u      r,  U— 

and  --j-  —  Lth-n — v —  =  i'tu'-i 


(to  k  tan  U  —  tan  u 

=  i/itr=«---/rr ^  COS  (7  COS  tt 

......         1  1  1 


-  cos  »-  -  ^^^^tj,     1  +  tan^u     1  +  c(?' 

78.  Diflbrential  Coefficient  of  cot-^ic. 
If  u.=  ^(«}  =  cot"^a;. 

Hence         a}  =  cotw,  and  ir+A.=  cot  0"; 

therefore    A.  =  cot  P— cotii, 

,  dM      ,j      U—v.     T^  U—v, 

and  -f-  =  M/i=o  -  ■,  ■  ■■=Ltu=u~ 


ctiE  ft  cot  U  —  cot  W 

U-u        .    jr  . 
=^  —  i/fjr=«-^ — 777 ^,  sin  t/  sm  tt 


—  8in''^=  — 


ain  {U-u) 

1  1 


cosec^ii         i  +  cot^         1  +x^' 


79.  Differential  Coefficient  of  seo-^ic. 

If  u  =  ^{x)  —  sec~^x, 

U=ip{x+h)^seG-\x+h). 

Hence  a^^secw,  and  x+h~sec  U; 

therefore     ft=sec  (7— secu, 

,  du,     r^      U—u     r,  U—u 

and  T-  ~  Lth^ti — -, — =  Ltx;^, 


dx  h  "sec  (/—sec it 

U—u  n- 

ff  cos  U  COS  V 

cos  u  — cos  V 


'U„„- 
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U-u.    . 
2  cos  u  cos  U 


t  of  cosee"*^!. 
If  u  =  ^(x)  =  cosQC-''x, 

V=  ^(x+h)  =  eoaec-\x+h). 
Hence         x—cosecu,  and  tc+A  =  eoa6c  P"; 
therefore     ft  =  cosec  f— cosecw, 

and 


■*»  if    ^-^  a 

tr-u 

dx    "'"  "     fi.        ""(J-",. 

;ose 

e  E/"— C0S6CW 

Lt            ''-"       - 

iav 

^sinP 

■'''°"  sin  u  — sin  C'"' 

r    ^""^   1 

b^^     2     J 

sin  u  sin  P" 
cos      2 

sin%. 

1 

cos  u         coaec^v^ 

-siii% 

1 

1 

a?. 


V^ 


ic  V  a;^  —  1 


81.  From  tlie  importance  of  the  results  it  has  been 
thought  preferable  to  deduce  the  differential  coefficients 
of  the  inverse  functions  sin-^a;  etc.  immediately  from  the 


y  Google 


STANDARD  FORMS. 


Ei.  (i.) 

If 

u. 

=  sin-iM;, 

we  have 

X- 

=  sintt; 

whence 

tbi 

=  «,««; 

aud  therefore 

du 

1         1 

du 

definition ;    but  by  aid  of  Prop,  VI.  of  the  preceding 
chapter  we  can  simplify  the  proofs  considerably. 


^l-siii%     Vi- 


aod  since  C03~^a;=  ■^  — sin'',*, 

■  dcos~^x  1 

we  have r—  —  — — / 

dx  */l~x^ 

Ex.  (ii.)  If  u  —  tfLii~^x, 

we  have  x  =  tan  u ; 

1  dx         „ 

whence  -,    =  sec'^ii ; 

du 

and  therefore        ^-  =  — ^  = ,-— - — x—  =  ^-r-?; 
dx     secnt     l+tairit     l+ar 


,               dcot'^x            1 

we  have         — j =  - ,,—; — ^. 

dx             1+x^ 

Ex.  (iii.)  If 

«  =  vers-'x. 

wo  have 

a;^verstt  =  l 

-coau 

whence 

and  therefore 

dtt        1     _ 

1 

dx    ainu     ^l^cosV     s/^x—x^ 
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dx 


83.  The  Integral  CalculuB. 

Suppose  any  expression  Id  terras  of  x  given ;  cam.  we 
Ji/nd  a  function  of  which  ihat  expression  is  the  differenticd 
coeffi-dent  ?  The  problem  here  suggested  is  inverse  to 
that  considered  in  tho  Differential  Calciilus,  The  dis- 
covery of  such  functions  is  the  fundamental  aim  of  the 
Integral  Calculus.  The  function  whose  differential 
coefficient  is  the  given  expression  is  said  to  he  the 
"integral"  of  that  expression.  For  example,  if  0'(^) 
be  the  differential  coefficient  of  ^(x),  ip(x)  is  said  to  he 
the  integral  of  fp'{x).  Moreover,  since  ip'{x)  is  also  the 
differential  coefficient  of  ^{x)  +  G,  G  being  any  arbitrary 
constant  disappearing  upon  differentiation,  it  is  customary 
to  state  that  the  integral  of  (p'{x)  is  <p(x)  +  C,  G  being  any 
arbitrary  constant, 

The  notation  by  which  this  is  expressed  is 
/<p'{x)dx  =  <j){x)  +  G, 
f^'{x)dx  being  read  "  integral  of  <(>'(x'}  with  respect  to  x'' 
Thus  we  have  seen 


dx 


(sin  3;)  = 


whence  it  follows  immediately  that 
y  cos  xdx  =  sin  x, 

/tj--      ^dx  —  tan  "  ^x, 
etc., 
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where  the  arhitraiy  constant  may  be  added  in  each  case 
if  desired. 

83.  We  do  not  propose  to  enter  upon  any  description 
of  the  various  operations  of  the  Integral  Calculus,  but  it 
will  be  found  that  for  integration  we  shall  require  to 
reinfmber  the  samo  list  of  standard  forms  that  is  estab- 
lished in  the  present  chapter  and  tabulated  below,  and  it 
is  advantageous  to  learn  each  formula  here  in  its  double 
aspect.  We  have  therefore  ventured  to  tabulate  the 
standard  forms  for  Differentiation  and  Integration  to- 
gether. Moreover,  we  shall  find  it  convenient  to  be 
able  to  use  the  standard  forms  of  integration  in  several 
of  our  subsequent  articles. 


Table  ob*  Results  to  be  (jommitted  to  memory. 


■M.=af. 

s---*- 

fx'dx 

u  =  oF'. 

£-"*». 

fa'dx 

logjCt' 

«  =  6^. 

du 
di-'- 

/•■<^ 

-e^. 

W  =  logaX. 

du    1, 
di-x^"^-'- 

!dx 

=  Iog,ic. 

U  =  \ogeX. 

du     1 
dx~x 
du 

or 
ybos  xdm 

_l0g„3! 

iog„e' 

u  =  «„x. 

dw 

di- -'""'■ 

fiuxdx 

=  -COSiC. 

14  =  tan  X. 

du 

f&^<i^xdx 

=  tana;. 
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«  =  COfciC. 

-J—  =  —  cosec^a;.        fcosea^xdx 

=  — cotic. 

u  =  seex. 

(fe     cosV               Jcos'x'^-^. 

=  seca;. 

u  —  eosec  x. 

du        COS  a;             /-cos  X  -. 

=  —  cosec  X. 

V,  =  <iO&~'^X. 

du            1             1              , 

=  sin-^3;. 

u^i&D.-'^x. 

dx        l  +  is"') 

=  t,aii"^i», 

u  =  cot-'ic. 

or  —aof^x. 

(fall, 

-^-=  -—7 .                    or  -coaec  'x. 

dx        x^x^- 1 J 

w  =  vers"'ic. 

du           \ 
djx     ^ix-x? 
du               1 

r      d^ 

=  verB-«. 

ix/2^-^ 

ii  =  covers  ^^a; 

or 

-covers-la!. 

84.  The  Form  u". 

In  functions  of  the  form  u",  where  both  u  and  v  are 
functions  of  x,  it  is  generally  advisable  to  taJee  logarithms 
before  proceeding  to  differentiate. 

Let  y  =  It", 

then  log^y  =  V  logeW ; 

1  ^_dv  .  

«  da; "die'  "^*"' '''''' li  cte' ^ 


therefore 


y  Google 


STANDARD  FORMS.  (Jl 

*^^_    «/i  dv     V  dv\ 

dx        \   °     'd^    11  dxf' 

Three  cases  of  this  proposition  present  themselves, 

I.  livheo,  eonsta/iit  and  u  a  function  oix,  ^  -  =  0  and 

ax 

the  above  reduces  to 

dy  _        ^^idu 

dx       '         dx' 
as  might  be  expected  from  Arts.  55,  64. 

II.  liube  a  consta/nt  and  v  a  function  of  x,  -^-—  0  and 

ax 

the  general  form  proved  above  reduces  to 

dy  _    J,.  dv 

dx  °*    '  dx' 

as  might  be  expected  from  Arts.  65,  66. 

III.  If  w  and  V  be  both  functions  of  x,  it  appears  that 
the  general  formula 

dy  _     .        *^^  1,     ^—i^"^ 

dx  *'   cfcc  dx 

is  the  sura  of  the  two  special  forms  in  I,  and  II.,  and 
therefore  we  may,  instead  of  taking  logarithms  in  any 
particular  example,  consider  first  u  constant  and  then 
V  constant  and  add  the  resvMs  obtained  on  these 
suppositions. 

85.  Hyperliolic  Functions. 

The  differential  coefficients  of  the  direct  and  inverse 
hyperbolic  functions  are  now  appended  as  additional 
formulae.  Their  verification  is  very  simple  and  is  left  as 
an  exercise.  They  wUl  be  found  useful  by  the  more 
advanced  student  by  reason  of  their  close  analogy  of 
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form  with  the  results  tabulated  above  for  the  direct  and 
inverse  trigonometrical  functions. 

Results  for  Hyperbolic  Functions. 


^m^x^t::p. 

C03h^- 

/coshaifi^' 

=  smh3;. 

.eo^^.^-:. 

.^1,.. 

/sinh  xdx 

=  eosha;. 

oosh  X 

dM_ 

aeoli^K. 

fsedh}<idx 

'tanhx. 

^coth^-?^. 

da 
dx 

-cosech=x. 

fcoa&ch^dx 

r  -OOthK. 

,sec]i«=-i— . 

dw_ 

COSll^K! 

/^^ 

-  -secha:.    ■ 

.e08eoha:-*-i-r — 

dv. 

cost  3^ 

/^^.-^ 

=  -oosechar. 

.Bmh-^«  =  log(a:+N/r+^). 

dx 

1 

~Binh-'x. 

eiys\i-^x  =  \og[x+  Vai"-!). 

dn_ 

1 

/^^ 

=  cosh-i:K, 

=  tanh-'3;  =  Jlog|--±^, 

du^ 
d^' 

■r^'-^-' 

=  tauh-3cc(,^i 

^coth-^  =  41og|±^.. 

d-a 

-^^'^^"■/^ 

=  -coth-iaVi> 

.Beeh-'a^  =  cosh-'l 

dv,_ 

1 

J  x^i-d' 

=  -sech-'«. 

■  coseoh-i*:-smh-i.. 

£' 

1 

f  d^- 

"-ccisech'ia 

86.  Transformations. 

Algeljraic  or  trigonometrical  transformations  are  fre- 
quently useful  to  shorten  the  ivork  of  differentiation. 
For  instance,  suppose 

,       ,    2x 

We  observe  that  y  =  2tan"'ir ; 


whence 


dx     1+a?' 
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Again,  suppose  ^  =  tair';-— ^. 

Here  y  =  isjtr^x  +  tan"'  1, 

and  therefore 


dy_    1 


87.  Examples  of  Differentiation. 

Ex.  i.  Let  y  =  */a,  where  s  is  a  known  function  of  x. 


Here 

y=^, 

and 

s=*'--a» 

whence 

tA-%  <-"»■' 

1      .fo 

~^%  ■  i^- 

Thia  form  oooi 

(M  so  often,  that  it  'will  be  found 

it  to  mtmory. 

Ex.  2.  Let 

j=eV^^. 

Let                   ^/i 

iot^=2  and  cot^=p, 

so  that 

2,  =  e',  where  .^^^p. 

Now 

^=e.     (ArL66.) 

f^-  ^■-.     (Ex.  1  above.) 

^=  — Gosec%, 

.rf  (Art.  56)       ife.^.^*__  eorf..  .  --L- .  .•'-■. 
da:     ck     dp     an;  2  -/cot  a^ 

With  a  little  practice  these  actual  sabatitutioaa  can  be  avoided 
and  the  following  is  what  passes  in  the  mind  : — 

dx  d(  -Jcotie)  '    d(Q0tx}    '      ^3! 
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Ex.  3.  Let  y={mxi£f^'  i:ot{^{_a+b£)]. 

Taking  logarithms 

Icigy=log jc. log  sill  jc+logcot{e'(a+&^)j.. 

The  differential  coefficient  of  log  v  is  i  ^. 
y  dx 
Again,  log^JogsiniF   is  a  product,  and   when  differentiated 
becomes  (Art.  60)     -logsiii^+log^r.--:^ —  .co3;f. 
Also,  log  cot  {e^tt+6a')}  becomes  when  differentiated 

^-^^^^i_^.[-oosec^K(»^M}].  H»-H6.)+i^}; 

.■-     ^=(sinje)'«'=.cot{«"(a+iw)}rilogBiiia^+cot*-.loga; 

-  2e'{a  +  6  +  finr)  cosec  2(6*^+6^)  J- 
When  logarithms  are  taken  before  differentiating,  the  compound 
process  is  called  Logarithmic  ffijerentiation.  It  is  useful  to  adopt 
this  method  when  variables  occur  in  the  index,  or  when  the  func- 
tion to  be  differentiated  consists  of  a  product  of  several  involved 
factors. 
Ex.  4.  Let        >/=  J^^^^^^logx). 

dy__d  4^-  ^I'cos^og  x)     d{a:'-  &'cosa(tog  g) } 
dx    d{a^-bH<M^Q.agx})  rf{coB{log  J^)} 

^  d{co3(loga;)}  ^^gx) 
if(log  it:)  dx 

=\{c(''hHo»\\ogx)}-ix{-'miiM{\ogx)} 
x{-sin(log^)}xl 
6=sin2(log  x) 
2x  -Ja^-bHc^i^ogx) 
Ex.  5.  Differentiate  ^  with  regard  to  J^. 


_d3?    da _dv _hx^ 
"  dx  '  dz     de     Jx 
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Ex,  6.  Given  '^&t^+y^  =  Saxy,  find  the  value  of  - 
H™  3,.+sy*.3.(,+,4), 

giving 


Find  ^  ill  the  following 


,  I 

4.  8,..  +  ^. 

.(■,  +  6«). 
n(o  +  fa-). 

10.  y-«mV>!. 

11.  J.  VbIT^ 

12. ,_  vaj;/... 

13.  T/  =  sinW. 

14.  ,.,m-W. 

16.  J- {«»-■«)■ -(CO 

16.  3/  =  taii"*(loga:). 

17.  y  =  siniK°. 


EXAMPLES. 

wing  ca.es  : 

18. 

y  =  3:lo^x. 

19. 

y^e^ogx 

20. 

j,  =  sin(e')loga!. 

21. 

2/  =  tan""'(e'^  log  cots 

32. 

2/ =  («.  +  «)"(.. +  fi)". 

23 

-1^ 

24. 

y=  7«  +  ^. 

25. 

y=  ^fWTa?. 

26. 

y=  Jcoahx. 

27. 

y  =  log  cosh  X. 

28. 

y  =  tB.n''-(taahx). 

29. 

3/  =  vers- V. 

30. 

y  =  verB-'log(cota!) 

31. 

y  =  cot-Xcosec«;). 

32 

~sin->      ^ 

34.  )/  =  tan  ' 

35.  g.,m-x 
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36. 
37. 

y= 

(si.r'«.)-(cos-^^)". 
sin(^log*).Vl-(log# 

'45. 

-(r(-»^f 

38. 

y  = 

Vfl 

46. 

;/=J  tan'^i-tan  i-l. 

39. 

y= 

1  ~^' 

Vl  +  a?' 

47. 

'^^ 

40. 

j-= 

48. 

,.eoe(.el.-.l). 

y= 

J     ^-'^ 

49. 

50. 
51. 

41. 

'             6  +  «oosx 

42. 

./-.-■'■log(seoV). 
y  =  e"cos  (6  tatt"'ii;). 

52. 

j.lan-'(«-.i>). 

43. 

y= 

'""i-- 

53. 

j,.Bee(log.V<.-  +  «'). 

44. 

y= 

co!-(l-2ai'). 

54. 

;/  =  tan"i3;  +  tanh"^a;. 

65.  s-toh-'lt!' 

+  tan 

,3a! -»' 

■'               l  +  3ic5 

l-3a?' 

56.  y.  log  (log  it). 

57.  y  =  log"(3;),  where  log" 

means  log  log  log  ... 

(repeated  Ji 

times). 

1 

4hVc 

+  V^^taog 

58.,-^™- log 

Jb^r, 

'-  Vi^tan| 

59.  2/  =  ain-'(3;sA"- 

x~  -^ 

^JL^^). 

eo 

y 

=— r:t- 

65 

,-i-'. 

61 

y 

=-{;-tein' 

66 
67 
68 

S.10< 
j,-(,in«)— +  (oosa!)< 

63 

y 

=  af +  ay. 

69 

j/  =  (cota!)=^'  +  (cothir)' 

63 

y 

=  3^^. 

70 

y  =  tan-Va".c""")  -^^ 

64 

■  y 

=i/. 

^            'l+a,« 
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73.  y  =  tan"^V  Vic  +  ci 

75.  1/ =  (cos  a;)""". 

76.  »/  =  (cot-^c(!)'. 


86, 


'g  +  tan-^iy 


tan  y  -=  e™  "sin  ai 

(fa-)' 
(oo,^)--(smy)-. 

91  log - 


a  +  bcc' 
an?  +  2^a^  +  6^  +  2(/ic  +  3/i/  +  c  =  0. 

a;"V''  =  (9H.y)'~*". 

«/=e*"'    "logsecV. 
DiSerentiate  log.oM  with  regard  to  3?. 
Differentiate  (**  +  a:c  +  f^)"  log  cot  -  witb.  regard  to 
tan~'(acosfa). 


93.  Differentiate    log,-j —  \  with  regard  to 

a- 6  tan  ^ 


a%os''-r  -  J%in^^ 


94.  Differentiate  a:''"    "  with  regard  to  ai 

95.  Differentiate  tan-^-^/l^t^^  with  i 
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96.  Differentiate  ^^Z—      ^ L.S.  with  regard  to  Ji-x\ 

97.  Differentiate  sec"^^-^ — i  with  regard  to  •JY-  x\ 


98. 

Differentiate  tan- 

'vr--^- ' 

ivith  regard  to  sec 

2i«=- 

99. 

Differentiate  tan- 

'   ^^  ^  with  regard  to  sin''. 

2x 

100. 

.  Differentiate  3;"log  taa^'a; 

with  regard  to  — 

"^i"' 

101, 

If^  =  af'"'""provea^  =  j 

f 

L^j/Iog^;' 

103, 

■"-^n.f. 

pro 

1  +1 

+  T4. 

103.  Ifj/  =  *  +  i     1     ,  prove^  =  i     «     , 


"^^»;+...lo». 

.t;  + 

104.  Ify.'ii     ooBX      ( 

"1     +. 

..  to  o;. 

,„,,      rfy_(l+j)oo.i.  +  !,sm» 

l'i.y=  \J  sin  «  +  V  siti  »  +  V  sin  x  +  Vetc.  to  a 

106.  If  ^„»=theaum  of  a  G.  P.  to  n  terms  of  which  r  is  the 
common  ratio,  prove  that 

(r-l)5'-(»-I)S,-,S._,. 
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107.  It  1 

^'\ 

1      - 

^1+ : 

Li 

'       «3  + 

prove 
1 
--.  +  -, 

sQ- 

108.  Giv. 

•A,C. 

.!+■ 

roos»4 

rtos29,rt 
■      3!            .. 

^- 

and 

s. 

-rii, 

,«+!5 

in  28    Am  3« 
2 !            3  ! 

show  that 

4?^ 

4^ 

.(C 

tfi-)™. 

i^; 

€- 

4^ 

.(C 

+  «-)sii 

i8. 

109.  If  y  -^  sec  4^;,  prove  tbat 

j^-n""!'."'!. ''""'-'■-'■ 

110.  If;/  =  e-«sec-'(«v's;)aiids'  +  iB^s  =  :B^£nd  ^^^  in  tei 

111.  Prove  that  if  x  be  less  than  unity 

113.  Prove  that  if  x  be  less  than  unity 

Jl~-£_       2a^  -  4a^        4a^  -  Sa:^  .       _    1  +  2a3 

r^"cc  +  a3'''^l-cc'  +  a^i-cc'  +  a^"^"'"*    ""  '  ~  1  +  ^  +  «;^ 

113.  Given  EuWa  Theorem  that 


i      tan  -  +  —  tan  ^  +  ^  tan  - 
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114,  Given  the  identity 


_2co3a''+'g+l 
prove  that 


-  l)(2coa  3'^  -  1). . .(2cos  2"^  -  1 )  =  - 


^^.=1 2cosrf  -  1"     Soosa^+'e  +  l     Scosaif+l' 
115.  Given 
^u4>sm{2..  +  <i.)Bin(ia  +  <j>)...^m{2(n-l}a  +  4>}  =  ^^ 
where  2ma  =  jt, 

prove  that 

cot^  +  eot(2<i  +  4,)  +  eot(4a  +  rf)  +  ...+  cot;2(5( -  !)«  +  -}>} 
=  iicotriij), 
and  that 

00S.0V  +  ooseo'(2.  +  «  4-  oo.ecX4.  +  *)  +  ... 

,ec-{2(»^l)«  +  *).«'co»c'»f 


116.  Giv 


-<-^(-i£.)(-5^.. 


and  hence  that 

TCOtllTT  =  1  + 


1  +  P     1  +  2^     1  +  3^ 


«-0-?)('-^.)0-^)- 

tanS  _  -^"'°'°  1 

'.,=1  {2w~l)V-46^' 


--        ,  ,  1 

prove  -       —  *■ 

and  deduce 


and  ^tonh^.j_I.,  +  _L  +  _L  +  ...  .d  inf. 
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118.  Prove 

119.  Prova  that 


e-a    x  +  a      ^r-i  -jr: 

X  -  2«iKcos— 


if  n  be  odd. 


120,  Prove  that 


-H^^^!^^^— 
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CHAPTER   IV. 

SUCCESSIVE    DIFFERENTIATION. 

88.  Repeated  Operations. 

The  operation  denoted  by  -i—  is  defined  in  Art.  39  with- 


out any  reference  to  the  form  of  the  function  ( 
npon,  the  only  assumption  made  being  that  the  function 
is  a  function  of  the  same  independent  variable  as  that 
referred  to  in  the  operative  symbol,  viz.  x.  It  is  naoreover 
dear  that  the  result  of  the  operation  is  also  a  function 
of  X,  and  as  such  is  itself  capable  of  being  operated  upon 
by  the  same  symbol.     That  is  to  say,  if  j/  be  a  function 

of  ic,  -^  is  also  a  function  of  ic,  and  therefore  we  can  have 
cte 

-!-I-^l  as  a  true  mathematical  quantity.     And  further,  it 


1  function  of  cc  any  number  of  times. 
The  expression  -j  \-f-]  ia  generally  abbreviated  into 
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xifi  y  '^^  /I  ^'  ^^^  ^^  called  the  "second  derived  function" 
or  "  second  differential  coeffi.eient "  of  y  with  respect  to  x. 
And,  generally,  if  the  operator  -j—  be  applied  n  times,  the 

result  is  denoted  by  i-j;-)  V  or  t-^.  and  is  called  the  n^'^ 
derived  function  or  w'"  differential  coefficient  of  y  with 
respect  to  x. 

It  will  be  convenient  to  denote  the  operative  symbol 

-T-  by  jO,  which,  in  addition  to  being  simpler  to  write, 

makes  no  assumption  that  the  independent  variable  is 
deTwted  by  x ;  and  in  many  problems  the  independent 
variable  is  more  conveniently  denoted  by  some  other 
letter.  For  example,  in  dynamical  problems  the  time 
wbich  has  elapsed  since  a  given  epoch  is  frequently 
taken  as  the  independent  variable  and  is  denoted  by  t, 
while  the  letters  x,  y,  s,  are  reserved  to  denote  the 
co-ordinates  at  that  time  of  the  point  whose  motion  is 
considered. 

It  appears  then  that  if  we  use  indices  to  denote  the 
number  of  times  an  operation  has  been  performed,  we 

may  write 


Dy^ 


B.D'y^D^y^j 


dhj 
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90.  Analogy  between  the  operator  y-  and  symbols  of 
quantity. 

The  index  notation  employed  above  to  denote  the 
number  of  times  an  operation  ia  repeated  ia  exactly 
analogous  to  the  index  notation  used  in  algebra  to  denote 
powers  of  symbols  of  q^uantity. 

If  a  be  an  algebraic  quantity,  the  algebraical  notation 
for  a .  a  is  a^,  and  for  a.  a.  a  ia  a?,  and  so  on ;  the  index 
here  denoting  the  number  of  factors  each  equal  to  a 
which  are  multiplied  together.  But,  as  defined  above, 
there  is  no  idea  of  multiplication  in  D ,  D  or  If',  but  a 
simple  repetition  of  an  operation.  In  the  same  way  D" 
has  no  quantitative  meaning  in  itself,  but  represents  an 
operation  consisting  of  employing  the  process  of  differ- 
entiation n  times.  For  example,  the  difference  between 
such  quantities  as  I^y,  {Dyy,  and  S^y^  should  be  carefully 
noted.  The  index  in  the  first  case  has  reference  only  to 
the  symbol  of  operation  "D,"  which  is  therefore  to  be 
applied  twice  to  y. 

In  (J)y)^  the  indes  is  a  purely  quantitative  one  used 
in  the  algebraical  sense  to  denote  the  product  Dy  x  Dy. 

While  in  I^y^  we  are  to  understand  that  the  square  of 
y  is  to  be  differentiated  twice. 

That  the  ultimate  results  are  diiferent  may  be  easily 
seen  by  taking  any  simple  case, 
e.^.,  if  y^x^, 

then  Dy  =  2x, 

and  i)^  =  2 (1) 

Again,  {Dyf  =  4!x\ (2) 

whilst  y^  =  a!*, 

and  Dy^  =  te'. 
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giving  Dh/^l2x^ (3) 

A  comparison  of  the  results  (1),  (2),  (3),  will  at  once 
satisfy  the  student  of  the  truth  of  the  above  remarks. 

91.  The  operator  D  satisfies  the  elementary  rules  of 
Algebra. 

We  will  next  consider  how  far  the  analogy  goes- 
between  symbols  of  quantity  and  the  symbol  of  opera- 
tion which  we  have  denoted  by  D. 

The  fundamental  rules  of  algebra  are  three  in  number 
and  are  known  as 

(1)  The  "Distributive  Law," 

(2)  The  "  Commutative  Law,"  and 

(3)  The  "  Index  Law." 

These    three   laws    form   the   basis    of    all    subsequent, 
algebraical  formulae  and  investigations. 

(1)  The  Distributive  Law  is  that  denoted  by 

■m{a  +  b+c+  ...)  =  ma+mb+7nc-'r... 
Now,  in  Chap.  IL,  Prop,  in.,  it  is  proved  that 

D{u+v+'W+...)^Du+Dv+l>w+..., 
so  that  the  symbol  D  is  distributive  in  its  operation. 

(2)  The  Co-mmutative  Law  in  algebra  is  that  expressed 
by  ab  =  ba. 

Now,  in  Chap.  II.,  Prop,  ii.,  it  is  proved  that 

Day  =  cDy, 
so  that  the  symbol  D  is  commutative  with,  regard  to- 
constants. 

But  it  is  clear  that  the  positions  of  the  D  and  the  y 
cannot  be  interchanged  ;  such  an  error  would  be  similar 
to  writing  0sin  instead  of  sin  ft  So  that,  while  D  is 
commutative  with  regard  to  constants,  it  is  not  so  with 
regard  to  variables. 
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(3)  The  Index  Law  in  algebra  is  denoted  by 

m  and  n  being  supposed  to  be  positive  integers. 

Now,  to  differentiate   a  result  m   times   which    has 
already  been  operated  upon  n  times  is  clearly  the  same 
as  differentiating  m+ti  times, 
i.e.,  i>«.D'^y  =  7>"+"i/. 

So  the  operator  J5™.2)"  is  equivalent   to  the  operator 
1>™+"  where  m  and  n  are  positive  integers. 

Hence  the  symbol  D  obeys  tlie  Index  Law  for  a  positive 
integral  exponent. 

To  sum  up  then,  the  operative  symbol  I)  satisfies  all 
the  elementary  rules  of  combinaHon  of  algebraical 
quantities,  with  the  exception  that  it  is  not  commutative 
with  regard  to  variables. 

92.  It  follows  from  the  above  remarks  that  any 
rational  algebraical  identity  has  a  corresponding  sym- 
bolical operative  analogue. 

For  example, 

{m+a)(m-\-b)  =  m?  +  {a+'b)vi-irah, 
so  also  the  operation  {D+aj{D+h)  is  exactly  equivalent 
to  the  operation  B^  +  {a+h)D+ah. 

Similarly,  to  the  identity 

(m + (j)^  =  m^ + 2am + a^ 
corresponds   the  equivalence  of  the  operations   (D  +  «)^ 
and  D^+2aD+aK 

93.  It  is  clear  that  in  cases  like  the  above  an  a  priori 
proof  may  be  given  of  the  identity  of  the  operations 
represented.  For  instance,  suppose  it  be  required  to 
show  that      (D+a)(D+b)y  =  [D^+{a  +  b)D+ab]y, 
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we  have  {D+b)y^lh/+hy, 

and  (D+a)(D  +  i)y={D  +  a)(Dy  +  by) 

^I){I)y+by)  +  a{Dy  +  by) 
=  D^y  +  hIh/+aDy+aby 
^I)^y+{a+b)Dy+ahy 
^[D^+{a  +  b)D  +  ab]y, 
the  result  to  be  proved:    and  the  process  of  proof  is 
exactly  the  same  as  that  employed  in  proving  that 
(m+a)(m  +  6)=m^+(a+6jm+a6. 
However,  such  proofs  are  unnecessary  after  the  remarks 
of  Art.  91,  for  they  simply  repeat  in  form  the  proof  of 
the  corresponding  algebraical  theorem. 

It  will  now  be  obvious,  for  instance,  without  further 
proof,  that  since 

(m + a)"  =  TO" + nani^ " ^  +    ^     „'  -a^ii""^  +...  +  «", 

we  shall  also  have 

94.  Notation. 

The  first  derived  function  of  y  with  respect  to  the 
independent  variable  is  often  denoted  by  y^,  y',  or  y. 
This  notation  can  he  conveniently  extended,  and  we 
shall  often  find  it  convenient  to  denote 

Dy,D^,D^y,  ...  D'^y 
by  yj,    y^.     2/s.     ■■■?/,.. 

or  by  T/'",  f^\    1/'"     ■■-?/'''', 

or  by  y',    y",     y'",         etc., 

or  by  il,     y,      V,  etc. 
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It  is  clear  however  that  the  notation  of  dashes  or  dots 
as  used  in  the  last  two  systems  is  inconvenient  for  higher 
<iifferential  coefficients  than  the  fourth  or  fifth  by  reason 
■of  the  number  of  dashea  or  dots  which  it  would  be 
necessary  to  use.  The  bracketed  index  notation  is  a 
somewhat  dangerous  one,  from  the  liability  of  confusion 
with  an  algebraical  index.  The  suffix  notation  appears 
to  be  free  from  objection  in  cases  when  there  can  be  no 
misunderstanding  as  to  which  is  the  independent  variable. 

95.  Standard  Results  and  Processes. 
The  'ft"'  differential  coefficients  of  some  functions  are 
easy  to  find. 

Ex.1.  If       y  =  e'"'\  y^^ae";  1/2  =  '^^^'"'; -■■?/»  ='^''^'^- 
Cor,  (i.)  If  a  =1 

Cor.  (ii,)       j(  =  a='  =  e^i"K."; 

tj^  =  (logja)e* ''«'''= (logeO,)a"' ; 
y .  =  (log^t*)  V'^s."  =  (log,a)s<i' ; 
etc.  =  etc., 
Vn  =  (log,a)"e^'°e""  =  (log/t)"-a='. 

Ex.  2.  If       y^\og,{x-\-a); 

1  __^_„        _(-lX-2) 

y^^x  +  a'  ^^        (x+af  ^3       {x+a}^    ' 
(-])(-2)(-:3)...(-7i  +  l) 
^"  {x  +  aY 

"  {x+ay 
Cor.  If         y=J-,y,^  =  ^^, 
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Ex.  3.  If      y  =  sm(«x+6}; 

Similarly,  if  ?/  =  cos(aa;+?^), 

y^  =  a«ao4^ax■^h-\-  ~j. 
CoE.  If        a  =  l  and&^O; 
then,  when      y  =  aiu^,  ^„  =  sinlfl;+-^l; 

and,  when        y^cosa^,  y„  =  cos(a;H — ^1- 

Ex.4.  If      y  —  €,'^s\\i{hx-\-c}; 

yy=-ae!^&\n(hx-\-c)-\-he'"'-cop(bx-^c). 
Let  a  —  rao&tj)  and  &=rsin^, 

so  that  r^  =  0.^  +  6^  and  tan^  =  -; 

and  therefore  j/i  = '■6"^sin{&«  +  c  +  0), 
Similarly        y,^  —  7'^6'^5in(6ic+c  +  2^), 


and  finally     yji  =  r"e'™sin(?>a;  +  c+n0) 

=  (ft^  +  6'}^e™^sin(  6ic +<; +iitan-i- y 
Similarly,  if    ^  =  e'^casQ)x+c), 

y,i  —  {o?-\-h^'fe''''cos\hx+a-\-'iii&n-'^-\. 
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As  the  above  results  are  fi'equently  wanted,  it  will 
be  well  for  the  student  to  be  able  to  obtain  them 
immediately. 

96.  Fractional    expressions    of    the    form    ^~-t  (both 

functions  being  algebraic  and  rational)  can  be  differ- 
entiated 71  times  by  first  putting  them  into  'partial 
fractions.    (See  p.  85.) 

Ex.  1. 


{x~a){x—b){x  —  c)     (a—b){a~c)  x~a 

I         »  1    + £' ?_, 

(6— c)(&  — a)  x—h     {c~a){c  —  h)  x  —  c 

(see  note  on  partial  fractions)  ; 


■■     H-- {a-bXa~c)  (x~ar^'^ {b-c){h-a)  (x-hr+ 
0^  {-lYn\ 

{c—a){c—b)  (a;--e)"+' 

To  put  this  into  Partial  Fractions  let  ic  =  1  +  s ; 
1    1  +  22+s' 


then 


3z'^te^9  3+2 
■3(S^lji+9{<i:-l)"''9(S+2) 


y  Google 


mCCESmVE  DIFFERENTIATION.  81 

whence  «  =&+l)!(-l>-     ™-i(=V 

I   4n!(-ir 

97.  When  quadratic  factors  (which  are  not  resolvable 
into  real  linear  factors)  occur  in  the  denominator,  it  is 
often  convenient  t«  make  use  of  Demoivre's  Theorem. 
Ex.  Let 

j,=  _.._l..     „ .1 

"     (£r  +  o)'+6»     ((3;+i»)+.iH{it  +  a)-.6) 

^A/^ ^1. 

li>\x-\-(h—ii    x-\-a-\-iby 

then        ;,.=  i-(-l).,.!{^-^;_Lj^-_^_^^— ,} 


+(<  +  »)-t'-(rc+a 

[(x+«)>  +  6T- 

"            J 

Let    a:^+a  =  ?-co8e, 

anj           h  =  vwaQ\ 

whence  r^  =  (a!+a)^+&^. 

and    taue  =  — . 

X  +  ft 

"'"'   »•      -2.1    -((«+»)•  +  !.■]■" 

M(cos9+, 

sind)"+^-(cos0- 

isine)"+ 

_C-1)-»1    % 

;sin(n  +  l)e 

%h     V? 

,  +  „)>  +  6']T 

(-1)»«!  . 

(>H-l)esin-+i8, 

where  e  = 

=  tan->-'    . 

Cor.  ]f7/  =  tan-'^^ 

'  ^>     (ai  +  u)'  +  6" 
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and  therefore  ya  = 


where  tan  &  —  — 


Fiiid  the  »"■  differential  coefficients  of  y  with  respect  tf 
following  cases. 


1 


98.  Leibnitz's  Theosbm. 

To  find  the  n^^  differential  coefficient  of  a  product  of 
two  fmictiona  ofx  in  terms  of  the  differential  coefficients 
of  the  separate  functions. 

It  was  proved  in  Chap.  II.,  Prop,  iv.,  that 
d ,     .       d/ii  ,     dv 

j_(„)=„„+^. 

It  appears  from  this  formula  that  the  operative  symbol 

-—  or  D  may  be  considered  as  the  sum  of  two  operative 

symbols  i)^  and  Z*^,  aueh  that  D^  only  operates  on  u  and 
differential    coefficients   of  u,  while  D^  operates   solely 
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upon  V  and  diiferential  coafficienta  of  v.     For  with  such 


symbols  D^{uv)  = 


(fc' 


and  I)J^wv)  =  u,  , 

whence  D(m!)  =  w-t-  +  w.^—  =  D^{wo)  +D^(uv) 

We  may  therefore  write  for  J)  the  compound  symbol 

Now,  since  D^  and  D^  are  symbols  which  indicate  differ- 
entiations, they  each,  like  the  original  symbol  D,  obey 
the  (Ustribidive  and  index  laivs  and  are  commutative 
with  regard  to  constants  and  each  other.  It  therefore 
follows  by  formal  analogy  with  the  Binomial  Theorem 
that  the  operations  (Dj+i}^)" 

and       i)^"  +  nJ,''-ii),+-'^'^"~^'/>/-^D,^+...+A'' 
are  identical. 


Now 

i),"(™ 

'""a.- 

-0,"-'C,(™ 

(it.  (j"~'ii 

etc. 

HencB 

d\nv) 

=  iy'(uv)={D^  +  D^)%uv) 

=(a- 

>+«i>,-ix>,+: 

"<p/V-'A-+-+ 

d'l 

I ,    dv  d—'n 

M(n-l)  d^v  d^'-ht 

''(te'"^"'clB'(^a5»-i 

■*"     ri~   dSicix" 

,     d-v 

fl,")« 
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It  appear  therefore  from  this  formula  that  if  all  the 
differential  coeftinieiitB  of  w  and  v  he  known  up  to  the 
n^,  inclueive,  the  ti""  differential  coefEcient  of  the  pro- 
duct may  fit  once  he  wiitten  down. 

99.  Another  Proof. 

From  tile  importajice  of  tlie  above  result  it  is  considered  iisefiil 
to  add  here  an  inductive  proof  of  the  same  theorem. 

jXeiama.  If  „(?,  denote  the  nuiuber  of  conibinationa  of  n  things 
r  at  a  time,  then  will 

This  will  form  an  easy  exercise  for  the  student] 

Let  y=MjJ,  and  let  suffixes  denote  differentiations  witlircg.ird  to.r. 
Then  yi=MiW+MU,, 

j('4=Ma''  +  2wi»i  +  «i'a  I'y  differentiation. 
Assume  generally  tliat 

y„=K„JI  +  „(7lM„_l!'i  +  „C2-«„_a''9  +  ---+„6',a,i-r''.-+nC'.+lK.i->-|!'r+l 

+  ...-I-W,, (a) 

Therefore,  differentiating, 

=  M„4.])f+„+l(?l1[„);i  +  ,i+lftM„_l-ils+.,+lC3»o-s)',l+... 

+  n+iCi.+ian-ri'.-+i+...  +  u^>i+ii  bj  the  Lemma ; 
therefore  if  the  law  (o)  hold  for  ra  differentiations  it  holds  for  n  + 1. 
But  it  was  proved  to  hold  for  fcwo  differentiations,  and  therefore  it 
holds  for  three  ;  therefore  for  four  ;  and  so  on  ;  and  therefore  it  is 
generally  true,  i.e., 

(Mv)„=M„l>  +  ,A«"-id  +  ^C'aW„-2-Wj+...+„C,.«„_,.»i,.-l-...  +  «j;„. 

100.  ApplioatioiLs. 

Ex.  1.  Let  y  =  e'"'X,    where    X=  any    function  of  x. 

CI-  '^''  ,   n.-y\  r  ny 

Since  T",r('*   )  ^  0/6'"^, 
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!,.=  .-(».X+,C.».-.|,Z+.C.«.-|,X+...+  *.x), 
which  may  be  written  by  analogy  with  the  Binomial 
Theorem  c-^L+^Tx  (Art.  93). 

Ex.  2.  y  =  x^s\'a.ax. 
y,i=3i?a^ia\ax-\ — g-l  +  7i3ai%"~'sin  iaa;-j — .r'^f 

Ex.  3.  Differentiate  n  times  the  equation 

therefore  by  addition 

or         a?|^J^+(27H-l)a;|^+K+l)S=0. 
101.  Note  on  Partial  Fractions. 

Since  D  number  of  examples  on  successive  differentiation  and  on 
integration  depend  on  the  ability  of  tbe  student  to  put  certain 
fractional  forma  into  partial  fractions,  we  give  the  methods  \ai  be 
piirsued  in  a  short  note. 
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Let  i-j--'  Le  tlie  fraction  wliidi  is  to  be  resolved  into  its  partial 

fractions. 

1.  If  /(*')  be  not  already  of  lower  degree  thaii  the  denominator, 
we  oan  dinde  mil  wntil  the  numerator  of  the  remaining  fraction  is  of 
lower  degree  ; 

3a;-2 


e.g. 


=  1  +  7: 


if  lower 


{x-l)(x-2)       ^(^-1X^-2)- 
Hence  we  shall  consider  only  the  case  in  which  f(x) 
degree  than  '/■(x). 

3.  If  <p(ip)  contain  a  single  factor  («  -  a),  not  repeated,  we  proceed 
thus:  suppose  ^(x)=(iK—a)^lx), 

andlet  /(^)      =-L  +  ^), 

A  being  independent  of  a;. 
Hence  -^^J^  J +{3!-tt)^. 

This  is  an  identity  and  therefore  tiiie  for  all  values  of  the  vari- 
able x;  put  x=a.  Then,  since  ^(ic)  doea  not  vanish  when  *=a  (for 
by  hypothesis  ^(a?)  does  not  contain  :K-a  as  a  factor),  we  have 

'/'(a) 
Hence  the  rule  to  find  A   is,  "Put  s^  —  a 
fraction  except  in  the  factor  m-a  itself." 


in  every  portion  of  the 


+  p^-  +  q        __  a^  +  pa  +  q       1  b'^+pb  +  g      I 


Here  the  numerator  not  being  of  lower  degree  than  the  denotninator,  w 
divide  the  numerator  by  the  denominator.    The  result  will  then  b 
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expressible  in  the  form   1  +—^—  +         ,  where  J  aiid  B  are  found 
sa  before  and  are  respectively   -^-r  and  =- — . 

3.  Suppose  the  factor  {x-a)  in  the  denominator  to  be  repeated  r 
times  so  that  ^a;)={a;-a)Y(^). 
Put  a^-a=y. 

Then  m=fi-^^), 

or  expanding  each  function  by  any  mestus  in  ascending  powers  of  y, 

Divide  out  thus  r 

■B»+£,y+-.)^o+Jia'+-(Co+Ci«/+(?2/+..., 

and  let  the  division  be  continued  until  ^  is  a  factor  of  the  remainder. 

Let  the  remaiuder  be  y^{y). 
Hencethetraction=^+A_+A  +  ...+^i+.xW- 

S'     y-i     /■-"  y        i^ia+y) 

-^     C,  G^  G, 

Hence  the  partial  fracfcions  corresponding  to  the  factor  {x  -  aY  ai'e 
determined  by  a  long  division  Bum. 

Put  x-l=y. 

Heiicethefraction=  \  "*'^''_. 
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Therefore  the  fraction 


2(^-I)=^4(3;-l)=^8(^-I)     %{x+l) 
4.  If  a  factor,  such  as  sc'-^-ax+h,  which  is  not  resolvable  into  real 
linear  factors  occur  in  the  denominator,  the  form  of  the  correspond- 
ing partial  fraction  is  —^  ■  ■   ■ — j.     For  instance,  if  the  expression 

be  1 

the  proper  assumption  for  the  form  in  partial  fractions  would  be 

where  d,ii,  and  (7  can  be  found  according  to  the  preceding  methods, 
and  on  reduction  to  a  common  denomioator  we  can,  by  ec[uating 
coefiicients  of  like  powers  in  the  two  nunieratora,  find  the  remaining 
letters  D,  E,  F,  G,  ff,  K,  Variations  iipon  tlieae  methods  will 
suggest  themselvea  to  the  student. 


EXAMPLES. 

1.  K3/  =  tan-V,  find^. 

2.  if  •u  =  a;^lo'Ki!,  find -f2, 

"  "  '  da? 

3.  lf»/  =  sinwiitcos«^,find^. 

5.  liy  =  af,  find   -^,    distinguisMng    the    cases    in    which 
■  <,  =,  or  >  w. 

6.  liy  =  xlos—^—,  prove  that  3?-^  =  (v-x^\. 

"  a  +  bx  dir,      \         m-.) 
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7.  Uy  =  ax aiii x,  prove  tliat  a?^-  -  2a;^  +  (a?  +  2)j/  =  0. 

ax'        ax 

8.  Ify  =  rteos{log9!),  prove  that  !^  +  4?'  +  j/-0. 

9.  If  j/  =  ((a,'"+'-t-fc"*',  provo  that  a;''^  =  •j!.(?i  +  \)y. 

10.  If  2/  =  siir^a:,  prove  that  (1  -  x'f^^  ~^  =  ^- 

11.  If;/=(aiii-^a^)^,  provethat  (l-3r^)^  =  4^  +  2. 

i2.n,.,---,p„™ih.t(i-.-)g-.*.<.v 

13.  If  J/ =  ^  sill  mx  +  ^  cos  mx,  prove  that  ^'^  +  m^y  =  0. 

14.  liy  =  Ae"^  +  B6~'^,  prove  that  -7^-w^  =  0. 

15.  liy  =  A{a:-i-  .^/a?  +  o.^)",  prove  that 

16.  Ifw  =  tan-'3!,  piwe  that  (1+0.-=)^  + 2a;^  =  0. 

da?         dx 

17.  Ify  =  fl-'cos«,  prove  that  ^  +  %  =  0. 

18.  liy  =  ^ir,&T,d^. 

dx" 

19.  Ifw  =  3;^ama^,  find'P'. 

dx" 

22.  If  v  =  flitaii-^a;,  flnd^ 

"  daf 

23.  If;/  =  log,)f +  i«" logic,  find  ^. 
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24.  If  y  =  - 1—„ ,,  show  that  ^  is 

1  +  a;  +  ic''  +  ar  dec" 

i(  -  1)"«]  sin"+'^{siii(rt  +  1)9  -cos{m  +  \)e  +  (sill  ^  +  cos  B)-'-'} 

where  6  =  cot-'iK,  [Math.  Tkipos. 

■JS.   If{l-a;=)^-a!^  =  0,  prove  that 
(for     .(^(lC 

(i^;^Q-(2»+i).f:!:|.„*!.o. 

26.  If  (1-a?)^- a!^  =  «Y  prove  that 
ax'      ax 


,,*>_ 


»')S-»- 


37.  If  S(  =  siii{™sin-"ie),  show  that  (1 -3?)^  =  iB^ -«»>. 
(tor       c«c 

28.  If)/  =  ^{3;+  ^/a?  +  ay  +  .e{ie+  ^^^^^)— , 
then  will  (:^  +  ^=)g  +  ^f -nV  =  0, 

29.  If  s  =  e'™''''=«o  +  aia;  +  %3i'+  ...,  show  tliat 

(m.)(»  +  2)<.„ +  «.-«.+,. 

The  last  equation  is  to  be  found  by  substituting  the  series 
for  y  in  equation  (i.)  and  equating  the  coefficients  of  af  to  zero. 

30.  li&m(m,iim-^x)  =  a^  +  a^xJc<h3?+  ...,  prove 

31.  lie"'"    "^  =  do  +  ffliit  +  Oja? +...,  prove 
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32.  If  (&in~''x)''  =  aa  +  ajX  +  a,j)^-i-a.^+  ...,  sliow  that 

33.  If  y(s)  can  be  expaaded  in  a  series  of  positive  integral 
powers  of  z,  show  that 

34.  Show  that 


/(s)-^---/(-i)^' 


where  X  represents  any  function  of  i^. 

35,  Show  that 

/©^-^--o 

... 

36.  Find  the  «.""  differential  coefficient  of 

e"'{aV-2-«aa;+M(M+l)}. 

[1.  C.  8.  Exam.] 

37.  If  M  =  sin  Jia;  +  coa  mc,  show  that 

g=.-(i.(-ir.,>.„,.. 

[I.  C.  S.  Exam.] 

38.  If  -  —  he  differentiated  i  times,  the  denominator  of  the 

Beveral  powers  of  e'  ia  the  numerator  will  be 

(-I)'I.2.3...i. 

[Oaius  Coll.] 

39.  Prove  that 

tTu     d"uv     ^d"-^  /  d'o\     n(n-l) 

'^~'l„^\ 

+  (-!)-" 
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CHAPTER  V. 

EXPANSIONS. 

102.  The  student  will  have  already  met  with  several 
expansionB  of  given  explicit  functions  in  ascending  in- 
tegral powers  of  the  independent  variable ;  for  example, 
those  for  (ic+a)",  &"■,  log(l+a:!),  tan"^^,  sin  %,  cos  a;,  which 
occur  in  ordinary  Algebra  and  Trigonometry. 

The  principal  methods  of  development  in  common  use 
may  be  briefly  classified  as  follows  : 

I.  By  purely  Algebraical  or  Trigonometrical  processes. 
II.  By  Taylor's  or  Maclaurin's  Theorems. 

III.  By  Differentiation    or  Integration   of  a   known 

series,  or  equivalent  process. 

IV.  By  the  use  of  a  differential  ec[uation. 

These  methods  we  proceed  to  explain  and  exemplify. 

103.  Method  I.  Algebraic  and  Trigonometrical  Methods. 

Ex.  1.  Find  the  first  three  terms  of  the  expansion  of  log  sec  «  in 
ascending  powers  of  x. 
By  Trigonometry 

Henco     Iogsec.r=  -logco3,*= -log(l -:), 
""here  ^  ~  h  >  ~  7;  "I"  'si "~  •  •  ■  ' 
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lid  expanding  log  (1  ~  i)  by  the  logaritiimic  theoren;  ' 


Lai     4l'''6!      ■■■J''"3L3!     4r-J 
3L2!         J 


"""     '-S""— J+15+S 

Ex.  3.  Expand  eos'a;  in  powers  of  x. 

Since      4oos%=coa3j!  +  3cos* 

=,_«,«.....<-„.3£?,. 

*i^-i4,--H^^y$^*. 

..], 

weobtoiii     cos=,r=i|  (l+3)-(3H3)^+(3''4-3)|j-... 

+(~in3-+3)^,+-..i. 

Simil^u-h-      sinV=^|  (3=-3)^-(3''-3)^  +  (3'--3)^ 

-<-""ri^--i' 

Ex.  3.  Expaud   tan  .t   in   powers   of  s   as   far   an 

the 

volvillg  ,^■*. 

we  may  by  actiial  division  show  that 

..„.,»..|.i..^.. 
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Ex.  4.  Expand  J{log(l  +  j;)}^in  powers  of  ;f. 
Since  (i  +  a^)s.=  ei'i=Biit«t, 

we  have,  by  expanding  each  side  of  this  identity, 
1  +j„+Sfcl)^  ■|.?(f-t)(?-«)j  |?(»-l)(!/-2)(?-3)^  ^ 

sl+!,loe(l+.-)+J{l»g(l+«i))"+-.. 
Henee,  equating  coefiicienta  of  ff\ 

a  series  which  may  be  writteii  in  the  form 

Examples. 
1.  Prove     e'""''=l+*-=  +  ^^  +  yi,a-«... 
a.  Prove  cosh''a-=H-''      +«(3»-3)^". 
■    3.  Prove  that 


Ppg  (!+»)]'• 


V,+,..iPi/    ',-..A^--,-,  +  -, 


+  i)r' 

where  rP»  denotes  the  sum  of  all  prodiicta  ^  at  a  time  of  the  fii-st  r 
natural  numbers. 

104  Method  II.  Taylor's  and  Maclaurin's  Theorems. 

It  has  been  discovered  that  the  Binomial,  Kxponenfcia), 
and  other  well-known  expansions  are  all  particular  case.s 
of  one  general  theorem  known  as  Taylor's  Theorem,  which 
has  for  its  object  the  expansion  of  f(x+h}  in  ascending 
-mtegral  positive  powers  of  h,  f{x)  being  a  function  of  x 
of  any  fornh  whatever.  It  will  be  found  that  such  an 
expansion  is  not  always  possible,  but  wc  resei've  for 
later  articles  [120  to  128]  a  rigorous  discussion  of  the 
limitations  of  the  theorem. 
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105.  The  theorem  referred  to  is  that  w%ffer  certain 
circumstances 

/(!»+t)=/(x)+v(x)+|'rw+|'/'»+.^- 


an  espHBsion  (if/(ai+^)  in  powers  of  A. 

This  result  was  first  published  by  Taylor  in  171-5,  in 
his  "  Methodus  Inerementorum  Uirecta  et  Inversa,"  In 
1717  Stirling  pointed  out  another  form  of  Taylor's 
Theorem,  viz., 

/(^)=/(0)+^/(0)+|/"(0)+|-/'"(0)  +  ... 

+^. /"(<*)+■■■  to  infinity, 
which  is  easily  deduoiUe  frtmi  Taylor's  Series  by  writing 
0  for  X  and  ic  for  ^ ;  the  meaning  of  f(0)  being  that  J{x) 
is  to  he  differentiated  r  times  with  respect  to  x,  and  then 
X  is  to  be  put  equal  to  zero  in  the  result. 

The  latter  series  gives  a  method  of  expanding  any 
function  of  a:  in  positive  integral  powers  of  x.  Being  a 
form  of  Taylor's  Theorem  it  is  subject  to  the  same  limita- 
tions. It  is  generally  known  as  MaclauTin's  Theorevn, 
though  its  publication  by  Maclaurin  was  not  made  until 
twenty-five  years  after  its  first  discovery  by  Stirling. 

106.  Taylor's  Theorem  also  deduoible  from  Maclaiirin's. 

It  has  been  shown  that  Maclauriii's  series  is  dedueible 
from  Taylor's  form.  Taylor's  series  is  also  dedueible 
from  Maclau rill's. 

For,  let  f(x)  =  F(x  +  y), 

then  f{x)  =  F'{x-\-y),  etc., 

so  that      f(id)  =  i\y\  f(0)  =  FXy),  f"(<f)  =  F"ly),  etc. 
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Hence  Mackuiin's  Theorem 

becomes     F(y+x)  =  F(y)  +xF'(y)  +  ^i^ "(y)  +  ■  ■  -, 
which  is  Taylor's  form. 

Taylor's  Theorem. 
107.  Prop.  To  prove  that,  iff(x-i-h)  can  be  expaiided 
in  a  convei'g&nt  series  of  positive  integral  powers  of  h, 
that  expansion  is 

f(x+k)=fix)+hf\x)+'^/'ix)+  ...  to  ^. 
Put  x  +  h  =  X ;  then  since  x  and  h  are  independent 

Similarly  ^f  _/'(i),  »'»■ 

Now,  assvmhing  the  fossiWAty  of  such  an  expansion, 

let  ^a;+A)=^„+^,^+J.,^-+V|-,+  -. W 

where  A^,  A^,  A^, ...  are  functions  of  x  alone,  not  con- 
tainimg  k,  and  are  to  be  determined. 

Differentiating   with   regard   to   h   we   have,   by   the 
jireceding  work, 

Differentiating  again 


ax 

a. 

dnx)_ 
dh- 

.dAX) 
dX 

dX 

■  ti/l 
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Put  ft  =  0,  and  we  have  at  once  from  (1),  (2),  (3), ... 

A,-fix),  A,=f{x},  A,=f(x),  etc 

Substituting  these  values  in  (1) 

fix  +  h)=Jl:^)+hf(x)  +  ''^,f(x)  +  ...+'ff'(cc)  +  ... 

Maclaitrin's  Theoeem. 
lOS.  Prop.  To  prove  that  if  f(x)  can  be  ea>panded  vn 
a  convergent  series  of  positive  integral  powers  of  x,  that 
expansioQ  is 

/W-/(0)+x/(0)+|^/'(O)+|/"(0)+.-.  to  », 
Assmning  the  possibility  of  such  an  expansion,  let 

f{x)=^A,  +  A,x+A^^A^-^-V.... (1) 

where  jIj,,  Ay  A^, ...,  are  constants  to  be  determinei^,  v.ot 
containing  x. 

Then  differentiating  we  have 

f(x)  =  A,+A^  +  A^^,+A^~+ (2) 

f''{x)^A,+A^x+A^^^_+A,'^-,  + (3) 

etc. 
Hence  putting  x  =  0  in  (I).  (2),  (3),  ...,  we  have 
A,^f{0),  A,^f(0),  A,^f'(0).  etc., ... ; 
and  substitnting  these  values  in  (1) 

Ax)  =/((>)  +  «/(0) +y,/"(0)  +p-"(0)  +  ■■■  +f,m  +  .  •  • 

109.  It  will  be  noticed  that  in  the  above  proofs  there  is 
nothing  to  indicate  in  what  cases  the  expansions  assumed 
in  the  equations  numbered  (1)  in  each  of  the  last  two 
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flrticlea  are  illegitimate,  and  we  shall  have  to  refer  the 
student  to  Arts.  120  to  128  for  a  fuller  and  more  rigorous 
discussion. 

110.  It  is  important,  before  proceeding  farther,  that 
the  student  should  satisfy  himself  that  the  well  known 
expansions  of  such  functions  as  (a;+fi.)",  e',  sin  a;,  etc., 
are  really  all  included  in  the  general  results  of  Arts. 
107,  108. 

For  example.  i.ifix)  =  ar,f{x-k-h)  =  {x+hy\  f(x)  =  nx''-\ 
f(x)  =  'n{n  —  l)^~',  etc.     Hence  Taylor's  Theorem, 

gives  the  binomial  expansion 

(x  +  ky  =  a;" + nhx"-^  +  ^'^^^~^^"-=  + . . . 

Again,  suppose /(ic)  =  e',  thenf'{x)  =  e',f"(x)^e'',  etc., 
therefore  j^O)  =  l,/(0)  =  l,/"(0)  =  i.  etc. 

Hence  Maclaurin's  Theorem, 

gives  e"  =  l+a;  +  ;T+K-,  +  -.-, 

the  result  known  as  the  Exponential  Theorem. 

111.  We  .append  a  few  examples  which  admit  of  ex- 
pansion, and  to  which  therefore  the  results  of  Arts.  107, 
108  apply. 

Examples. 
Prove  the  folluwiiig  results  ;— 
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3.  «„-%..-|+f-.... 

4.  e'cos;c=l-)-2'coa^.j;+2^cos^^^+2^co3^^4-.. 


.,  log{l  +  e-)  =  Iog2+i^+J^-^^.... 
;.  e""'=l  +  :r  +  ^^2_j3;4____^ 

mf^  +  Al  =  3in:E+Aeosj--  ^ sin  a- —  —  pob j: + 

7__^2_^2±2^2   ^3^ 

iQ(;c  +  A)  =  logsiii^  +  /(cota:-^-cosec2a;+^^.  +  .... 

Method  III. 

112.  Expansion  by  Differentmtion  or  Integration  of 
ti  hnown  series  or  equivalent  process. 
The  method  of  treatment  ia  indicated  ia  the  following  eiamplea  : 
Ex.  1.  To  expand  tan-^x  in  powers  of  x.     Gregory's  Series. 
Suppose  f{x)=t&n~'^3:=aii-^ajX+a.^^+a^+ ..., 


•'•» 

nb--"+''-"'+- 

"i=«4  =  «il  =  «8=  -   =0, 

and 

ai  =  l,3a3=-l,5»,=  I,et« 

Also, 

ao  =  tan-i0  =  n5r; 

therefore 

tan-r  =  «.+:.-^  +  f -?:+... 
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This  i-esult  may  be  obtained  immediately  by  integration  of  the 
series  for  — — -^  viz., 

the  constant  a^  heiiig  determined  as  before. 

Ex.  2.  To  e3-pand  ein~^  x. 

Suppose  f{x)=sia~^x=a„+ajX+a^'^+a^+ ... ; 

therefore  /'(ic)  =  — ^ —  =  a,  +  2a^  +  3as^  +  4ffi,^  + . . . . 


■ 

vr^  .^.--j^T-.. 

Hence, 

comparing  these  series,  we  have 

a2=ai=a,=  ...  =0, 

and 

■a,=l,3a,=J,6«,=^--|.... 

Also 

Oo=siii-^)=iw 

Hence 

-»— '«H.J4^f- 

and,   ns  before,   this  might  have   been  obtained   immediately  by 
integration  of  the  espanaion  of  —      -- . 

Ex.  3.  Again,  if  a  known  series  be  given,  we  can  obtain  others 
from,  it  bif  di^erentiation. 

For  example,  borrowing  the  series  for  (sin"'j;}^  established  in 
Ex.  2  of  the  next  Art,  viz.— 

1/  ■   -1  \i-^  ,  2a:*     2.4  .c"     2.4.6  a^ 
Hsm    -V       2"^3  4     3.5   G     &.5.1   8      ■■'' 
we  obtain  at  once  by  differentiation 

^^^'^  _     ,2^  ,2-4^  ,2.4.6  J, 
VT^"^      3         375"^     37577^  +.... 

Examples. 

1.  Prove  log(.*+ Vl+*-2)=sinh-^:f;=a'-g  g-  +  ^-^-^-..- 

2.  Prove  tajil3-i.e  =  a-  +  — +-  +  .... 
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3.  Deduce  from  Ex.  3,  Art.  112, 


(l-a^isin-". 


%3fi     2.4   ; 


And  hence  by  putting  ^=sine,  prove 

ficote=l-^i^--    ^tt2_2_^  aince_ 
3        3'     5        3.5      7 

[QUABTBBLY  .ToURNAL,  Vol.  vi.] 

IV. — A  Newtonian  Method. 
113.  It  romains  to  exemplify  a  fourth  method  of  pro- 
ceeding wliich  may  oflen  be  employed  with  advantage, 
and  moreover  is  of  historical  interest,  as  having  been 
employed  by  Newton. 

Assume  a  series  for  the  expansion 

(aay  a^+a^x  +  a.^^+ ). 

Then  form  a  differential  equation  in  the  wiiy  indicated 
in  several  of  the  examples  in  the  preceding  chaptei'. 
Substitute  the  series  in  the  differential  equation  and 
equate  the  coefRcients  of  like  powers  of  x  on  each  side  ' 
of  the  equation.  We  shall  thus  ge.t  equations  enough  to 
find  aU  the  coefficients  except  one  or  two  of  the  first  which 
may  be  easily  obtained  from  the  vahies  of/(0)  and/'(0). 
Ex.  1.  Expand  a"  in  this  manner. 

Let  a''=a„  +  a,iX+a^^+a^^+ (1) 

.  If  y=a,\ 

^=ai'log^=p\og^ (2) 

But  '^^aj  +  2a!^+3ai>fl+...;    (3) 

■thevetorej  substituting  from  (1)  and  (3)  in  the  differential  equation 
(2),  ra,+2ffla^+3(%a^+...  =  log^(ao  +  aia^+OaK=4-,..). 

Hence,  comparing  coefficientfi, 

2<l2  =  O,l0gBO, 

3a3  =  aslog^,  etc. 
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Now 
therefore 

(loE^)3 

31     ' 

and  the  series  is 

a'=H-;*^  log/(+|-j(log^)S+ .... 

Ex.2. 

Lety= 

■./{x)  =  i,An-'^x)^ 

:33in-l:E-pL..-, 

= 

r^-A^ 

.-.       (1  - 

-a^if«  = 

:a^,  +  2.   

( 

..(1) 

Now,  let       y=ao+aia!+c[3^+...  +  ((„a!"+a„+ja!"+"+<ii„4»i'"+=+..., 
therefore      j/,=a^+2ct^+...+'nihi^~'+(n+l)(tni-i^ 

aiid  y2  =  2aj+,..  +  n{n-I)ii,^-'  +  (m  +  l)ma„*i«''"^ 

+  (™  +  2)(m  +  lK,53?"  +  .... 
Picking  out  the  coefficient  of  J^  in  the  equation  {whioli  may  h» 
done  withoiU  actiuil  snhstitviion)  we  have 

(™+2)(m+iK^,-»i(™-iK=««.:; 

thei-efore  '       ,^.,=_^-^j.^.   (2, 

Now,  «o=y!0) = (sin  - 10)2, 

and  if  we  consider  sin"'^  to  be  the  emalleit  positive  angle  whose 
abeisa^,  ain-iO  =  0. 

Hence  "  Oo=0. 

Again,  «i=/(0)  =  2Bin-'0.      J_..-  =  0. 

and  «,=J/"(0)=i{j4o  +  o)  =  I. 

Hence,  from  equation  (2),  Oj,  a^,  Oj,  ...,  are  each  =0. 

and  a,-^.«,=^— ^=-2, 

=  _^         -     ^-^     _2a.4^   2 
""    5.6'"*     3.4.5.6       61     ■    ' 
etc.  =  etc.; 
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A  slightly  different  method   of  proceeding  is  indicated  in  the 
following  example. 

Ex.3.  Let   y  =  aiii(msin-%)  =  a(  +  «,3:  +  «j^  +  a3^  + (1) 


Then 


yi  = 


whence  {\-:^)yi^=ni\l-f). 

Differentiating  again,  and  dividing  by  2y„  we  have 

(l-^)3's-'^i+'»'y=0 (2) 

IJifferentiating  this  n  times  by  Leibnitz's  Theorem 

(l-a^)y„+.-{2«+l>i3^„+i  +  (m=-n%„  =  0 (3) 

Now,  a,  =  (y).^=3in  (M3in-'0)  =  0, 

(assuming  that  sin~%  is  the  smallest  positive  angle  whose  sine  is  x] 

O2=(ya)»-i=0, 

Henoe,  putting  a^=0  in  equation  (3), 

Hence  a^  a^,  Oj,  ,..,  each  =0, 

and  as=  -  {mi-  l^o,=  -  m{m^-l% 

Whence 

.in  („Jn-..)„,w.-!!fi!^J^  +  '""'-';X-'.-^''^ 

.(m--l')(..'-3')K-a%,_^ 


„(««■,-%). 1- 


forcoa(m8iii-ii(r)is 


If  we  write  a;=siiiS  these  aeries  become 
J...-.si..-"<''',-'''j.-»+'"»'^'''''"'-"'ri 
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1.  If  j(=(l+«)''=ao+a,a;+aj^+(t33^+..., 

prove  fcliat  (l  +  :c)-ji=M)/, 

and  hence  tliat  a    ,=^^ — .'a,. 

f  +  1 
In  this  manner  fitid  all  the  coefficients  of  the  Binomial  Theoreoi. 

2.  li  ^~sia~'x=aQ-i-a^x  +  a^^  +  agX^+ ..., 

and  in  this  manner  deduce  the  espansion  given  in  Ex.  2,  Art.  112. 
prove  tiiat    {■n+S,){n+l)<t^2+Wa„+(>i-2)(n-l)a„-i=0. 

Continuity, 

114.  Def.  a  function  is  said  to  be  continuovs  iDetween 
any  two  values  of  the  independent  variable  involved  if, 
B^  that  variable  is  made  to  assume  successively  all  inter- 
mediate values  from  the  one  assigned  value  to  the  other. 


Fig.  16. 

the  function  does  not  suddenly  change  its  value,  but 
changes  so  that  for  any  indefinitely  small  change  in  the 
variable  there  is  never  a  change  of  finite  magnitude  in 
the  value  of  the  function. 
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115.  Suppose  the  function  to  be  t}>(ai).  Trace  the  curve 
y  =  <l>{x)  between  the  ordinates  AL{x  =  a)  and  BM(x  =  h). 
Then  if  we  find  that  as  x  increases  through  some  value, 
as  ON  (Fig.  1 5),  the  ordinate  ^(fl;)  suddenly  changes  from 
IfP  to  N'Q  without  going  through  the  intermediate 
values,  the  function  is  said  to  be  discontinuous  for  the 
value  X  =  ON'  of  the  independent  variable. 

116.  Similarly,  we  may  represent  geometi'ically  the 
discontinuity  of  a  differential  coefficient.  For  -^  repre- 
sents the  tangent  of  the  angle  which  the  tangent  line  to 


Fig-  10. 
the  curve  makes  with  the  axis  of  x.     If,  therefore,  as  the 
point  P  travels  along  the  curve  the  tangent  suddenly 
changes  its  position  (as,  for  example,  from  PT  to  PT  in 
the   figure),   without  going    through   the    internhediate 

positions,  there  is  a  discontinuity  in  the  value  of  -p. 

117.  Prop.  If  any  function  of  x,  say  ^(x),  vanish  when 
x='a  amdj  tvhen  x=h  and  is  Jmite  and  continuous,  as 
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also  its  first  differential  coefficient  <p'(x)  between  those 
values,  then  will  ip'{x)  vanish  for  at  least  one  i/nter- 
Tneddate  value. 

For  if  ^'(x)  weie  always  positive  or  always  negative 
between  x^a  and  x^b,  <p{x)  would  be  continually  increas- 
ing or  continually  decreasing  between  those  values  (Art. 
44),  and  therefore  could  not  vanish  for  both  x  =  a  and  x  =  b, 
which  would  be  contrary  to  the  hypothesis.  Hence  ^'(x) 
must  change  sign  and  therefore  vanish  for  some  value  of  x 
intermediate  between  x  =  a  and  x~b. 


118.  The  same  thing  is  obvious  at  once  from 
For,   suppose   tlie   curve  y~4i{x)   cuts   the   a. 


a  figure. 
:is    at    A 


{x=a,  y  =  Q)  and  B  (x  =  b,  y  =  0),  then  it  is  obvious  that 
if  the  curve  y  =  ifi{x)  and  the  inclination  of  its  tangent  he 
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continuous  between  A  and  B,  the  tangent  line  must  be 
parallel  to  the  axis  of  x  at  some  intermediate  point  P. 

It  is  also  clear  that  the  tangent  may  be  parallel  to  the 
axis  of  a:  at  other  points  between  A  and  B  besides  P  as 
in  Fig.  18,  so  that  it  does  not  foUow  that  ^{x)  vanishes 
only  once  between  two  contiguous  roots  of  tp(x)  =  0. 

119.  The  same  proposition  is  thus  enunciated  in  books 
on  Theoi-y  of  Equations:  "A  real  root  of  the  equation 
^'(ic)  =  0  lies  between  evei~y  adjacent  two  of  the  real 
roots  of  the  equation  ^(3;)  =  0";  and  is  known  as 
Rolle'e  Theorem. 

12G.  Eemainder  after  the  first  n  terms  have  been  taken 
from  Taylor's  Series. 

Thei'e  is  mucli  difficulty  in  giving  a  rigorous  direct 
proof  of  Taylor's  Series,  as  might  he  expected  from  the 
highly  general  character  of  the  result  to  be  established. 
It  is  therefore  found  easier  to  consider  what  is  left 
after  n  terms  of  Tayloi''s  Series  have  been  taken  from 
0(ic+/t).  If  the  form  of  this  remainder  be  such  that  it 
can  he  made  smaller  than  any  assignable  quantity  when 
suffi^eient  terms  of  the  series  are  taken,  the  difference 
between  ip(x+h)  o/thd  Taylor's  Series  for  ^{x+h)  will  be 
indefinitely  small,  and  under  these  circumstances  we 
shall  he  able  to  assert  the  truth  of  the  theorem.  The 
following  investigations  of  an  expression  for  the  remainder 
are  taken,  with  few  changes,  from  Bertraiid's  "  Traite  de 
Calcul  Diff^rentiel  et  Integral." 

Let  S  denote  the  remainder  after  n  terms  of  Taylor's 
Series  have  been  taken  from  <pix+h) ;  so  that 
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.pix+k)  =  ^{x)+k>l>'{x)+^^''{x)+. . ,+— — y- ,0"  -  V'c)+i2  ■  ■  ■  (1) 
Let  x+k=X,  hence 

--j— v-w 2!      0»--- 


-1)! 


y-V)-iJ  =  0 (2) 


Put  R= -r-^-P.  a  form  sugrrested  by  the  reinainine 

terms  of  Taylor's  Series.  Consider  the  function  formed 
by  writing  s  instead  of  x  throughout  the  left-hand 
member  of  equation  (2)  exce2>t  in  P,  ■which  is  therefore 
independent  of  z.  Call  the  function  thus  obtained  F{z). 
Hence 

F(i)  =  i,(X)-i,{z)-  ~% W - '-^j^V W -  •  ■  ■ 

(»-!)!  *■    W ST~^ ™ 

We  shall  assume  that  ^{s)  and  all  its  differential 
coefficients  up  to  the  ii^  inclusive  are  finite  and 
continuous  between  the  values  x  and  X  of  the  variable  s. 

It  is  clear  from  equation  (2)  that  F{x)  =  0,  also  by  putting 
2  =  X  in  (3)  we  have  F(X)  =  0 ;  also  F{z)  and  F'{z)  are  finite 
and  continuous  between  these  values  of  the  variable  z. 
Hence  F'(z)  vanishes  for  some  value  of  s  intermediate 
between  x  and  X,  say  for  z  =  x-\-B{X—x),  where  0  is  a 
proper  fraction.  Differentiating  equation  (3)  with  respect 
to  z,  the  terras  alternately  destroy  each  other  except  at 
the  end  of  the  series,  and  we  have  left 

^■(^)=-^t^*"(^>+fE?5?^ w 

whence     P  =  ^»{a!+${X— ic)(, 
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that  value  of  z  being  taken  which  makes  F'(s)  vanish. 
Hence,  remembering  that  X~x-h,  the  tr«e  value  of  ii 

sought  is  —^<j>'"(x+eh) (5) 

The  theorem  may  therefore  be  written 
<l){x  +  h)  =  (pix)+k^'{x)+ ^,^"(x)+ ... 

+  (-^"iyj0"-V^)  +  ^|50"(a^  +  O/O,  ....(6) 
where  0  is  &  proper  fractiov,. 

If  then  the  foim  of  the  function  ^(a;)  be  such  that  by 

making  n  sufficiently  great  the  expression   —ip^ix+Ok) 

can  be  made  less  than  any  assignable  quantity  however 
small,  we  can  make  the  true  series  for  ^p(x+h)  differ  by 
aa  little  as  we  please  Jtoth  Taylor's  form 

^{x)-hk.p'(x)  +  ^^fix)  +  . .  -to  GO. 

The  above  form  of  the  remainder  is  due  to  Lagrange, 
and  the  investigation  is  spoken  of  as  Lagrange^s  Theorem 
on  the  limits  of  Tayloy's  Theorem. 

121.  A  different  form  of  the  remainder  is  due  to  Cauchy, 
In   equation   (2)    put   R  =  {X  —  x)P   and    proceed    as 
before,  then,  instead  of  equation  (4),  we  shall  have 

which  vanishes  as  before  for  some  value  of  2  between 
z  =  x  and  z^X  =  x~^h,  say  for  z  =  x-\-Qk;  whence 


■nd therefore    R  =  '\-  °^ly'" 'P't." 


"(11-1)1 
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122.  Another  form  is  obtained  by  Schlomileh  and  Roche 
by  assuming  a  slightly  diiferent  form  for  R,  viz., 

JI+1 

This  gives,  instead  of  equation  (+), 

whence         P  =  '^^-=^^'^''"*'{'  +  Sh). 

The  last  form  includes  the  two  former  as  particular 
cases;  for  putting  p+l^n  it  reduces  to  Lagrange's 
result,  and  putting  p^O  it  reduces  to  Cauchy's. 

123.  The  corresponding  forms  of  remainder  for  Mac- 
laurin's  Theorem  are  obtained  by  writing  0  for  x  and 
X  for  h,  when  the  three  expressions  investigated  above 
become  respectively 

^0"(to),  ^^~^'""'-V(^^).  and  (l-^)"-^-V'   „^^^^ 

124.  The  student  should  notice  the  special  cases  of 
equation  (6),  Art.  120,  when  7i  =  l,  2,  3,  etc.,  viz., 

^(x+k)  ^  4,(x)  +  h^'{x  +  d,h), 


All  that  is  known  with  respect  to  tho  0  in  each  case  being 
that  it  is  a  proper  fraction. 

125.  Geometrical  Illastration. 

It  is  easy  to  give  a  geometrical  illustration  of  the 
equation  <p{x +h)  =  tj){x) + hij/ix  +  OK). 
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Ill 


For  let  X,  <ji{x),  be  the  co-ordinates  of  a  point  P  on  the 
curve  ■y  =  <j)(x),  and  let  x+h,  'j>(x+k)  be  the  eo-ordinatea 
of  another  point  Q,  also  on  the  curve.  And  suppose  the 
curve  and  the  inclination  of  the  tangent  to  the  curve  to 
the  axis  of  x  to  be  continuous  and  iinite  between  P  and 
Q;  draw  PM,  QN  perpendicular  to  OX  and  PL  perpen- 
dicular to  QN,  then 


<i>lx+k)-<p(x)_NQ-MP_LQ 


~MN 


^^  =  tm  LPQ. 


<1 

/ 

L^ 

Fig.  19. 
Also,  ic-f-6A.  is  the  abscissa  of  some  point  R  on  the  curve 
between  P  and  Q,  and  i^lx-^Qh)  is  the  tangent  of  the 
angle  which  the  tangent  line  to  the  curve  at  iJ  makes 
with  the  axis  of  tc.     Hence  the  assertion  that 

is  equivalent  to  the  obvious  geometrical  fact  that  ifeere 
in/oM  be  a  point  R  somewhere  bettueen  P  and  Q  at  which 
the  tangent  t(j  the  mirve  is  parallel  to  the  chord  PQ. 

126.  The  cases  in  which  Taylor's  Theorem  is  said  to  fail 
are  those  in  which  it  happens 

(1)  That  ^{x),  or  one  of  its  differentia!   coefficient.", 
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becon/ies  injinite  between  the  values  of  the  vari- 
able considered ; 
(2)  Or  that  0(x),  or  one  of  its  differential  coefficients, 
becomes  discoTit'i/nuov.s  between  the  same  values ; 

(3J  Or  that  the  remainder,  —,<l,'^{x-\-Qh),  cannot  bevnade 

to  vanish  in  the  Ufmit  when  n  is  taken  sufficiently 
large,  so  that  the  series  does  not  approach  a  finite 
limit. 

Ex.  If  4'(^)=^.'c 

■j,{^  +  h)=  4^^h,  <l:'{x)  =  ,^  ^^,  etc. 
Hence  Taylor's  Theorem  givea 

If,  liowever,  we  put  3^'=0,  o^TT.  becomes  infiiiite,  while   Jx  +  h 
becomes  ^fh. 

Thus,  aa  we  might  expect,  we  fail  at  the  second  term  to  expand 
Jk  in  a  series  of  integral  powei-a  of  k. 

127.  In  Art.  107  the  proof  of  Taylor's  Theorem  is  not 
genera],  the  assumption  being  made  that  a  convergent 
expansion  in  ascending  positive  integral  powers  of  x 
is  possible.  The  above  article  points  out  clearly  when 
this  assumption  is  legitimate. 

For  anj'  continuous  function  in  which  the  (p+1)*'' 

differential  coefficient  is  the .  first  to  become  infinite  oi' 

discontinuous  for  the  value  x  of  the  variable,  the  theorem 

hP 
>p{x+h)^<l,{x)  +  h<pX'^)+...  +  --i^<j,p(x-\-eh'), 

which  involves  no  differential  coefficients  of  higher  order 
than  the  J3^,is  rigorously  true,  although  Taylor's  Theorem, 


y  Google 


EXFANSIOiVS.  ] 

fails  to  furnish  us  with  an  intelligihle  result. 


♦W.(«-<.)!, 

♦•w-^(»-»A 

♦».f(«-.)», 

'"<"-X4.)''.' 

,..., 

gives 

i  3! 

and  Taylor'a  Theorem 
(*+A-a)==t^-a)T- 
which  fails  at  the  fourth  term  when  x  =  a. 
But  Equation  6  of  Art.  120  gives  the  result 

which,  in  the  csise  when  x  —  a,  reduces  to 


and  tliiB  obeys  the  only  limitation  necessary,  vin.,  that  6  should  he 
a  proper  fraction, 

128.  The  remarks  made  with  respect  to  the  failure  of 
Taylor's  Theorem  ohviuusly  also  apply  to  the  particular 
form  of  it,  Maclaurin'a  Theorem,  so  that  Maclauric's 
Theorem  is  said  to  fail  when  any  of  the  expressions  ^(0), 
^'(0),  ^"{0),  ...  become  infinite,  or  if  there  be  a  dis- 
continuity in  the  function  or  any  of  its  differential 
coefficients  as  x  passes  through  the  value  zero,  or  if  the 

remainder  —.ip^{6x)  does  not  heoome  i/nfirdtely  small  when 
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n  becomes  infinitely  large,  for  in  this  case  the  series  is 
divergent  and  does  not  tend  to  any  finite  limit. 

129.   Examples   of  Expansions  by  Maelaurln's  Theoiem, 
with  inveBtigation  of  Bemainder  after  n  terms. 

Ex.  1.  Let       J{x)=af, 
then  ^  /-(*)= a-(log^)",  and/-(0)=(log^)". 

Hence  the  formula 

j^^)=/(0)  +  ^/(0)+|-y(0)+  ...  +^^^^/'->(0)  +  ^/"(S.r) 

Now    -      "    »*'■>_  call  \>e  mdA«  smaller  Chan  an!/ assignable  qwintiti/ 

by  snffidentty  increasing  Jt ;  hence  the  remainder,  after  w  terms  of 
Maelaurln's  Theorem  have  been  taken,  ultimately  vanishes  when  « 
is  taken  very  large,  and  therefore  Maclaurin's  Theorem  is  applicable 
and  gives 

«'=!+.» log^  +  |i(log^)"  +  -(log^)^+  ...  to  =e. 
Ex.  2.  Let  yi;^)-loga  +  :<^), 

Hence  Il0)=0,  /'(0)  =  1,  f(0)=~l,  /"'(0)  =  3  ..., 

/"(0)  =  (-1)"-M™-1)!- 
And  the  Lagrange-formula  for  the  remainder,  after  n  terms  of  Mac- 

lanrin'a  Serieshave  been  subtracted  from /(^),  viz.   -■'        .',  becomes 


■  'l+toJ  ' 


1+03!, 

and  if  X  be  not  greater  than  1,  and  pc«itive, is  a  projier  frac- 
tion, and  therefore  by  making  m  sufficiently  large  the  above  re- 
mainder ultimately  vanishes,  and  therefore  Maclaurin's  Theorem 
is  applicable  and  gives 

log(l+»).»-^+^-|'+...to«, 
where  x  lies  between  <i  and  1  inclusive. 
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It  appears  that  if  we  col]si(leryi(j:}  =  log(l  -x)  the  remainder  is 

n\l-es,-/ 
In  this  form  it  is  not  clear  that  the  limit  of  the  remainder  is  aero. 
But  if  we  choose  for  this  example  Cauchy'a  form  of  remainder, 
Art.  1 23,  it  reduces  to 

and  if  jc  be  positive  and  less  than  imity,      —   -  ia  also  leas  than 

anity,  and  therefore  {  _?(  can  be  made  as  small  as  we  like 

by  sufficiently  increasing  n.    Hence  Macla«rin's  series  is  applicable 
and  gives         log(l -«)= -,r----'| -^'  ...  torn. 

Beuhoolli's  Numbers, 


Let  u=f[:e)  and  u'^M^ 

^h=A^}  and  m'i=/'(0), 

«,=/'{^)and«'s=/'(0), 
with  a  similar  notation  for  higher  differential  coefficients.     Then 
Madaurin's  Theorem  gives 

Cljanging  the  sign  of  x  we  see  that  the  left  hand  member  of  this 
equation  remains  unaltered  ;  hence  we  have 

ajid  by  subtraction 

whence,  by  equating  to  zero  the  coefficients  of  the  several  powers  of 

J!,  we  inter  that  u\—'a'j'-^ii\-'  ...  =0, 

so  that  the  expaiiision  cootains  no  odd  powers  of  x. 
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Again,  since  «'«  =  «4-|  +  ^J 

we  have,  by  differentiating, 

and  putting  x~<)  in  these  equations  we  obtain  frcm  the  first,  third, 
Mth,  etc,  '"'^h'^h 

6!i'4+10«'2  +  w'=|, 

7K'a+35«',  +  21Ji'2  +  M'  =  5, 

giving  m'  =  1,  u'i=\,  u\=  -jV  w'o=^,  »*'g=  -A,  etc. 

Hence        -  — ■ — =!  +  -■ — —  —  —  —  — +... 

"'="-''         2  e*-l  6  2!     3U  4!     42  6!     30  a! 

This  series  introduces  a  set  of  coefficients  which  are  fouud  of 
great  importance  in  the  higher  branches  of  analysis.  The  series  is 
frequently  writteu  ia  the  form. 

and  the  numbers  JJ^,  B^  B^,  ...,  which  are  calculated  above  aj'e 
called  Bernoulli's  numbers,  having  been  first  discovered  and  used 
by  James  BemouOi. 

The  coefBoients  of  this  eatpansion  have  been  investigated  as  far 
as  the  tenn  containing  x'^  by  Eothe,  and  published  in  Ct-eUe's 
Journal. 

131.  Many  important  expansions  can  be  deduced  from  that  of 

2  '^^ 

For  example,      x  coth:t;  =  a^ ^i~-'^~^ — 
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Writing  ix  for  a:,  ix  eoth  u;  becomes  a  cot  m,  and  we  have 


JT  2!  i; 

\.23)        '2!         '41  J 


EXAMPLES. 

1.  Prove  .ma«.«-^- +  —  -... 

fcliat  tbe  remainder  after  r  terms  may  be 


"-!-(■■''"  f)- 


that  the  remainder  after  r  terms  may  be  expressed  a 


(r-1)! 


(1  -  te)"+'' 
4.  Expand  and  find  the  general  term  of"  the  expansion  of 


r.llerm.<;l±^'eoBC,tan-'V- 
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5.  Expand  sinh^a;  and  cosh'iK,  giving  the  general  term  in  each 

6.  Find  the  first  three  tei-ms  of  the  expansion  in  powers  of  x 
of  log  (1  +  tana;).  Eesult.   iK-|«''  +  |ar'4- .... 

7.  Expand  !og(l  -<r^e^)  as  far  as  the  term  containing  x^. 

Result,  3?-\-af+  -  .... 

8.  Expand  as  far  as  the  term  containing  a,'*  (1)  log  {I  +oosi«) 
and  (2)  log  (1+ a;  sin  a;). 

Results,   i      '    "^^  ""  T  "  96*'* 


9. 

Provelogcos^=-|^-2?.-16^:^-272j... 

10. 

Prove  log_-=--.-^^... 

tl. 

Prove  log^cata.=  -|'-^cc4... 

12. 

-a          ,      sinha:     x^       ^^ 
Prove  log^  =  --^... 

13. 

Prove  lo»*^""'^-      ^  +  ^V         ^^^     -K* 
PLOvelog      ^             ^+gj^^     5.7.9^ 

U. 

Prove8""™'=l+a;  +  ''^^---il^-^',.. 
2      3       24       5 

15. 

Prove  e'^"«'=l+iC  +  A3;'  +  ^... 

16. 

Pn,velog^.|-£  +  ,4.,. 

17.  Pr.velog{log(l  +  .)4==-^+3j— g+^g^... 

18.  Prove 
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19.  Prove 

log(l+^  +  ^^  +  ^  +  ^,  =  c«  +  ^  +  J  +  ^^-^% 

20.  Prove  (l  +  3;)'  =  l+ai5!-Jo;3+s^^-|a^,., 
Expand  Examples  21  to  30  in  ascending  integral  pow. 

21.  tan^'a!  + tanli~'3:. 

33.  tan-'— — -^  +  sinli-'- ^. 

I    ' -I.  fanh    ' - —  . 


34. 

25. 

26. 

tan-i— -^^= . 

37. 

,      1 

28. 

29. 

■^^    fl;+^-'- 

30. 

sinh-'(3a;  +  4ic'). 

31. 

If  2/ =  «"-"''=  =  «„■ 

(»<— 'S-l-v 


5! 
{4)  Deduce  from  (3),  by  expanding  the  left  aide  according 
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to  the  exponential  theorem  and  equating  the  coefficients  o: 
a^,  ....  the  aeries  for  sin-'«,  (sin-'^)^,  ...,  and  sbow  that  ii 

the  development  of  i — - — i-,  viz., 

9}  ,  1    ai»^1.3    a?. 


eveiy  number  which  occurs  be  increased  by  unity,  the 
"2     3T     3,5'  e      "■ 


21^X 


is  equal  to  '^"^  "^^  -  [Professor  Cayley.] 

33.  Prove  that  if  log^  =  tan~'iW 

,I+..,g.(l-2(»-IW£V-(»-I)(»-24 

and  hence  find  the  coefficient  of  a-}  in  tlie  expansion  of  y  by 
Maclaurin'a  Theorem.  [I.  C.  S.  Exam.] 

33.  If  y  satisfy  the  equation  V-mhj^  0,  and  if  the  first 
and  second  terms  of  its  expansion  be  respectively  A+B  and 
(.4m  —  £n*)iB,  show  that  the  general  term  is  [A  +  ^-VfB}—— . 
Hence  show  that^  =  ,4e""  +  £e"'"™. 

34.  If  y  satisfy  the  differential  equation 

and  the  first  terms  of  the  expansion  of  y  are 

continue  the  expansion. 

35.  If  a„  be  the  coefficient  of  a:.'  in  the  expansion  of  e'sin^ 
show  that  .    rnr 


[I.  0.  8.  Exam.] 
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36.  From  y=(x+  ■Jl  +  x^Y'  obtain  a  linear  differential 
equfttion  with  rational  algebraic  coefficients,  and  by  means  of  it 
find  the  expansion  of  y  in  ascending  powers  of  x, 

37.  From  the  relation  y  =  -'.      '^'-  obtain  a  linear  differential 

equation  with  rational  algebraic  coeiSciente,  and  by  means  of  it 
find  the  expansion  of  y  in  ascending  powers  of  x. 

38.  If  tan  y=l-{-ax  +  ht^,  expand  y  in  powers  of  x  aa  far  as 
A  [I.  C.  S.  Exam.] 

39.  If  A^,  Jj,  et«.,  be  the  successive  coefficients  in  the 
expansion  of  ^  =  e™™"^'"'"™  prove 

[I.  C.  8.  Exam.] 

40.  li  a^of  +  a^+jx"*^  +  a^^^"'^^  be  three  consecutive  terms  of 
the  expansion  of  (1  -  x^ysin'^x  in  powers  of  x,  prove  that 


also  that  all  even  terms  vanish,  and  that  the  expansion  is 

x-i^-J-  ^--hix'- 

a        3.5'  3.5.7 

[QuAKTBELT  Journal.] 

41.  Show  that  if  a  rational  integral  function  of  x  vanish  for 
■n  values  between  given  limits,  its  first  and  second  differential 
coefficients  will  vanish  for  at  least  (™  -  1)  and  (n  -  2)  values  of 
X  respectively  between  the  same  limits.  Illustrate  these  results 
geometrically.  [I.  0.  8.  Exam.] 

42.  Prove  that  no  more  than  one  root  of  an  equation y(ic)  =  0 
can  lie  between  any  adjaoent  two  of  the  roots  of  the  equation 

/•W-o. 

43.  Show  that  the  following  expressions  are  positive  for  all 
positive  values  of  x : 

(i.)(^-lK  +  l; 
(ii.)  (x-2K  +  ^  +  2; 
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(iv.)^-Iog  (]+«.). 
[N.B. — By  Art.  44,  if  ^  be  positive,  y  is  increasing  when 
x.isinoreasing.     Hence,  if »/  be  positive  when  x  =  Q,  and  if  also 

^  be  positive  as  a:  increases  from  0  to  oo,  it  follows  that  y 

dx , 

will  be  positive  for  all  positive  values  of  iE,] 

44;  Show  for  what  valnes  of  x  and  at  what  differentiaJ  co- 
efficient Taylor's  Theorem  will  fail  if 

45.  Oaii  log.T:  or  tan~'W~  be  expanded  by  Maclaurin's 
Theorem  in  a  series  of  ascending  positive  integi-al  powers  of  x '( 

46.  If  y(a;)  =  e~»,  how  does  Maclaurin's  Theorem  fail  for  an 
expansion  in  ascending  powers  of  (c?  Is  ^x)  continuous  as  x 
passes  through  zero  ? 

47.  If/(a!)  =  _^,   show  that   there  is  a  discontinuity  in 

l+ei 

48.  Prove 

49.  If  ^=loga!, 
proveth.t             „  +  »-g+^_+.,. 
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50.  Deduce  from  Taylor's  Theorem,  by  putting  h=  ~ :e,  thfr 

M  -AO) + "/'("}  -  J, /'{"•> + !/"(«)  -  "tc. 

[John  Bernoulli.]^ 

51.  Prove 

^-''^g-^)%in3^-(^-^l%iu4^  +  eto., 
where  3:  =  cot  D. 

52.  Verify  the  following  deductions  from  Ex.  51  : — 

(1)  ^=6  +  cme . ainS 4- ^'^^fAo.W  +  £55!^aiii3i9  +  £2^sin4f  +  . , .. 

by  putting  h=  —  x=  -  cot  $. 

(2)  |.*  +  .m«  +  i.m2e  +  i.m3«  +  i,iii4l!+... 

by  putting  h=  -   ^/]  +a^  = ^ — jf 

,,,  IT     <m9     1     ain29     1     «inS«     1     .in  4« 


by  putting  A  =  - 


[EULER.], 


53.   If  ^TT-^  ^^  a  rational  fraction  in  whicli  the  denominator 
F{x) 

has  n  factors,  each  equal  to  a;  -  a,  and  the  remaining  factors  are 

x-^k,x-]c,  etc.,  &othAtF{x)  =  {x-aY4>{x)  where 

prove  that 

yi')-    1    y(i)+__i ±im_i 

F{x)     {X  -  „)•  *(.)  ^{x-  o)-i  ia  1  4^a)  S 

21(1-0)--'*.' I  *(»),'  T-i 
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54.  Eatablish  the  following  approximations  to  the  length  of 
a  circular  arc  : — 

Let  G  be  the  chord  of  the  whole  are, 

II  do.  half  the  arc, 

Q  do.  quarter  the  arc. 

(1)  Ai-c= — -I — nearly.  [Hoighens.] 

(2)  A,.-g  +  ^'««-*"^.«rij. 

Examine  the  closeness  of  the  approximation  in  eacli  case. 

55.  In  the  equation 

/(a!  +  4)  ./W +  »/'<»!+»), 

show  that  the  limiting  value  of  6  as  A  is  mdeiiiiitely  diminished 

■■J. 

[Expand  _/'(iC  +  6A)  in  the  above  in  powers  of  dh,  and  also 
y{a!  +  A)  in  powers  of  k,  and  compare  the  two  series,  reraember- 
ing  that  d  itself,  being  a  function  of  as  and  A,  may  be  written 
=  Af,  +  Ajh  +  AJi.^+  ...  where  A^,  A^  ...  are  functions  of  a:. 
The  t«rm  Aq  will  be  the  limiting  value  of  6  when  h  =  0.] 

56.  In  the  equation 

if  6  be  expanded  in  powers  of  h,  the  first  four  terms  will  be 

3     24/;      48      /,«  5760// 

sufBxes  being  used  to  denote  differentiations. 

57.  Find  by  division  the  first  six  of  Bernoulli's  coefficients. 

®^*™  6'    30'    42'    30'    66*    2730' 

58.  Prove  by  continuing  the  difi'erentiations  in  Art.  1 30  that 

n  +  l     2     2!^  4!  ^ 

a  formula  from  which  the  values  of  the  coefficients  B^,  B^...  can 
be  successively  deduced  by  putting  n=  2,  4,  6,  etc 

[De  Moivee.] 
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'(a^.r 


[Differentiate  expansion  of  cot  d.  Art.  131.] 

60.  Prove 

^-A  =  l  +  2(3-l)|l9^  +  2(3^^1)|^e^  +  ... 

[tJsecosectf  =  cotf -cote^anil  Art.  131.] 

61.  Prove 

,     ,         25(22 -1)  a^fS'-lla    ., 

tanh  X  =  — ^ -'B.x  -  — i-i '-Ji«a?  +  . . . 

2!  ^  i\ 

62.  By  taking  the  logarithmic  differentiLil  of  the  expression 
for  ain  Q  in  factors  and  comparison  of  the  expansion  of  the 
result  with  that  of  Scot  6  (Art.  131),  show  thab 

^     '    "^^^;^)  [Eaabe.] 

where  III  1  -  -ij)  denotes  the  continued  product  of  sucli  factors 
as  1  —  -5-  for  a]]  integral  prime  values  of  r  from  2  to  02  . 

63.  Expand  siii{)wtan-i«)(l+a;2)? 
in  powers  of  x. 
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PARTIAL  DIFFERENTIATION. 

132.  Fttnctiona  of  Several  Independent  Variables. 

Our  attention  has  hitherto  been  confined  to  methods 
for  the  differentiation  of  functions  of  a  single  independent 
variable.  In  the  present  chapter  we  propose  to  discusa 
the  case  in  which  sevtjal  such  variables  occur.  Such 
functions  are  common ;  for  instance,  the  area  of  a  triangle 
depends  upon  two  variables,  viz.,  the  base  and  the  alti- 
tude; while  the  volume  of  a  rectangular  box  depends 
upon  three,  viz.,  its  length,  breadth,  and  depth ;  and  it  is 
plain  that  each  of  these  variables  may  vary  independently 
of  the  others. 

133.  Partial  Differentiation. 

If  a  differentiation  of  a  fuucfcion  of  several  independent 
variables  be  performed  with  regard  to  any  one  of  them 
just  as  if  the  others  were  constants,  it  is  said  to  be  a 
partial  di^^ei'entmtion. 

The   svmbols   ;r-,   ■    ,  etc.,  are  used  to   denote   such 
■'  Zx    dy 

difl'eventiations,   and   the   expressions  ^,   ^,   etc.,   are 
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called  partial  differential  coeffeients  with  regartl  to  x,  y, 

etc,  respectively. 

Thus  if,  for  instance, 

14=6^  sins, 

1  '^u        „    • 

we  nave  —  =  y^  sin  s, 

3t         «,  ■ 


134.  Analytical  Meaning. 

The  meanings  of  the  differential  coefficients  thus  formed 
are  clear;  for  if  we  denote  u  by  f(x,  y,  z)  the  operation 

denoted  by  ^  may  be  expressed  as 


Ltk=, 


f{x+hy,z)-f(x,y,z) 


and  similarly  for  —  or  — . 

135.  Geometiical  Illustration. 

It  will  throw  additional  light  upon  the  subject  of 
partial  differentiation  if  we  explain  the  geometrical 
meaning  of  the  process  for  the  case  of  two  independent 
variables. 

Let  PQRS  be  an  elementary  portion  of  the  surface 
z=f(x,  y)  cut  off  by  the  four  planes 

T==y,   T=  y  +  Sy)  [Capital  letters  representing 
X~x,  X  =  x+Sx  )        current  co-ordinates], 
so  that  the  co-ordinates  of  the  corners  P,  Q,  R,  S  are 
forP  x,y.f{x,y). 
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for  Q  x-\-Sx,  y,f{x+Sx,  y), 

for  8  x,y+ 6y,  f(x,  y  +  Sy), 

and  for  R  x  +  6x,y+Sy,f{x+Sx,  y+Sy). 


JU^ 

i 

L 

' 

^  ^ 

/ 

^ 

fi 

X 

A 

/ 

Ni 

ii 

If  PLMN  be  a  plane  through  P,  parallel  to  the  plane 
of  xy,  and  cutting  the  ordinatea  of  P,  Q,  R,  S  in  P,  L,  M,  N 
I'espectively,  we  have 

tiS=f(x,y  +  Sy)-f(<c.y),         I (1) 

MB=f{x  +  Sx,  ■!,  +  Sy)-/(x,  11). I 

Hence  the  partial  differential  coefficient       obtained  by 
considermg  y  a  constant  is 


)/  the  angle  which  the  tangent  at  P  to  the 
curved  eectiim  PQ  (parcdlel  to  the  plane  xz)  makes 
with  a  lAne  drawn  parallel  to  the  axis  of  x. 

Sirailarly  — ,  which  is  obtained   on  the  supposition 
■dy 

that  X  is  constant 
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=  Ltt3.iiNFS, (3) 

=tang&nt  of  the  angle  which  the  tangent  at  P  to  a 
section  parallel  to  the  plane  of  ys  ma^ces  tvith  ci 
■I  to  the  axis  of  y. 


136.  If  the  tangent  plane  at  P  to  the  surface  cut  LQ, 
MR,  NS  iu  Q,'  R',  S'  respectively, 

i(3'  =  Pitaii£i'Q'  =  ?-^ic (*) 

NS'  =  PNU.nNPS'  =  l^  .6y, (5) 

Also_the  section  made  on  the  tangent  plane  by  the  four 
bounding  planes  of  the  element  is  a  parallelogram, 
and  the  height  of  its  centre  above  the  plane  PLMN  is 
given  by  ^MR'  and  also  by  ^(LQ'  +  N8'),  which  proves 
that  MR'^LQ'+NS' 

=1&+|^% (6) 


The  expressions  proved  in  (4),  (o),  and  (6)  are  first 
appJVximatioTis  to  the  lengths  LQ,  NS,  and  MR  respec- 
tively, and  differ  from  those  lengths  by  small  quantities 
of  higher  order  than  PL  and  PN,  and  which  are  there- 
fore negligible  in  the  limit  when  Sx  and  Sy  are  taken 
very  small.  The  investigation  of  the  total  values  of 
LQ,  NS,  MR  must  be  postponed  until  we  have  investi- 
gated the  extension  of  Taylor's  Theorem  to  functions  of 
several  variables.     (Art.  156.) 

137.  Differentials, 

It  is  useful  at  this  point  to  introduce  a  new  notation, 
which  will  prove  especially  convenient  from  considera- 
tions of  symmetry. 
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Let  Dx,  By,  Dz  be  quantities  either  finite  or  iufinitesi- 
mally  small  whose  ratios  to  one  another  are  the  same  as 
the,  U/miting  ratios  of  Sx,  Sy,  Ss,  when  these  latter  are 
ultimately  diminished  indefinitely.  We  shall  call  the 
quantities  thua  defined  the  differentials  of  x,  y,  z.  Also,  as 
we  shall  be  merely  concerned  with  the  ratios  of  these  quan- 
tities, and  any  equation  into  whicli  tliey  may  enter  will  be 
homogeneous  in  them,  it  is  unnecessary  to  define  them 
farther  or  to  obtain  absolute  values  for  them.  The  student 
is  warned  again  (see  Art.  41)  that  the  differential  coeffieient 

-,—  is  to  be  considered  as  the  result  of  uerfotmin"  the 
dx 

operation  represented  by  -j  upon  y,  au  operation  de- 
scribed in  Art.  39,      The  dy  and  dz  of  the  symbol  -y 

cannot  therefore  be  separated,  and  have  separately  no 
meaning,  and  hence  have  no  connection  with  the  differen- 
tials Dx  and  Dy  as  defined  in  the  present  article ;  but  at 
the  same  time  we  have  by  definition 

Dy-.Dx^  Limit  of  the  ratio  Sy :  Hx 

6X 

dx 


.ult  of  the  pro- 
s  of  Art.  39). 
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We  have  used  a  capita!  in  the  differentials  Dx,  Dy,  Dz 
for  the  purpose  of  explanation,  and  for  the  avoidance  of 
any  confusion  between  the  notation  for  differentials  and 
for  differential  coefficients;  hut  when  once  understood 
there  is  no  necessity  for  the  continuance  of  the  capital 
letter,  and  it  is  usual  in  the  higher  branches  of  mathe- 
matics to  denote  the  same  quantities  by  dx,  dy,  dz. 
Hence  we  shall  in  future  adopt  this  notation, 

138.  Equation  6  of  Art.  136  may  now  be  written 

dz=—dx-\-::r-dy 

when  6x,  dy,  Ss  become  iniinitesimally  small.  This  value 
of  dz  is  termed  the  total  differential  of  s  with  regard  to  x 
and  y.  The  total  differential  of  s  is  therefore  equal  to 
the  sum  of  the  partial  dAfferentials  formed  under  the 
supposition  that  y  and  x  are  alternately  constant. 


Ex.  Conaide 

rthes 

urface 

then 

whence 

ih=xdil+ydx. 

1S9.  It  is  easy  to  pass  from  a  form  in  which  differentials 
are  used  to  the  equivalent  form  in  terms  of  differential 
coefficiente.     For  instance,  the  equation 

may  he  at  once  written 

'dt~^'di     ^y  di' 
where    t    is  some   fourth    variable   in,  terms   of   which 
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each   of   the  variables  x,  y,  z   may  be  expressed  ;    for 

dz=.~^.clt.  dat  =  ~.dt,dy  =  ^f^.dt{JLH.  137). 

Similarly  the  equatiou 

ds^  =  dx^+dy^ 
may,  by  the  same  article,  be  written  in  the  language  ol 
differential  coefficients  as 

(S)'+(S)'-. 
(l)'=0^(l)" 

UO.  Total  Differential  (Analytical).  Two  independent 
variables.  We  maj'  investigate  the  total  differential  of 
the  function  <p{x,  y)  analytically  as  follows : 

Let  u  =  ip{x,  y), 

and  when  x  becomes  x+h  and  y  becomes  ;'/  +  /^,  let  ih 
become  ti-\-Su,  then 

u^8u  =  <l>ix  +  h,y+k) 
and  Su^<p{x+k,  y-\-k)—(l>{x,  y) 

^  ,p(x+k,y+k)-4,(x,y+k}  ^  ^ 

h 

i>(x,y+k)~<p(x.y}   , 

+    k '^'"■'" 

and  when  we   proceed  to  the  limit  in  which  h  and  I: 
become  indefinitely  small  we  have 
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and  „,^/(«..i/+*)-*(«^,S)_|.'. 

Also  dii -.dx-.dy  ~ the  ultimate  mtios  of  Su:h: k,  hcace 

dx         dy  •' 

141.  Several  independent  variaUea. 

We  may  readilj-  exteud  this  result  to  a  function  of 
three  or  of  any  number  of  variables. 
Let  tt  =  0(cCj,  X2,  Xg), 

and  let  the  increments  of  x^,  x^,  x^,  be  respectively  h^,  ft„, 
li^  and  lot  the  corresponding  increment  of  uhe  8u;  then 
Su  =  <^(x^+k^,  x^+h^,  Xg+h^  —  <p{x^,  x^,  x^ 

=  0(a;,+?t.,,  x^+h^,  x^+k^  —  ^(x^,  x^+h„,  a;,+\), 
^1  ' 

.(piXj,  x^+h^,  aij+fej)  — 0(;Cj,  x^  x^+Ji^, 
+         —  /^^  —K 

^(a;,,  x^,  x^+h^)  -  <p(x,,  cc„  x.^)j^  _ 
A.,  ^ ' 

whence,  on  taking  the  limit  and  substituting  the  ratios 
du  :  dx^:  da;^:  dx^  instead  of  the  ultimate  ratios  of 
(i«  :  ftj :  Ag :  k^,  we  have 

i.e.,  the  total  differential  of  u  when  as^,  x^,  x^,  all  vaiy  is 
the  sum  of  the  partial  ditferentiala  obtained  under  the 
supposition  that  when  each  one  in  turn  varies  the  others 
are  constant. 

142.  And  in  exactly  the  same  way  if 

i!.=<p{Xi,  x^  ...  x„), 

we  have  au=^~aXj^+;^;^lX2+jr~-'*^'s'^---'*'^^"^- 
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143.  Total  Differential  CoeffleieEt. 
If  ii=^0(tCj,  a;,) 

where  x^  and  x^  are  known  functions  of  a  single  variable 

X,  we  have  d,ii= ^—dx^-^- ^^^--dx.., 

and  remembering  that 


dx 

rfa;    Baij '  ~fbx     "dx^ '  dx ' 
And  similarly,  if  V:,  =  <p{x^,  x^,  ...,  iC„), 
where  x^,  x^  ...,  3;„,  are  known  functions  of  a;,  we  obtain 
du_dv,   dx^     'du,   dx^         3«    <^i 
cl,X~''dx^'  dx      ?£C^' i',r      "'3iCj'^' 
And  further,  if  ai^, a;^, a;,, ...,  ifn  be  each  known  functions 
of  several  variables  x,  y,  z,  ...,  we  shall  have  in  the  same 
way  the  series  of  relations 

'dv,    3d'ji 

'  'dx^'  'dx  '  "oxn   'dx' 

_'dv,   3x^    3v.   'dx^         cy>i    dx^ 

aCj'dy     'dx^' "dy     ""dXn'Zy' 


144.  An  Important  Case. 

The  case  in  which     u  —  <p{x,  y), 
y  being  a  function  of  x,  is  from  its  frequent  occurrence 
worthy  of  special  notice. 

Here,  by  Art.  113.  *.?*  +  ?*.  t 

'    •'  dx     ^z     dy    (Ix 

dx     , 
since  -?-=I' 

dx 


y  Google 


J'A  RTIA  L  DIFFERENTIA  TION.  13", 

145.  Differentiation  of  an  Implicit  Function. 

If  we  havo  ^{sc,  y)  =  0, 

then  -pix+h,  y+k)  =  Q, 

and  the  Svj  of  Art.  140  vanishes.     Proceeding  as  in  that 


dx        'dtp 

This  is  a  very  vseful  formula  for  the  determination  of 

dy 

-^  in  cases  in  which  the  relation  between  x  and  y  is  an 

implicit  one,  of  which  the  solution  ia  inconvenient  or 
impossible. 


Ex.  ip{x,j/)  =  3^  +  i/^-3ax^/  =  iy\  fliid 


3^_ 


146.  Order  of  Partial  Differentiations  Commutative. 
Suppose  we  have  any  relation 
y  =  <i>{x,a), 
where  a  is  a  constant,  and  that  by  differentiation  wc 

obtain  ^  =  F{x,a), 

it  ia  obvious  that  the  result  of  differentiating  <[){x,  a') 
would  be  F{x,  a') ;  that  is,  the  operation  of  changing  a 
to  a'  may  be  performed  either  before  or  after  the 
differentiation,  with  the  same  result.  We  may  put  this 
atatenaent    into    another    form,    thus :    Let   Ea    be    an 
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Operative  symbol  such  that  when  applied  to  any  function 
of  a  it  will  change  a  to  a',  i.e.,  such  that 

■«./(<<)-/(«■). 

then  in  operating  upon  the  function  (p{x,  a)  the  operations 

Ea  aad  ,-  are  commutative,  that  is, 
oa; 

^ext,  suppose  s  =  ^{x,  y). 

The  partial  differential  operations  -^  and  —-  have  been 

defined  to  be  such  that  when  the  operation  with  regard 
bo  either  variable  is  performed  the  other  variable  ia  to  be 
considered  constant.  We  propose  to  show  that  these 
operations  are  coinithutative,,  i.e.,  that 

Let  A'y  denote  the  operation  of  changing  y  to  y  +  Sy  in 
any  function  to  which  it  is  applied;   then  £;,  and  the 
partial  operation  —  are  commutative  symbols.     And 
j^Z^{x;y)  _Z.p(x,y) 

_  ,  a  Ji^lx,yl-<l>((c,y) 
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147.  Another  Proof. 


commutative  as  follows : 
By  definition 

'd-i-jx,  y)  ^j^^  _  fi^+J''.  y)~ <P(^'  y) 


..      ^{x+k,  y+k)-<p(x,  y+k)    J.       4,{x+h,  y)-4,{x,  y) 

=  iffeO — j^ — —_ 

i>{x+h.  y+k)~i>(x,  y+k)-^{x+k,  y)  +  4>{x,  y) 


148.  Extension  of  Rale. 

This  rule  admits  of  easy  exteitaion  by  its   repeated 
application.     Thus 

(4)(|)*=(5)(|v)(i)* 

— ^  (imyv=©U)"*' 

Also  if  we  have  more  than  two  independent  variahles 
for  instance,  if  V,  =  ipix,  y ,  s) 
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so    that    the   order    in    which   the   differentiations   are 
performed  is  immaterial  in  the  final  result. 

149.  Notation. 

It  is  usual  to  adopt  for 

the  more  convenient  notation 

■^  ■dx'by'  'dx^y'Td^"  ^    '' 
and   the   propositions   above   enunciated   will    then    be 

written  :5-^^=^~^"". 

oxoy     oyox 

3^u  _   3% 

etc. 

IBO.  The  formulae  here  established  may  be  easily  verified  in  vxiy 
particiilar  example. 

Es.  Let  «=3in(a^), 

then  g=2,co3{^^), 

^^  -^-^=eoaJ5^-a^Biiia^ (1) 


and  ^-^  =  cos  Ky-a^  sill  Ky,   {i) 

and   the   agreement   of   equations    (1)   and    (2)   verifies   tor   this 
example  the  result  of  Arts.  140, 147. 

151.  It  is  convenient  to  use  the  letters  ji,  q,  r,  s,  t,  to 
denote  the  partial  differential  coefficients 
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30  B^  B^     3^0     3^ 
3x'  3.!/'  33;^'  3i;c32/'  3^^' 
where  0  is  a  given  function  of  the  two  variables  x  and  y. 
Hence  we  have,  if     z  =  tf,{x,  y), 

dz=pdx  +  qdy.  Art.  140 ; 

and' to  obtain -^  from  the  implicit  relation  /jt{x,y)^0. 


152.  To  obtain  the  Second  Bifferential  Coefficient  of  an 
Implicit  Function. 

To  obtain  -y-^  we  have  only  to  differentiate  the  last 


result  of  the 

)  preceding  article ;  thus. 

<!%,        SS-'S 

lb?                 q'        ■ 

Now 

dp    Tip  ,3pdy     _  ,  J    ■i,\     qr-pa 

and 

dq     dq     dq  iy             1     j,\     qa~pt 
d%    itx^-ajdx          \    q)        q     • 

giving 

d.y  i^'-rh^'f'") 

■  q^-2pqs+pH 

Similarly  —.,  etc.,  may  he  found,  hut  the  i 
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.  Verify  the   forrnulB  , 


3.   If 

„^_^? 

2j?+;' 

-show  that. 

"3^    "Mby' 

■i.  If 

x=i-cosd  and^=r 

l>yove 

rfa^  =  cos  erff-)' sill  8(1 

iUld 

rfy  =  sm  9dr+r  coa  Bo 

and  lieiice  that 

iM-[-dy^  =  d,^^')^dm, 

:ui(l  that 

.'.dy-ydx^r^dS. 

r..  If 

'^=\og{^^y'+^% 

^u     3^<      a=M 

(!.   Prove  th;it  if 
7.  Show  that  if 
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153. 

To 

■'=-'' 2  «~*£/™'»"» ' 

ijuaiiw^  8 

fi 

;»,!/,  »)=! 

J, 

Ki 

:«,s,2)=i 

3. 

Here,  . 

as  IE 

,  Art.  145, 

d,j  ^F, 

■  dx     Zz' 

=  0. 

dV.dF, 

■  dx' 

-0. 

Solviii 

g  these  equations 

we  obtain 

,ly 
die 

a 

aF," 

dF,    dF.  1 

bF~it\~ 
dx      dx  ■ 

3^; 

as" 
J 

3*' 

93 

■    33 

which 

give  the  values  of  J  and 

Ex.  ( 

:}ivei 

y 

-n;'\ 

and 

J. 

-*i(«,j), 

prove 

d, 
J, 

154..  Givmi  that 

r-.^(a!+f(,  y+,1,  3  +  ft...) 
vjkere  x,y,z...,    ^,  ti,  ^  ■■-,    and  i 

/orm  a  syste'/n  of  independent  variables,  to  show  that 

dt      ^dx^ 
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etc., 

_-!  =  l,  ^=1,  etc., 
ox  oy 


then 

V=<l>(x„y^,s„...),    . 

and 

dV_dr    dx     dV    3^ 

_37 

Similarly 

dV    dV    , 

and 

3F_3F    Dx     -dV   ^y 
-dt      dXj  "  dt     3^,  "  3i 

^^-'f-C-- 

155.  Hence  we  have  the  followiDg  identity  of  opera- 

tors, viz.  ;- 

-^ 

and  as  the 

variables  are  all  independent  and  the  02Kra- 

tors  partial, 

©"=(4-'^4--)" 

the  development  being  made  in  formal  analogy  v:ith  the 
Multinomial  Theorem. 

For  example,  in  the  case  of 

Y=<!,{x-^it,y+nt], 
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3F     ,ZV  ,    -dV 


'  'dx'dy     '  'dy^ 
etc. 


Taylor's  Thkokem.    Extension. 
156.  To  expand  ip{x+h,  p+k)  in  powers  of  A  and  k. 
By  Taylor's  Theorem  we  obtain 

and  expanding  each  term  we  have 
^{x+h,  !/+i)  =  ^(»^,  y)  +  i^  +  -  J  + . . . 


=  *fcs)  +  (j?f  +  4*) 


oi;  as  it  may  be  written  symbolically, 

*(x+4,  s+4)  =  *(a..  y)  +  (l|  +  l|y)#  +  i(i|  +  t|,)V... 

157.  Since  it  is  immaterial  whether  we  first  expand 
with  regard  to  k  and  then  with  regard  to  h,  or  in  the 
opposite  order,  we  obtain  by  comparison  of  the  coefficient 
of  hk  in  the  two  results  the  important  theorem 

_?v  _  gy 

already  established  in  Arts.  146, 147. 
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158.  Further  Extension,     Several  Variables. 

The  fomi  of  the  general  term  in  the  preceding  case  and 
the  further  extension  of  Taylor's  Theorem  to  the  expan- 
sion of  a  function  of  .leveral  variables  is  more  readily 
investigated  as  follows : 

Let  <p{x+it.y+>]t,  ...) 

he  called  F(t).     Then  Maclauriu's  Theorem  jjives 

F{t)  =  F(0)  +  tF'iO)  +  ^f"{0)  + .  - .  +  *^^l'^{et), 

and  by  Art.  loo 

and  since  the  variables  x,  y,  ...,  are  independent  of  t,  we 
may  put  (  =  0  either  before  or  after  the  operation  has 
been  performed. 

Henc.   J"(0)=(f|,+  1^+. ..)'*(«•.!/.    -)■ 
We  thus  obtain 

+i!(4+-y*-<^- •■■>+■•■ 

Now,  putting  A  =  ^,  /(!  =  ))(,  l  =  ^t,  ...,  we  obtain 

+fi(''s+'|+-)'*<"' ■■■*+■■■ 
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159.  Extension  of  Maclauria's  Tlieorem. 

Moreover,  if  we  put  ;k  =  0  and  y  —  ^,  and  then  write  x 
for  k  and  y  for  k,  we  have  an  exteimon  of  Maclaurin'n 
Theorem  which,  for  two  independent  variables,  may;  he 
written 

,K,)  =  *(0,«,+.(|*)^+,(|*)^ 

+  ete. 

160.  If  we  now  recur  to  Art,  136  we  see  that  the  true 
value  of  Jlfii  is        f{<c+Sx,y-\-Sy)-f{x,  y) 

showing  what  error  was  made  in  that  article  in  taking 
MR'  as  an  approximation  to  the  correct  value. 

The  student  will  find  no  difficulty  in  writing  do^vn  the 
true  values  of  the  lengths  of  LQ  or  NS, 

Euler's  Theorems  on  Homogeneous  Functions. 

161.  Ifu  =  Ax''yP-\-Bx'--'yP'  +  ...=ZAa^y^,  say,  wJiere 

a+^  =  a'  +  ^=...^n, 

to  show  that  X:r — i-y^—^nu. 

dx      "3?/ 

By  differentiation  we  obtain 


OX 


du 


3»' 


EAySs!-/'' 
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then  x^^+y^^'i^Aax'^y^^-LA^x'^f 

=='n.1,Ax'^y?  =  nu. 
It  is  clear  that  this  theorem  can  be  extended  to  the  case 
of  three  or  of  any  number  of  independent  variables,  and 
that  if,  for  example, 

u—A  x'^yPzi  +  Bx'^'y^'^'  + . . . 
where    a4-/3  +  y  =  a'  +  /3'+y'=...='n, 
,,  .,,  Btt  .     Bit  ,     3u 

The  functions  thus  described  are  called  homogeneous 
fwaciions  of  the  ii"'  degree. 

162.  We  now  put  the  same  theorem  in  a  more  general 
form. 

Dep.  a  homogeneous  function  of  the  -nP'  degree  is  one 
which  can  be  put  in  the  form 

Vc  «       / 

Let  u  =  af'F(^-,^,...). 

\x  x'      I 

Put  ^=r,  -  =  .^,  etc., 

X  X 

ar         y   'dZ         z 
whence  _—  =  —  -'  „  ;^—  =  — s-  .  ■  ■ 

Sa:         x^  ^x         x' 

ZY    I   ZZ    ^     ^ 
--■  =    ,  —  =  0,  etc. 
3y     X  ay 

Now,  since        u=af'F{Y,  Z,  ...), 

=^"-;^(F,2,...)-.'-f4^+.||+...), 
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■du_     ?iF  ■dZ_ 

etc.  =  etc. 
Finally,  multiplying  by  ic,  y,  s, ...  respectively,  and  adding 

»'3x+»3j+"5+-='^^(^'  ^'  ■■  '  =  ""■ 

163,  If  tt  be  a  homogeneous  function  of  x  and  y  of  the 

ji*  degree,  .,— ,  —  will  be  homogeneous  functions  of  the 
{«.  — I)"'  degree,  and  applying  the  result  of  Art.  162  to 
these  we  have   [^^+y^)^-(^-^)^' 

VZx    ''^^yhy    ^         Zy 
Multiplying  by  x  and  y  we  have  on  addition 

=  nin-l)u. 
Similarly  we  may  proceed  and  finally  by   induction 
establish  a  general  theorem  of  similar  character,  but  of 
higher  order;    but  it   is   better   to   adopt   the  method 
hereafter  applied  in  Art.  166. 

164.  If  V=v^,+v^_i+u,...i+...+u,+  ii,+u^, 

where  tt,„  M„_i,  ...  are  homogeneous  functions  of  degrees 
n,  n—l,  ...  respectively.     Then 
3F,    3F^ 


dx 


=  (4+...)«„  +  (x|+..,^,+  etc. 
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=  ftF— {u,i_i  + 21*^-2  + 3^(w_3  +  ...  +  ()i  — 1)m.,  4- liMj- 
Hence  if  F=0 

ox      ■'  dy 

165.  Let  ■u  —  <ji(H„),  where  ff^  is  ^  homogeneous  func- 
tion of  the  to"'  degree. 

Suppose  we  obtain  frdm  this  equation 

H-„  =  F{u}; 

3w  ,    ■a^t  ,  F{u)  .-. , 

^3..+^%  +  -=^J>) ^1> 

In  the  fartictdar  case  in  which  •j(  =  0  we  therefore  have 
3Ti      3ii             „  ,,, 

"S+!'3S+--° (2> 


Examples. 
Verify  tlie  following  results  by  differentiation. 
1.  Let  u=iKS+y  +  3^j_ 

Tills  i.s  clearly  liomogeaeoua  and  of  tiie  3rd  degree 
3m  ,    S«  ,  ,3m_ 


a  homogeneous  expression  of  degree  jV,  wliei 
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3.  Let  ,,=si„-i^i^^. 


Here  Art.  162  gives  a^^l' +2/^=0, 


5.  Find  which  of  the  following  fuiictiona  are  homogeneous,  luid 
in  caaes  of  homogeneity  verify  Euier's  Theorem  of  the  first  degree ; 

(y)    (j;-y)(logj^-logy). 
(S)     mn-'dfl+t. 

0.  Given  s^x^+y  and  y  =  i*  +  iF,  liad  the  differential  coeffieientM 
of  the  first  order 

(1)  when  X  is  the  independent  variable, 

(2)  when  y  is  the  independent  variable, 

(3)  wliea  z  is  the  independent  variable. 

7.  Given  xyz  =  <^,  find  all  the  differential  coefficients  of  t)ie  first 
:md  second  orders,  taking  x  and  y  for  independent  variables. 


prove  that 


3*>    ■'3^ 


9.  If  ([=iM;S+J/+«2+2/^2+a7jj;+2&«y, 

show  that,   if  it  be  possible  to  find  values  of  x,  ji,  z  which  will 
simultaneously  satisfy  ■ 

9!(_3«_3a_. 
3a     c^    'ds      ' 

then  will  j  A,  6,  /    =11. 
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10.  If  M  be  a  homogeneoua  function   rif  tlie  n*  degree  of  any 
iiuniliei-  of  variables,  prove  that 

11.  If  a  =  0(«,  -If)  and  i)i{x,y)  =  ti,  prove  that 

rfw  ^  B-j  c^"     "dx  3y 
(fa  3^ 

"  ay 

166.  General  Proof  of  Euler'B  Theorems. 
We  now  proceed  to  give  a  more  complete  investigation 
of  Euler's  resi^lta. 

Let  ■!i^<ft(x,  y,  z  ...)  be  any  function  expressible  in  the 

Vc  ic       / 
It   is   observable  that   if  x-^-xt,   y  +  yt,  &+zt,  ...   be 
written  instead  of  x,  y,  z,  ...  in  any  such  function  we 
oVitaiii  the  result 

■l>{!^+cct.y  +  yt,...)  =  x"i_l+trF(^^^,..) 

=  ."(1+*)"f(|,-|....) 

=  (l  +  t)^u; 
so  that   the  effect  is   simply  that   of  multiplying   the 
original  function  by  (1  +  ^)" 

Now,  (et  Vm  denote  the  symbol  of  operation  obtained 
by  expanding  (xX+yY+zZ+ ...)'^  by  the  Multinomial 

Theorem,  and  after  expansion  writing  — ,  — ,  ^,  ---  in 

place  of  X,  Y,  Z,  etc.;  then  wo  have,  npon  expansion  of 
each  side  of  the  above  equality, 
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»+(F,u+|,F,»  +  |F,«+...  +  p7,» 


n(i»-l)...(»-r+l)„ 


^r+...Ju. 

And  on  equating  eoefiicients  of  like  powers  of  ( 
V^v.  —  nv,, 
r,u  =  m(m-l)», 
V,.i  =  «(»-lXii-2)u, 

etc. 
F,u-m(»-l)...(™-r+lK 

167.  Wlien  there  are  two  independent  variables,  x  and 
y,  these  heeome 


^'S+s^ 


and  for  the  case  of  three  independent  variables 


=  «(»-i)i., 


168.  Care  must  be  taken  to  distinguish  between  tile 
xpressious  ^^^.^      3%        ^u 


i  8 ,  sy., 
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which  might  at  Brst  sight  be  thought  to  be  identical. 
However,  it  is  appai'eat  that  the  latter 
/    a   .     9\/  au  ,     3tt\ 

-(  2^^ J.  ^j.     Q^^N 


72  +  ^^  +  y^.' 


and  therefore  differs  from  the  first  expression  by  the 
addition  of  the  two  terms 

X^,   11—. 


EXAMPLES. 

1.  Verify  the  formula  ___=___,  in.  the  followins  Ci 
oxoy     oyox 

Ifi)  «.loe{«ton-v'rf"+7'). 

•2.  Find'^^  (a)  if  a^'+ 2Aa^  +  4/=  1- 
(/3)  if  fl^  +  /  =  5a2ay. 
(y)  if  {ooaa!)'.(aiiiy)' 
(«)  if  s't I? -(it +  »)"•. 
(e)  if  af.y^=o^''  +  ^'. 
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+  tan-i?',  show  that  ^^  +  «|"  =  0. 
X  ox       dy 


4.  If  M,  yj  a  be  functions  of  a:  such  that 
d/  dz\ 


^     dx\dx}'  ^     d^C^:}' 

A   (  ^ 

d^ydx 


.^     M-. 
dx      dx) 


5,  If  u  and  V  be  both  fanctions  of  the  same  functj 


6.  If  V^f(u,  v),  u=/j{x,  y),  v^Mx,  y),  show  how  to  find 

;—  m  terms  of  y^--  and  ^=— . 
ou  ox  oy 

Ex.  Given  u  =  T?  +  y\  v  —  ixy,  show  that 

7.  Verify  Euler's  Theorem 

or  the  funetiona  (a)     M  =  am( *^1 . 

V+yj 

8.  If  .  .  «»  +  -)  +  «»  -  «),  prove  ^j  -  «>^, 

9.  „.„*(!)  +  ,(?),  pr,™,.g..,^.»-*.0. 


*@  +  f(|),l 
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n.  If  V°s  — +       +_^and)-=  =  ,^  +  y^  +  s=,  show  that  ea«h 
of  the  functions  taii"'^,  -, ,  -log  -— -,  satisfy  the  equation 

12.  Prove  VV  =  m(m+l)r'"--. 

13.  If  M  and  m'  be  functions  of  »,£/,  a,  both  satisfying  V"l''=0, 

pro™  that      '(««)-2(a;'s?+5^-2i^+5'a.> 

14.  If  F,  be  a  homogeneous   function   of  the   ti""   degree, 

a  y 

satisfying  V  r=0,  then  will  js5t*'180  satisfy  the  same  equation. 

15.  If/(3^,  2/)-0,  ^x,  s)  =  0,  show  that 

3^    B^    rfs     &:    3s 

1 6.  Find  -^  in  termK  of  y  and  a  from  the  equations  : 

aooSiK  +  6coss  =  e.  [I.  0.  S.  Exah.] 

17.  If  a:^  +  y*  +  itt^aiy  =  0,  show  that 

18.  If  ^5Y  +  /'fV  +  ('!y=l,fii)d  I'^and^.     Also,  find 

\al      \b)       \o)  ae  3i/3« 

— "  when  the  lariables  are  connected  by  the  two  equations 
ax 

y  "VJ  ~\l)'    «"^6'*"c"^'[H.C.S.  Exam.] 

19.  \iu^F{x-y,y-z,x-x),   prove  ^" +  ^-1- -^"  =  0. 

33-      3j/      oz 
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20.  IfM=  \x,   y,  z      ,  prove  ^  +  :^-  +^  =0. 

y  '  ax     ay      az 

21.  If  u  =  cosec'''\/ — T-—,  show  that 


„a^2  +  j2j,2_cV  =  0.  [I.  C.  S.  Exam.] 

23.  If  r=  Ax^  +  2yj«?/  +  Cy^  prove 

\3rt/      3^^        ae    3jf    SjEdJ/     VS^r/      3^ 


3.i;    33'     3i/ 


■3!i.  If  It  +  \/  ~  lu  be  a  homogeneous  function  of  x,  y,  %  of 


26.  If  F=(l -3.'i:y  +  ;/^)-i,  prove  that 


--"'   iW'<\*im 


^      -0- 
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t-?L-  +  _=  1,  and  to  +  my +  ?ia  =  0,  prove  that 


(fa:  tM/  as 

29.  If  Pdx+Qdy  be  a  perfect  differential  of  some  function 
of  «,  J/,  prove  that  ~~  =  ^■ 

30.  If  Fdx  +  Qdy  +  Rdz  c&a  be  made  a  perfect  differential  of 
some  function  of  m,  y,  s  by  multiplying  each  term  by  a  common 
factor,  ahow  that 


y  Google 


APPLICATIOKS  TO   PLANK  CUEVES. 


y  Google 


y  Google 


CHAPTER    VII. 

TANGENTS  AND  NORMALS. 

169.  Equation  of  TANGENT. 

It  was  shown  in  Art.  38  that  the  equation  of  the 
tangent  at  the  point  (a;,  y)  on  the  curve  y=f(x)  is 

r-,=|(Z-.) (1), 

X  and  ¥  being  the  current  co-ordinates  of  any  point  on 
the  tangent. 

Suppose  the  equation  of  the  curve  to  be  given  in  the 
form  f{x,  y)  —  0. 

It  is  shown  in  Art.  145  that 

dx        ^ 
Substituting  this  expression  for  -^^  in  (1)  we  obtain 

~sf 
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(Z-.)|  +  (r-;,)|.0 (2) 

for  the  equation  of  the  tangent. 

170,  Bimpliflcation  for  Algeljraic  Curves. 

If /(a;,  y)  be  an  algebraic  function  of  x  and  y  of  degree 
n,  suppose  it  made  Jioiriogeneous  in  x,  y,  and  z  by  the 
introduction  of  a  proper  poivev  of  the  linea/r  unit  z 
wherever  necessary.  Call  the  function  thus  altered 
/(m,  y,  s).  Then  f{x,  y,  z)  is  a  homogeneous  algebraic  func- 
tion of  the  71*''  degree ;  hence  we  have  by  Euler's  Theorem 

4^ 

CM 

by  virtue  of  the  equation  to  the  cui've. 

Adding  this  to  equation  (2),  the  equation  of  the  tangent 
takes  the  fonn 

x'l+Yf+z^J=a (3) 

dx         3i/       ?iz  ^ 

where  the  s  is  to  be  put  =  1  after  the  differentiationw 
have  been  performed. 

Ex.  fix,  y)=3*-\-a'3:y+bh/  +  c'^=0. 

The  equation,  when  made  homogeneous  in  x,y,z  by  the  introdmtioii 
of  a  pi'oper  power  o/s,  is 

fix,  y,  !:)  =  ^+a^^^^  +  bh/z'  +  ch''  =  0, 
and  |/=4xS+aV, 

3^=  2a^xys + S!^i^-i-ic^if. 

Substituting  these  in  Equation  3,  and  putting  ^=1,  we  have  foi- 
the  equation  of  the  tangent  to  the  ciirve  at  the  point  (a^,  y) 
X{4x^  +  aY+  r{a.''j:  +  lfi)  +  2a''xy  +  3b^  +  4c'*=0. 
With  very  little  practice  liie  introduction  of  the  s  can 
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be  performed  mentally.  It  is  generally  more  advan- 
tageous to  use  equation  (3)  tban  equation  (2),  because  (3) 
gives  the  result  in  its  simplest  foi-Tn,  wbereas  if  (2)  be 
used  it  13  often  necessary  to  reduce  by  substitutions  from 
the  equation  of  the  curve. 

171.  Application  to  General  Rational  Algebraic  Curve. 
If  the  equation  of  the  curve  be  written  in  the  form 

f(X,  y)  =  V,n+Vm-l  +  Un-i+-..-\'U^  +  U^  +  U^  =  0 

(where  li,  represents  the  sum  of  all  the  terms  of  the  r^ 
degree),  then  when  made  homogeneous  by  the  introduc- 
tion where  necessary  of  a  proper  power  of  z  we  shall 
have 

fix,  y,  3)  =  M„  +  U„_i?  +  1in_2s2+... 

and         ~^=«„_i  +  2u„_22+3^_32''4---- 

and  therefore  substituting  in  (3)  and  putting  s  =  l,  the 
equation  of  the  tangent  is 

x|^4-r|^+"«-i  +  2«,..,+3tt„_3  +  ... 
33;        oy 

+  {«-2)ii^+(m-l)u,+itu„  =  0 [4) 

172.  NORMAL. 

Dbf."  The  normal  at  any  poi/nt  of  a  cti/rve  is  a  straight 
lime  through  that  point  and  perpendicular  to  the  tangent 
to  the  curve  at  that  point. 

Let  the  axes  be  assumed  rectangular.  The  equation  of 
the  normal  may  then  be  at  once  written  down.  For  if 
the  equation  of  the  curve  be 
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the  tangent  at  {x,  y)  is    Y--y=-^{X—x), 


d^'' 


and  the  normal  is  therefore 


If  the  equation  of  the  curve  be  given  in  the  form 
the  equation  of  the  tangent  is 

anil  therefore  that  of  the  normal  is 
X-x     Y-y 

dx  "dy 

Ex.  1.  Consider  the  ellipse 

This  requires  z^  iu  the  last  terra  to  make  a  homogeneous  equatio: 
in  X,  y,  and  s.      We  have  then 


Hence  the  equation  of  the  tangent  is 

where  3  is  to  be  put  =  1.    Hence  we  get 

-^^+^1=1  for  the  tangent, 

and  therefore  ~  ^=  -  '^"-  for  the  normal. 

^  1. 

Ex.  2.  Take  the  general  equation  of  a  conic 

"When  made  homogeaeoua  this  becomes 

cui^+2hxy+by^+^gsz+'ifyz-^cz'=0. 
The  equation  of  the  tangent  is  therefore 
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and  that  of  the  normal  is 

X-x     _      Y-y 
a^+k^+ff     hx  +  by+f 
Ex.  3.  Consider  the  curre 

l^logsec-*. 

Then  2=*""^' 

imd  the  equation  of  the  tangent  is 

and  of  the  normal 

{r-2^)tanf+(.r-a;)  =  0. 


1.  rind  the  equations  of  the  tangents  and  normals  at  the  point 
(x,  y)  on  each  of  the  following  curves  : — - 

(1)  sJi+y-'^'cK  (5)  z^y  +  xy^  =  a\ 

(2)  y-40*.  (6)  e»  =  sin^. 

(3)  xy=k\  (7)  ^-3ait^+y=0. 

(4)  y  =  .oo«h?.-  (8)  (^+y.).=.aV-^. 

2.  Write  down  the  equations  of  the  tangents  and  normals  to  the 
curve  y{a^-¥aF)  =  a^  at  the  points  where  y=-z- 

3.  Prove  that  -+?  — 1  toiiehes  the  curve  y  =  be  "  at  the  point 

4.  If  p  =w  cos  a+y  sin  a  toueli  the  curve 

prove  that  ^"'-'  =  (a  cos  tt]*-i4-{6  sina)"-!. 

Hence  write  down  the  polar  equation  of  the  locus  of  the  foot  of  tlie 
perpendicular  from  the  origin  on  the  tangent  to  this  curve. 
Examine  the  eases  of  an  ellipse  and  of  a  rectangular  hyperbola.  . 
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5,  Prove  that,  if  the  axes  be  oUique  and  inclined  at  an  angle  m, 
the  equation  of  the  normal  to  y=f{3>)  at  {x,  y)  is 

(r-„(™.+*)+(,r-„(i+co..2)^o. 

173.  Tang:ent8  at  the  Origin. 

It  will  be  shown  by  a  general  method  in  a  subsequent 
article  (254)  that  in  the  case  in  which  a  curve,  whose 
equation  is  given  in  the  rational  algebraic  fonn,  passes 
through  the  origin,  the  equation  of  the  tangent  or 
tangents  at  that  point  can  be  at  once  written  down ;  the 
rule  being  to  equate  to  zero  the  terms  of  lowest  degree 
in  the  equation  of  the  curve. 

Ex.  In  the  curve  a^+^^+aii:+by=0,  aa:+by^O  is  tlie  equation 
of  the  tangent  at  the  origin  ;  and  in  the  curve  (x^+i/^}^  =  a\^^—^, 
j^-y2=o  ia  tlie  equation  of  a  pair  of  tangents  at  the  origin. 

It  ia  easy  to  deduce  this  result  from  the  equation  of 
the  tangent  established  in  Chapter  II.     That  equation  ia 

Y—y  =  'ni(X  —  x)  where  m=-i- - 

At  the  origin  this  becomes  Z=mZ, 

where  the  limiting  value  or  values  of  tn  are  to  be  found. 
Let  the  equation  of  the  curve  be  arranged  in  homo- 
geneous sets  of  terms,  and  suppose  the  lowest  set  to  be  of 
the  r^^  degree.     The  equation  may  be  written 

Dividing  by  x'',  and  putting  y  —  'mx,  and  then  a^  =  0  and 
y  =  0,  the  above  reduces  to  the  form 

/.(»)=o. 

an  equation  which  has  r  roots  giving  the  directions  io 
which  the  several  branches  of  the  curve  pass  through  the 
origin.     If  m^,  m^,  mj,  ...  m,  be  the  roots,  the  equations 
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165 


of  the  several  tangents  are 

y  —  m^x,  y  —  m^a;,  ...  y  =  m^. 
These  are  all  contained  in  the  one  equation  /r(-)  =  *^i 
and  this  is  the  result  obtained  by  "  equoiiiig  to  zero  the 
tervos  of  lowest  degree"  in  the  equation  of  the  curve, 
thus  proving  the  rule.  In  this  manner  all  the  trouble  of 
differentiation  is  avoided,  and  the  result  written  down 
hy  inspection. 

Geometbicat,  Results. 

174-.  Cartesians.    Intercepts. 

From  tho  equation    Y—y  =  -J^(X ~x) 
it  is  clear  that  the  intercepts  which  the  tangent  cuts  off 
from  the  axes  of  x  and  y  are  respectively 


-  ^-  and  % 


Jy 


for  these  are  respectively  the  values  of  X  when  F=0 
and  of  Fwhen  X  =  0. 


Let  PN,  PT,  PG  be  the  ordinate,  tangent,  and  normal 
to  the  curve,  and  let  PT  make  an  angle  6  with  the  axis 
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of  X ;  then  tan  Q  —  ~.     Let  the  tangent  cut  tlie  axis  of  y 

in  f,  and  let  OY,  OY^  be  perpendiculara  from  0,  the 
origin,  on  the -tangent  and  normal.  Then  the.  above 
values  of  the  intercepts  are  also  obvious  from  the  figure. 


175.  Subtangent,  etc. 

Dei'.  The  line  TS  is  called  the  svhtmigent  and   the 
line  ISG  is  called  the  suhnarraal. 
From  the  figure 

Subtangent=  Z'iV=  yaotd-  ^-. 
<]jx 


iformai  =  PG  =  ?/ sec  0  =  yVl  +  tan^a  =  2/^1  +  (S^. 

ran3mf  =  JP=ycosec0=j/— -^j^-^— =  y ^ 

dx 
dij  du 

y  —  x-j—  V~^~r 

OY=0tmse  *^ 


Vl+tan^e" 


V^-D' 


These  results  may  of  course  also  be  obtained  analyti- 
cally from  the  equation  of  the  tangent. 
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die 

Let  P,  Q  be  contiguous  points  on  a  curve.  Let  tlie 
co-ordiuates  of  P-be(9;,  y)  and  of  Q(x  +  Sx,f+Sy).  Then 
the    perpendicular    PR=Sx,    B-nd    RQ  =  Sy.      Let    the 


arc  AP  measured  from  some  fixed  point  A  on  the 
curve  be  called  s  and  the  arc  AQ—s+Ss.  Then  arc 
PQ  —  Ss.  When  Q  travels  along  the  curve  so  as  to 
come  indeiinitely  near  to  P,  the  arc  PQ  and  the  choid 
PQ  ultimately  differ  by  a  small  quantity  of  higher  order 
than  the  arc  PQ  itself  {Art.  36). 

Hence,  rejecting  iniinitesimals  of  order  higher  than  the 
second,  we  have 

S^  =  (chord  PQ)^  =  (Sx^  +  Sy% 

and  in  the  same  manner 

(iy-+(i)- 
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If  »^  be  the  angle  which  the  tangent  makes  with  the 
axis  of  a>  as  in  Art,  39, 


PR    _jM_dx 


^  chord  PQ     -^WPQ         &     da' 
and  am  V^  =  Lt^^^^^^  ^^  =  "fepQ ^  "^^5^  "  d^" 

177.  Polar  Co-ordinates. 

If  the  equation  of  the  curve  be  referred  to  polar  co- 
ordinates, suppose  0  to  he  the  pole  and  P,  Q  two 
contiguous  points  on  the  curve.  Let  the  co-ordinates  of 
P  and  Q  he  {T,'d)  and  {r-\-Sr,  B^-SQ)  respectively.  Let 
PZV  be  the  perpendicular  on  OQ,  then  NQ  differs  from 
Sr  and  NP  from  rSB  by  small  quantities  of  a  higher 
order  than  Se  (Art.  33). 


Fig.  23. 

Let  tho  arc  measured  from  some  fixed  point  ^  to  P  he 

called  s,  and  from  A   to   Q,  s  +  Ss.    Then  arc  PQ  =  Ss. 

Hence,  rejecting  infinitesimals  of  order  higher  than  the 

second,  we  have 

Sh-'  -  (chord  PQY  =  (NQ^ + PJS'^)  =  ( Jr^ + i^SO^), 
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and  therefore 

IdrV  ,   JdeV     ,        ««V     ,  ,    JdBY 

w-'+y- 

according  as  we  divide  by  Ss^,  Sv^,  or  S6^  before 
ing  to  the  limit. 


178.  Inolinatlon  of  the  Radius  Vector  to  the  Tangent. 

Next,  let  0  be  the  angle  which  the  tangent  at  an^' 

point  P  mokes  with  the  radius  vector,  then 

de  dr        .  rde 

ta,ntp  =  rj-,      cos  ^  =  -3-,      sm0  =  — ^. 

For,  with  the  figure  of  the  preceding  article,  since,  when 
Q  has  moved  along  the  curve  so  near  to  P  that  Q  and  P 
may  be  considered  as  nltimately  coincident,  QP  becomes 
the  tangent  at  P  and  the  angles  OQT  and  OFT  are  each 
of  them  ultimately  equal  to  ^,  and 


cos  A  =Lt  cos  NOP =Lt-, — i^Y7i=-^*- 
'^  ^  rhnrd  OP  1 


QN         Sr       d/r' 
'chord  QP"     arcQP 


ain  d)  =  Ziain NOP  —  Lt-,-  ■  ,^-r,  =  Lt      r,n  =  Lt-^  =  -5—. 
^  ^  chord  QP        arc  QP  8s       as 

179.  Polar  Subtangent,  Subnormal,  etc. 

Def.  Let  OK  be  the  perpendicular  from  the  origin  on 
the  tangent  at  P.  Let  TOt  be  drawn  through  0  per- 
pendicular to  OP  and  cutting  the  tangent  in  T  and  the 
normal  in  t.  Then  OT  ia  called  the  "  Polar  Suhtangent " 
and  Ot  is  called  the  "  Polar  SubnorTnal." 
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It  is  clear  that     0T=  OP  tan  ^ 


180.   It  is  often  found  convenient  when  using  polar 

co-ordinates  to  write  —  for  r,  and  therefore a    ,7;  for  -jt^- 

With  this  notation 


Polar  Subtangent  = 


dr 


dii- 


181.  Perpendicular  l^om  Pole  on  Tangent^  etc. 

Let       07=^andP7=(, 
Then  jj^rsin  ^, 

and  therefore 

therefore   ^  =  ^+-^g)  (1) 


^m- 


Similarly 
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Mff 


1  +  ^ 


;)■}; 


¥hm (^> 


..(*) 


182.  Polar  Equation  of  the  Tangent 
Let  the  polar  co-ordinates  of  the  point  of  contact  be 
„  (hi.  , 


&»): 


and  let  U'  b 


that  point. 

The  equation  of  any  straight  line  may  be  written  in 

theform  t4=^l  cos  (0-a)-|-Bsin(0-a),  (1) 

A  and  B  being  the  arbitrary  constants.    Let  this  straight 
line  represent  the  required  tangent. 

By  differentiation 

J--vlsin(0-a)  +  Bcos(e-a) (2) 

Now,  since  the  tangent  touches  the  curve,  the  value  ot 

T^  at  the  point  of  contact  is  the  same  for  the  curve  and 

for  the  tangent.     Hence,  putting  Q  —  a\a.  equations  (1) 
and  (2),  we  have 

U^A  and  V'  =  B, 
whence  the  required  equation  will  be 

u=freos(0-tt)+E/"'sin(0-a) (3) 

183.  Polar  Equation  of  the  Wormal. 

The  equation,  of  aif.y  straight  line  at  right  angles  to  the 
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tangent  given  by  equation  (3)  of  the  preceding  article 
may  be  written  in  the  form 

Gu  =  t/"'cos  {Q-a)-V  sin  (fl  -  «), 
C  being  an  arbitrary  constant 

This  equation  is  to  be  satisfied  by  u=  (7,  0  =  ci  for  the 
point  of  contact;  therefore  substituting  we  have 

whence  the  required  equation  of  the  normal  is 

E' 

184.  Class  of  a  Curve  of  the  «.*''  degree. 

Def.  The  nv/mber  of  tangents  which  can  be  drawn  from 
a  given  point  to  a  rational  algebraic  curve  is  called  its  class. 

Let  the  equation  of  the  curve  be  f{x,  y)  =  0.  The 
equation  of  the  tangent  at  the  point  {x,  y)  is 

^ix+^  +  'd^-"' 
where  e  is  to  be  put  equal  to  unity  after  the  differentia- 
tion is  performed.     If  this  pass  througli  the  point  h,  h  we 

This  is  an  equation  of  the  (n  — 1)*''  degree  in  x  and  p 
and  represents  a  curve  of  the  (n  —  l)^  degree  passin^g 
fhroiigh  the  points  of  contact  of  the  tangents  drawn  from 
the  point  {h,  k)  to  the  curve  f{x,y)  =  0.  These  two 
curves  have  n(n  —  l)  points  of  intersection,  and  therefore 
there  are  n(n~l)  points  of  contact  corresponding  to 
n(n  —  l)  tangents,  real  or  imaginary,  which  can  be 
drawn  from  a  given  point  to  a  curve  of  the  n^^  degree.* 

It  appears  then  that  if  the  degree  of  a  curve  be  n,  its 
*  POMoelet,  "  Anuales  de  Gergoane,"  vol.  VIII. 
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class  is  n(n--l);  for  example,  the  classes  of  a  conic,  a 
cutic,  a  quartic  are  the  second,  sixth,  twelfth  respectively. 

185.  Numher  of  Normals  wMch  can  be  drawn  to  a  Curve 
to  pass  through  a  g;iven  point. 

Let  h,  k  be  the  point  through  which  the  normals  are 

to  pass. 

The  equation  of  the  normal  to  the  curve  f{x,  y)  =  0  at 

,,         ,   ,  ,       ,  .  X—x     Y—1J 

the  point  {X,  y)  m        — ^-  —  ■ . 

cw  ?iy 

If  this  pass  through  h,  k, 

'-"-'•"zi  ^ 

This  equation  is  of  the  to"'  degree  in  x  and  y  and 
represents  a  curve  which  goes  through  the  feet  of  all 
normals  which  can  he  drawn  ii'om  the  point  h,  k  to  the 
curve.  Combining  this  with/(ic,  y)  —  0,  which  is  also  of 
the  ii'^  degree,  it  appears  that  there  are  v?  points  of 
intersection,  and  that  therefore  there  can  be  •n?  normals, 
reed  or  imaginary,  drawn  to  a  given  curve  to  pass 
through  a  given  point. 

For  examplej  if  the  curve  be  an  eDipse,  ji=2,  and  the  number  of 
normals  is  4.     Let  ^+^=1  he  the  equation  of  the  curve,  then 

(i-»)|,.(i-y)J 

is  the  curve  which,  with  the  ellipse,  (Jetermines  the  feet  of  the 
normals  drawii  from  the  point  (A,  k).  This  is  a  rectangular  hyper- 
bola which  passes  through  the  origin  and  through  the  point  (h,  &). 

186.  The  curves 
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and  {k-x)^-{h-y)f^=i),   (2) 

on  which  lie  the  points  of  contact  of  tangents  and  the 
feet  of  the  normala  respectively,  which  can  be  drawn  to 
the  curve  _/(ic,y)  =  0  so  as  to  pass  through  the  point  {h,  h)^ 
are  the  same  for  the  curve /(a^,  y)  —  a.  And,  as  equations 
(1)  and  (2)  do  not  depend  on  a,  they  represent  ike  loci  of 
the  points  oj  contact  and  of  the  feet  of  the  normals 
respectively  for  aJl  values  of  a,  that  is,  for  ail  members  of 
the  family  of  curves  obtained  by  varying  a  in  f{x,  y)  =  a 
in  any  arbitrary  manner. 


187.  Polar  Curves. 


-^Uv-^^.^l^ 


The  curve  ;,^+i^  +  ^^=0 

■    3x      3y      3s 

is  called  the  "  first  Polar  OiM^e  "  of  the  point  h,  k  with 
regard  to  the  curve  f{x,  y)  =  0;  z  being  a  linear  unit 
introduced  as  explained  previously  to  make  j\x,  y)  homo- 
geneous in  X,  y,  z,  and  put  equal  to  unity  after  the  differ- 
entiation is  performed. 

As  this  is  a  curve  of  the  (to ~1)*  degree  it  is  clear  that 
the  first  polar  of  a  point  with  regard  to  a  conic  is  a 
straight  lAne,  the  first  polar  with  regard  to  a  cubic  is  a 
conic,  and  so  on." 

The  fir.^t  polar  of  the  origin  is  given  by 

d,z 
If  the  curve  be  put  in  the  foim 

'l^Jr^-1*™-l  +  ^■^^-2^-■■■^-lt2  +  «,  +  1f'^l  =  0 

the  first  polar  of  the  origin  is 

In  the  particular  case  of  the  conic 
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M,  +  Wi  +  «„  =  0 

the  polar  line  of  the  origin  haa  for  its  equation 

For  the  cubic  Wj+itj+w.^+'i[„  =  0 
the  polar  conic  of  the  origin  ia 

188.  The  p,  T  or  Pedal  Equation  of  a  Curve. 

In  many  curves  the  relation  between  the  perpendiculai' 
on  the  tangent  and  the  radius  vector  of  the  point  of  con- 
tact from  some  given  point  ia  very  simple,  and  when 
known  it  frequently  forms  a  very  useful  equation  to  the 
curve;  especially  indeed  in  investigating  certain  Statical 
and  Dynamical  properties. 

189.  Pedal  Equation  deduced  from  Cartesian. 

Suppose  the  curve  to  be  given  'by  its  Cartesian  Equa- 
tion and  the  origin  to  he  taken  at  the  point  with  regard 
to  which  it  is  req[uired  to  find  the  Pedal  Equation  of  the 
curve.  Let  x,  y_  be  the  co-Ordinates  of  any  point  on  the 
curve ;  then,  if  F{x,  y)  =  0  be  the  equation  of  the  curve, 
the  equation  of  the  tangent  is 

dx        dy        3s 
where  s  is  as  usual  to  be  put  equal  unity  after  the  differ- 
entiation is  performed. 

If  p  be  the  perpendicular  from  the  origin  on  the 
tangent  at  {x,  y)  we  have 
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Also  r^=x'^y\ (2) 

and  F{x,y)  =  Q (3) 

If  X  and  y  be  eliminated  between  these  three  equations 
the  required  relation  between  p  and  r  is  obtained. 

Ex.  liF{x,f)=(i\i6  ^+C=1 


6*' 


This  result  might  be  at  ouce  obtained  by  eliminating  CD  from 
the  equations  CP^-^CIfi=u^-{-h^ 

and  CD.p  =  ab, 

CF  and  GD  being  conjugate  semi-diameters. 

190.  Pedal  Equation  deduced  IVom  Polar. 

Let  the  curve  be  given  in  Polar  co-ordinates  and  the 
pole  be  taken  at  the  point  with  regard  to  which  it  is 
required  to  find  the  pedal  equation  of  the  curve.  Let 
T,  6  be  the  co-ordinates  of  any  point  on  the  curve,  and  p 
the  length  of  the  perpendicular  fi'ora  the  pole  on  the 
tangent  at  r,  Q.     If 

F{r,e)  =  l>  (1) 

be  the  equation  of  the  curve,  then  we  have  (see  Fig.  24) 
j)  =  r9in0,  (2) 

and  tan  <p  =  -5-7-.  (3) 

Eliminate  6  and  <p  between,  the  equations  (1),  (2),  (3), 
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and  the  required  equation   between   p   and  r   will   be 
obtnlned. 

Ex.  Given  !^=(t"'siliJB9,  required  its  pedal  equation. 
Taking  logarithms  and  differentiating, 
rridr_^     cos  ma 
r  de     ""siD  me ' 


The  following  special  cases  of  tins  example  are  worthy  of  notice, 
and  will  furnish  exercises  for  the  stadent. 


Value 
otm. 

BlU^ti«K 

,„.. 

4SL.[ 

-2 

^ain2e+tt*=0 

Eectangular  Hyperbola 

rp^a^ 

-1 

raiiie  +  a  =  0 

Straight  line 

p  =  a 

*«.l-c... 

Parabola 

p^  =  ar 

r.|(l-«n») 

Cardioide 

pH=^ 

■     I    .                   .=.sin. 

Circle 

pa  =  r"- 

^ 

r2-(,%m2fl 

Lemniscate  of  Bernoulli 

pa^^r^ 

Pedal  Cueves. 

191,  Cef.  If  a  'perpendicular  he  drawn  from  a  fuced 

poi/nt  on  a  vcuriahle  tangent  to  a  curve,  &e  loiyiis  of  the 
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foot  of  the  perpendicular  is  called  the  "  First  Positive 
Pedal  "  of  the  original  curve  with  regard  to  the  gi/ven 
point. 

To  jmd  the  first  poaitwe  pedal  ivith  regard  to  the 
origin  of  any  owrve  whose  Cartesian  Equation  is  given. 

Let  F{x,y)^<) (1) 

be  the  equation  of  the  curve. 

Suppose  X  cosa+  Ysaxa=p  touches  this  curve. 

By  comparison  of  this  equation  with 

9ic         oy        oz 

■dF       ■dF_       -bF 

,  "dx        "by        'dz      ^  ,„, 

we  have  =  —  "    ^ =  A,  say [i.) 

cos  a     sin  a      —p 

If  a;,  y,  \  he  eliminated  between  the  four  equations  {1) 
and  (2)  a  result  will  remain  which  depends  on  p  and  « 
only.  And  since  p,  a  are  the  polar  co-ordinates  of  the 
foot  of  the  perpendicular,  if  r  be  written  for  -p  and  B  for  a, 
the  polar  equation  of  the  locus  required  will  be  obtained. 

Ex.  Find  the  first  positive  pedal  of  the  curve 

The  tangent  is     AXuT-'^-VBYf^-^^l. 
Compare  this  with      Xc(j^a+7wia  =  p, 

J^'"-i=22ii',  and  ^y—i^^f. 
P  P 

Hence  ^('-^P  +  -e(^)"-'  =  l- 

Therefore  the  polar  equation  of  the  locus  required  is 


192.  To  find  the  Pedal  with  regard  to  the  Pole  of  any 
wve  ivhose  Polar,  Equation  is  given. 
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Let  F{r,e)^0  (1) 

be  the  equation  of  the  curve. 

Let  r',  ff  be  the  polar  co-ordinates  of  the  point  Y,  which 
IS  the  foot  of  the  perpendicular  0  Y  drawn  from  the  pole 


(2 


on  a  tangent.     Let  OA  he  the  initial  line.     Then 
e^AOP^A.OJ+YOP 

^Q'+\-<l>:     (2) 

3-lso  ^^°^"^3r' ^"^^ 

and  r'  =  rsin^,         | 

1  _I^     l/drV  I  {AH.  181) (4) 

"'  r'^~r^'^~Ade)  ) 

If  r,  B,  0  be  eliminated  from  equations  1,  2,  3,  and  4 
there  will  remain  an  equation  in  /,  &.  The  dashes  may 
then  be  dropped  and  the  required  equation  will  be 
obtained. 

Ex.  To  find  the  equation  of  the  first  positive  pedal  of  the  curve 

Taking  tlie  logarithmic  differential 
m  dr^  _ 

r  tfe         ™   ^"^    ' 
therefore  oot/li—  — taiiwS  ; 

therefore  •/>=  ^  +  'm8. 


••■+:,-*, 


therefore 
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Agaiu  *'  ==  !■  sin  ^  =  f  cos  ine 


e  the  equation  of  tlie  pedal  ci 


193.  Def.  If  there  be  a  series  of  curves  which  we  may 
designate  as 

A.A^,A^,A^,  ...A,,,  ... 
such  that  each  is  the^rsf  positive  -pedal  curve  of  the  one 
which  immediately  precedes  it;  then  A^,  A^,  etc.,  are 
respectively  called  the  second,  third,  etc.,  positive  -pedals 
of  A.  Also,  any  one  of  this  series  of  curves  may  be 
regarded  as  the  original  curve,  e.g.,  A^ ;  then  A^  is  called 
the  Jirat  negative  pedal  of  A^,  A^  the  second  negative 
pedal,  and  so  on. 

Ex.  1.  Find  the  i:*''  positive  pedal  of 
»^=a"'cosnie. 
It  has  been  shown  that  the  first  positive  pedal  is 


Similarly  the  second  positive  pedal  is 

r"'j  =  t['"icoamjtf, 


~  "■  '     1  +  M,     l  +  2w' 

and  generally  the  i"'  positive  pedal  is 


E^.  2.  Find  the  i""  negative  pedal  of  the  o" 
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We  have  ahown  above  that  r™  =  a"'cos  me  is  the  i"'  positive  peilal 

of  the  curve  r"  =  a"coamfl,  provided  m= ,   . 

l  +  hi 

This  gives  n= — —,-  . 

Hence  the  ¥'•  negative  pedal  of  !-"'  =  a'"coa»iS  is 


whei-e 


l-km' 


194.  Tangential-Polar,  or  p,  -^  Equation  of  a  Curve. 

If  1^  be  the  angle  which  the  tangent  to  a  curve  makes 
with  any  fixed  straight  Kne,  the  relation  hetween  p  and 
i/'  often  forma  a  very  simple  and  elegant  equation  of  the 
curve.  Thia  relation  has  been  called  by  Dr.  Ferrers  the 
Tangential -Polar  Equation. 

The  f,  yp-  equation  may  be  deduced  at  once  from  the 
equation  of  the  first  positive  pedal. 

If  r=/(0)  be  the  pedal  curve,   then,  since  -^^  z  +  d 

(aee  Fig.  25,  Art.  192),  the  equation  hetween  p  and  \p-  is 

"I'-'y  P=/(*-|)- 

Ex.  1.  Thep,  f  equation  oiA^+By'^=l  is 

p*=3iJi  +  5^(Art.l91). 

Ex.2,  The  pedal  of  ?^  =  l  +  coafl  with  regarci  to  the  origin  is 

;-  COB  6  =  a,  and  therefore  its  p,  ^  equation  is  p  sin  ^  =  a. 

195.  Relations  between  p,  t,  p,  etc 

Let  PF,  QY'  be  tangents  at  the  contiguous  points  J*,  Q 
on  the  curve,  and  let  OY,  OY'  be  perpendiculars  from  0 
upon  these  tangents.     Let  OZ  be  drawn  at  right  angles  to 
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Y'Y  produced.  Let  the  tangents  at  P  and  Q  intersect  at 
T,  and  let  them  cub  the  initial  line  OX  in  R  and  S.  Let 
the  normals  at  P  and  Q  intersect  in  0. 


Let  the  co-ordinates  of  P  be  (r,  0),  and  those  of  Q 
{r+Sr,  e-\-S0).  Let  OY=p,  OY'  =  p+Sp,  P^Z  =  i/., 
Q§X  =  ^p■  +  S^p•.  Th&n  STB,  PCQ,  YO  Y' cB.c\i  ^S'^.  Let 
PY=t,  and  arc  PQ^Ss.  Let  OF  cut  TY  in  F;  then, 
since  OYV  is  a  right  angle  and  YUV—§\fr  a  small  angle 
of  the  first  order,  OV  differs  from  OY  by  a  quantity  of 
higher  order  than  the  first  (Art.  33). 

Hence  VY'  differs  from  Sp  by  a  quantity  of  higher 
order  than  Sp,  and 

T7'ta,nS->l'=VY', 
therefore  r7'tan^>^^7F 


and  proceediag  to  the  limit    t- 


dV" 


Similarly,  if  PC  be  called  />  we  have 
arc  P8=PC.aV, 


■(1) 
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neglecting  infinitesimals  of  higlier  order  than  §\J/-,  tliere- 

,  n„    arc  PQ 

tore  i'C  =  — ^n-^, 

and  proceeding  to  the  limit, 

-^ <^> 

Again  St^TQ~YP 

=  {Y'T+TQ)~{YY-\-VT~PT) 
=  {PT+'rq)  +  {Y'T  -YT)~YV. 
Now  YV^pia.-aQyP; 

and  remembering  that  when  S'^p-  is  an  infinitesimal  of  the 
first  order,  YT  and  Y'T,  PT+TQ  and  Ss,  tan  S-^  and  5^. 
each  dilfer  by  quantities  of  order  higher  than  the  iirst, 
we  have,  upon  dividing  by  S^Jr  and  proceeding  to  the 
|.    -,  dt  _  ds 

'  dil^    dip     "' 

"'  P  =  P+|^..l>ja)'>"d(2) (3) 

196.  Perpendicular  on  Tangent  to  Pedal. 

From  the  same  figure  it  is  clear  that  since  YO  Y'  —  Yi'Y', 
the   points   0,    Y,    Y',    T  are   eoncyelic,   and    therefore 
Ofz=T'-OYr=OTY'i    and   the  triangles   OYZ  and 
OZ^OY' 
'OF     03" 

And  in  the  limit  when  Q  comes  into  coincidence  with 
P,  Y'  comes  into  coincidence  with  Y,  and  the  limiting 
position  of  F'Fis  the  tangent  to  the  pedal  curve.  Let 
the  perpendicular  on  the  tangent  at  Y  to  the  pedal  curve 
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be  called  p,,  then  the  above  ratio  becomes 

p     r' 
or  p,r  =p°. 

19T.  Circle  on  Radius  Vector  for  Diameter  touclies  Pedal. 

It  is  clear  also  froni  the  figure  of  Art.  195  that  the 
circle  on  the  radius  vector  as  diameter  touches  the  first 
poaitive  pedal  of  the  curve.  For  OT  is  in  the  limit  a 
radius  vector ;  and  the  circle  on  OT  as  diameter  passing 
through  Y  and  Y',  two  contiguous  points  on  the  pedal, 
must  in  the  limit  have  the  same  tangent  at  Y  as  the 
pedal  curve,  and  must  therefore  touch  it. 

198.  Pedal  Equatioa  of  Pedal  Curve. 

Let  i'~f{p)  be  the  pedal  equation  of  a  given  curve. 

Then,   since   n.r  —  p^,  we   have   p.  =  -^-^,  and  therefore, 

writing  r  for  p  and  p  for  p„  the  pedal  equation  of  the 

first  positive  pedal  curve  ia  p  —  ^   . 

Ex.  The  first  positive  peiial  of  the  reetan;,'ular  lijperbol.i  r  =  —  is 


whieh  is  the  p,  r  equation  of  Benioulli's  Lemiiisc?.te,  as  is  also 
obvious  from  Art.  190. 

Examples. 
Write  down  the  pedal  equations  of  the  first  positive  pedals  of  the 
curves  given  in  the  table  of  Art.  1.90. 

199,  We  may  also  prove  the  results  of  Art.  195   as 
follows :— 
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Let  the  tangent  P^T  make  an  angle  i/'  with  the  initial 

line.     Then  the  perpendicular  makes  an  angle  «  =  */'"  "9 

with  the  same  line.  Let  OY=p,  Let  P-yP^  be  the 
normal,  and  P^  its  point  of  intersection  with  the  normal 
at  the  contiguous  point  Q.  Let  OY^  be  the  perpeudieular 
from  0  upon  the  normal  Gall  this  p^  Let  P^P^  he 
drawn  at  right  angles  to  P^P^,  and  let  the  length  of  0Y„, 
the  perpendicular  upon  it  from  0,  be  j?,. 


The  equation  of  P^Tis  dearly 

ji  =  a;  cos  a+ 3/  sin  a (1^ 

The  contiguous  tangent  at  Q  has  for  its  equation 

p  +  S'p=XGOs{a-\-Sa)-\-yAu{a-\-Sa) (2) 

Hence  subtracting  and  proceeding  to  the  limit  it  appears 

that                         d/o              .         ,  ,„, 

-'-—  —  assm  «  +  i/eosa {■i} 

is  a  straight  line  passing  through  the  point  of  intersec- 
tion of  (1)  and  (2);  also  being  perpendicular  to  (1)  it  is 
the  equation  of  the  normal  PJ-''^^^- 


y  Google 


186  TANGENTS  AND  NORMAL^'. 

Similarly         T^2~  —xcona  —  ySmw-.. (^i) 

represents  a  straight  lino  through  the  point  of  intersec- 
tion of  two  contiguous  positions  of  the  line  P,P^  and 
perpendicular  to  P-,P^,  viz.,  the  line  P^P^,  and  so  on  for 
further  differentiations. 

From  this  it  is  obvious  that 

'     da     d\fr  eta 

etc. 

Hence  t=P,Y=^, 

^        ay 

and  p  =  P,P,  =  07+0Y,  =  p+^,. 

■200.  Tangential  Equation  of  a  Carve. 

Def.  The  tangential  equation  of  a  curve  is  the  condi- 
tion that  the  line  lx+my+n  —  0  may  touch  the  curve. 

Method  1.  Let  F{x,  y)  —  (i  be  the  eui-ve,  then  the 
tangent  at  x,  y  is 

^x        dy       dz 
Comparing  this  with  lX+m.7-i-n  =  0, 
■dP    dF    'dF 

^  =  3y  =  ^=X,say. 
I       tn      n 

If  X,  y,  \  be  eliminated  between  these  equations,  and 
F{x,  y)  =  0,  or  Ix+my+n^^^O,  a  relation  between  I,  m,  n 
will  result.     This  is  the  equation  required. 

Method  2.  We  may  also  proceed  thus.  Eliminate  y 
between  F(x,  y)=0  and  Ix+my  +  n^O;   we  obtain  an 
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equation  in  x,  say  ij>(x)  =  ^.  For  fcangency  this  equiition 
must  have  a  pair  of  equal  roots.  The  condition  for  this  will 
be  found  by  eliminating  x  between  <p{x)  =  0  and  <^'(x)  =  0. 

In  following  this  method,  instead  of  eliminating  y  it  is 
often  better  to  make  a  homogeneovts  equation  between 
F(x,y)  =  0  and  lx-{-my+ii={\  and  then  express  that  the 
resulting  equation  for  the  ratio  y  :  x  has  a  pair  of  equal 
roots. 

Ex.  Find  the  tangential  equation  of  the  eoEic 
a«^  4- 2Aa^ + ey + a^a- + 2^ + c= 0. 

The  first  process  gives  ua 


3, 

h. 

.?. 

I- 

k. 

6, 

/, 

m 

«, 

0 

whicli  may  be  written 

where  A,  B,  0,  ...  are  the  minors  of  the  determinant 

\ii  /]■ 
Iff,/,  =1 

Inversion. 
201.  Def.  LetO  be  the  poie,and  suppose  anypoiiitPbe 
given ;  then  if  a  second  point  Q  be  taken  on  OP,  or  OP 
produced,  such  that  OP.  OQ  =  constant,  P  say,  then  Q  is 
said  to  be  the  inverse  of  the  fovnt  P  with  respect  to  a 
circle  of  radius  h  and  centre  0. 
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If  the  point  P  move  in  any  given  manner,  the  path,  of 
Q  is  said  to  be  i/nverse  to  the  path  of  P.  If  (r,  6)  be  the 
polar  co-ordinates  of  the  point  P,  and  (/,  9)  those  of  the 
inverse  point  Q,  then  rr'  —  l^.     Hence,  if  the  locus  of  P 

hef{r,  0)  =  O,  that  of  Q  will  be/p^',  O^-O. 

For  example,  the  cwrves  j-"=ti"'coamfl  and  r"'c(ism^=<C"-  are 
inverse  to  each  other  with  regard  to  a  circle  of  radius  a. 

202.  Again,  if  {x,  y)  be  the  Cartesian  co-ordinates  of  P, 
and  (x',  y')  those  of  Q,  then 

ic  =  r  cos  e  =  —  cos  9  =  Ic'-  -—s —  =  k  -  ,„-- — 75. 

and  similarly  V^-^.f^^i- 

Henee,  if  the  locus  of  P  be  givtin  in  Cartesians  as 

F(x,y)  =  (), 
the  locus  of  Q  will  be 

^ 

Ex.  Tlie  inverse  of  the  straight  line  x  =  a  with  regard  to  a  circle 
radius  k  and  centre  at  the  origin  is 

a  circle  which  touches  the  axis  of  )/  at  the  origin. 

203.  Tangents  to  Curve  and  Inverse  Inclined  to  Radius 
Veotor  at  Supplementary  Angles. 

If  P,  P'  be  two  contiguous  points  on  a  curve,  and  Q,  Q' 
the  inverse  points,  then,  since  OP .  OQ—OP'.  OQ',  the 
points  P,  P',  Q',  Q  are  eoncyclic;  and  since  the  angles 


K^ 
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OPT  and  OQ'T  are  therefore  supplementary,   it  follows 
that  in  the  limit  when  P'  ultimately  coincides  with  P 


and  <^  with  Q  the  tangents  at  P  and  Q  make  suppler 
tarj'  angles  with  OPQ. 

The  ultimate  ratio  of  corresponding  olementury 
viz., 

ds _  j.PP^_  j.qp_qp_qi\OQ_k"'_>-^ 

d^'^     QQ'~     OQ'- VQ-     OQ'    -^-1^ 


204.  Mechanical  Construction  of  the  Inverse  of  a  Curve. 
In  the  accompanying  figure  AG,  OB,  BQ,  QA,  PA.  PB 
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is  a  system  of  freely  jointed  rods,  of  which  AG=^BC,  and 

AQ^QB^BP=PA. 
At  P  and  Q  sockets  are  placed  to  carry  tracing  pencils. 
A  pin  fixes  G  to  the  drawing  board.     The  system  is  then 
movable  about  G.    It  is  clear  from  elementary  geometry 
that  G,  Q,  P  are  in  a  straight  line,  and  that 

CP.GQ^GA^-AQ\ 
and  is  therefore  constant.     Hence  whatever  curve  P  is 
made  to  trace  out,  Q  will  trace  out  its  i/nverse,  the  point 
G  being  the  pole  of  inversion. 

In  the  iigure  P  is  represented  as  tracing  a  straight 
■Ime,  in  which  case  'Q  will  trace  an  arc  of  a  ciA'cle,  as 
shown  in  Art.  202. 

Peaucellier  has  utilized  this  construction  for  the  con- 
version of  circular  into  rectilinear  motion. 

Polar  Rbciprocals. 

205.  Polar  Reciprocal  of  a  Curve  with  regard  to  a  given 
Circle. 

Def.  If  0  F  be  the  perpendicular  from  the  pole  upon  the 
tangent  to  a  given  curve,  and  if  a  point  Z  be  taken  on 
OF  or  OY  produced  such  that  OY .  OZ ie  constant  (  =  i? 
say),  the  locus  of  Z  is  called  the  polar  redfrocal  of  the 
given  curve  with  regard  to  a  circle  of  radius  k  and  centre 
at  0. 

From  the  definition  it  is  obvious  that  this  curve  is  the 
inv&Tse  of  the  first  positive  pedal  curve,  and  therefore  its 
equation  can  at  once  be  found, 

Es.  Pdar  reciprocal  of  an  eUipse  with  regard  to  its  centre. 

for  the  ellipse  ^+.^=1, 

the  condition  that  p=«coaa+.!/aiiia  toiiches  the  curve  is 
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Hence  tlie  polar  equation  of  the  pedal  with  i-egard  to  the  origin  is 
Again,  the  inverse  of  this  curve  is 

or  a=j^  +  6y  =  i4^ 

which  is  therefore  the  eciuation  of  the  polar  reciprocal  of  the  ellipse 

with  regard  to  a  circle  with  centre  at  the  origin  and  radius  k. 

206.  The  method  may  therefore  be  stated  thus : — 
Yivsi  jmid  the  condition  that  j)  =  o:!cosa  +  j/ si«a  ^vill 

touch  the  given  iMrve.    Thea  write  —  for  p  and  $  for  a 

in  that  condition.  The  result  is  the  required  polar 
reciprocal  with  regard  to  a  circle  of  radius  k  and  centre 
at  the  origin. 

207.  Polar  Reciprocal  with  regard  to  a  given  Conic. 
Def.  If  iS  =^  0  be  any  curve  and  P  =  0  a  given  conic,  the 

locus  of  the  poles  wiA  regard  to  U  of  tangents  to  S  is 
called  the  Polar  Reciprocal  of  the  curve  S  with  regard 
to  the  conic  U. 

Let  the  equation  of  a  tangent  to  8  be 
11=^  X  cos  a  +  F  sin  a. 
and  the  condition  of  tangency 
p^f{a). 
If  X,  y  be  the  pole  of  this  tangent  with  regard  to 
U—  Ci,  the  tangent  must  be  coincident  with  the  polar 


?)x         dy        ?iz 
Sp- 

TiU 

ecs  a          "dx         sin  a 

-%■ 
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rauy 


Hence  \Jj'-Q^  L..  ^. 

Hence  the  equation  of  the  Polar  Eeciprocal  is 


-w 


[dx)  '^[S))  ' 


/I 


dlf 


For  further  information  on  the  subject  of  reciprocal 
polars  and  the  methods  of  reciprocation  the  student  is 
referred  to  Dr.  Salmon's  Treatise  cm  Ccmic  SeoHona, 
Chap.  XV. 

EXAMPLES. 

1.  Find  where  the  tangent  is  parallel  to  the  axis  of  x  and 
where  it  ia  perpendicular  to  that  axis  for  the  following  curves  r — 

(a)  aa^+2Aa!i/H-6j/^  =  l. 

2.  Find  the  equations  of  the  tangents  at  the  origin  in  the 
following  currea ; — 

(a)    (a^  +  y5)^  =  a%^-i-y- 

(y)  a!^  +  ^  =  Soa^f/^. 

3.  Find  the  length  of  the  perpendiculav  from  the  origin  on 
the  tangent  at  the  point  x,  y  of  the  curve 
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4.  Show  that  in  the  cui-pe  y  =  6e""the  subtangent  ia  of  constant 
length. 

5.  Show  that  in  tho  curve  hy^={x  +  aY  the  square  of  the 
subtangent  varies  aa  the  subnormal. 

6.  For  the  parabola  ^^  =  4aa:,  prove 


# 

=  « 

Vi-.= 

,mV 

8.  Fo 

r  the 

cycloid 

y 

=«(^  + 

sin  &)  J 

prove 

dx 

=Vf 

9.   In 

tlie^ 

.iirve 

y--= 

alogse 

« 

10.  Show  that  the  portion  of  the  tangent  to  the  curve 

which  ia  intercepted  between  the  axes,  ia  of  constant  length. 

Find  the  area  of  the  portion  inclnded  between  the  axes  and 
the  tangent. 

11.  Find  for  what  value  of  v  the  length  of  the  sabnormal 
of  the  curve  xi/'  =  <h"*^  is  eonatiint.  Also  for  what  value  of  w 
the  area  of  the  triangle  included  between  the  axes  and  any 
tangent  is  constant. 

1 2.  Prove  that  for  tKe  catenary  3/,=  a  cosh  -,  the  length  of  the 
normal  —■'—. 
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Prove  also  that  the  length  of  the  jjorpendiculai;  from  the  foot 
of  the  ordinate  on  the  tangent  ia  of  constant  length. 

13.  In  tte  tractory 

prove  that  the  portion  of  the  tangent  intercepted  between  the 
point  of  contact  and  the  axis  of  x  is  of  constant  length. 

14.  In  the  spiral  r  =  a«*'"'",  proVe 

1 5.  Pot'  the  involute  of  a  circle,  viz., 


16,  In    the    parabola     —  =  1  — cosf,    prove     tlie     folloA 

sm- 

(5)  Polar  subtangent  =  2a  cosec  ft 

17.  For  the  cardioide  ■r=a(l  —cos  6),  prove 

in3- 
(S)   Polar  SQhtangent  =  2a ?■ 
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18.  If  the  curves  yi;ic,  y)  =  0,  F{3:,  y)  =  (i  touA  at  the  point 

rove  §^   5^_¥   ^£"=0 

"dx    "dy     "by    &c 
at  the  point  of  contact. 

19.  If  the  curves  /{x,  y)  =  0,  F{oe,  y)  =  0,  cut  orthogonally, 
prove  that  at  the  point  of  intersection 

Ba;    "dx     "dy    "dy 

20.  If  the  form  of  a  curve  he  given  by  the  equations 

prove  that  the  equation  of  the  tangent  at  the  point  detei-miued 
by  the  third  variable  ( is 

xf  (!)  -  r*'(i)  -  *(i)f  (1)  -  «<)*■  (I), 

and  that  the  corresponding  normal  is 

Xf  (1)  +  Ff  (I)  -  *(!)*■{')  +  *Wf  (')■ 

21.  Apply  the  preceding  example  to  liud  the  tangent  and 
normal  at  the  point  determined  by  6  on 

(«)  The  ellipse  ic  =  «cosfil 

y  =  b  fiind]' 
(fi)  The  cycloid         a;  =  «(^  +  sin  0)  \ 

y  =  a{\-m^e)]- 
(y)  The  epicycloid    x  ^=  A  qos  6  -  B co. 


y  =  Awm&-BAi 
22.     In  the  four-euspod  hypocycloid 
d-^y^'^ai, 
show  that  if  ic  =  acos^o.  then  y  =  asiD?a, 

and  that  the  equation  of  the  tangent  at  the  point  determined 
by  a  is  a!  sin  a  4-  y  cos  a  =  a  sin  a  cos  a. 

Hence  show  that  the  locus  of  intersection  of  tangents  a,t  nght 
angles  to  one  another  is 

i^  =  fcos=2ft 
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23.  If  p,  and  ;?2  be  the  perpendiculars  from  the  origin  on  the 
tangent  and  normal  respectively  at  the  point  {x,  y),   and  if 

tan  i'^  -f'  pfove  that  pi  =  x  sin  ^  -y  cos  ip, 

and  p,^  =  x  cos  i'  +  y  sin  i^. 

Hence  pi'ove  that  p^  ~  -''-\ 

24.  Through  the  point  h,  k  tangents  are  drawn  to  the  curve 

Ax^  +  J3y''  =  1  ; 
show  that  the  points  of  contact  Ho  on  a  conic. 

25.  If  from  any  point  P  normals  be  drawn  to  the  curve 
whose  equation  is  )/"*  =  nitta;'',  show  that  the  feet  of  the  normals 
lie  on  a  conic,  of  which  the  straight  line  joining  P  to  the  origin 
is  a  diameter.     Find  the  position  of  the  axes  of  this  conic. 

26.  The  points  of  contact  of  tangents  from  the  point  A,  k  to 
the  curve  a^  -t-y^^  3axy  lie  on  a  conic  which  passes  through  the 
origin. 

27.  Through  a  given  point  A,  k  tangents  are  drawn  to  curves 
where  the  ordinate  varies  as  the  cube  of  the  abscissa.  Show  that 
the  locus  of  the  points  of  contact  is  the  rectangular  hyperbola 

2xy  +  Arc  -  Shy  =  0, 
and  the  locus  of  the  remaining  point  in  which  each  tangent  cuts 
the  curve  is  the  rectangular  hyperbola 

tm/  -  ike  +  Shy  -  0. 

28.  Prove  that  the  locus  of  the  extremity  of  the  polar  sub- 
tangent  of  the  curve  u  +/{0)  = 


„=^(|..). 


39.  Prove  that  the  locus  of  the  extremity  of  the  polar  sub- 
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norioal  of  the  curve  r  =/(^)  is 

Hence  show  tliat  the  locus  of  the  exti'emity  of  the  polar  sub- 
normal in  the  equiangular  spiral  r  =  ae"^  is  another  equiangular 
spiral. 

30.   Ill  the  curve 


the  locus  of  the  extremity  of  the  polar  subtangent  is  a  cardioide. 

[PaOPESaOR    WOLSTEN HOLME.] 

31.  Show  geometrical] y  tliat  the  pedal  equation  of  a  circle 
with  regard  to  a  point  on  the  circumference  is  pd=^r'',  d  being 
the  diameter  of  the  circle, 

32.  Show  that  the  pedal  equation  of  the  ellipse 

with  regard  to  a  focus  is 

f         T 

33.  Show  that  the  pedal  equation  of  the  parabola  y^=4ax 
with  regard  to  its  vertex  is 

34.  Show  that  the  pedal  equation,  of  the  curve  r  =  n^  is  of 
the  form  j)  =  tyvr  where  wi  is  a  constant. 

36.  Show  that  the  pedal  equation  of  the  tetracuapidal  hypo- 
cycloid  X''  +  y^—a^  is  r'  +  Sp'^a', 

36.  Show  that  for  the  epicycloid  given  by 

a;  =  («  +  6)cose-;>cos- 
j/  =  {«  +  6)sinS^6sin'^. 
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and  that  tte  pedal  equation  ia 

37.  Show  that  the  first  positive  pedal  of  the  parabola  y~  =  4aa; 
with  regard  to  the  vertex  is  the  cissoid 

^(^=  +  /)  +  «/  =  0. 

38.  Show  that  the  first  positive  pedal  of  the  curve 

is  {x'  +  y^i  =  aHa;Uy% 

39.  Show  that  the  first  positive  pedal  of  the  curve 


Also  that  the  tangential  polar  equation,  of  the  curve  is 

40.  Show  that  the  first  positive  pedal  of  the  curve 

41.  Show  that  the  fourth  negative  pedal  of  the  cardioide 
r  =  a{\  +  cos  ff)  is  a  parabola. 

42.  Show  that  the  fourth  and  fi.fth.  positive  pedals  of  the 

curve  r»c03  -B  =  a^ 

9 

are  respectively  a  rectangular  hyperbola  and  a  Lemnisoate, 

43.  Show  that  the  n"'  positive  pedal  of  the  spiral  7'  =  ae^°""' 

44.  Show  that,  if  the  curves  r=f{&),  r  =  F(6)  intersect  at 
(r,  C),  the  angle  between  their  tangents  at  the  point  of  intersec- 
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45.  Sh  th  t  tl  f  th  ia  b  1  y'  =  iam  with 
regard  t  1  wh  nt  at  the  and  radius  the 
semilat  t  th  p  d  1  of  the  p  ahola  /  +  iax  =  0  with 
regard  t    tl           t 

46.  Show  that  the  inverse  of  the  come  u^  +  u, +  Ua  =  0  with 
regard  to  the  origin  is  the  bicircular  quartic  curve 

A'w,  +  AV(^^  +  y^  +  «o(a^  +  fT  =  0. 
i7.   Show  that  the   inverse   of  the  general  curve  of  the  n^'^ 
degree,  viz.,  m«  +  m»-i  +  m»-s  +  ■..+Ui  +  u„  =  0, 

with  regard  to  the  origin  is 

F"w„  +  A*"-V„_ir=  +  A^-X-X  +  . . .  +  ^uy-"  +  mX"=  0, 
where  j*  =  a?  +  y^ 

48.  Show  that  the  inverse  of  a  conic  with  regard  to  the  focus 
is  a  Lima^n  (Equation  r  =  a  +  b  cos  6),  which  becomes  a  eardi- 
oide  if  the  conic  be  a  parabola. 

49.  Show  that  the  inverse  of  a  conic  with  regard  to  the 
centre  is  an  oval  of  Cassini  (Equation  r'  —  a  +  bcosW),  which 
becomes  a  Lemniscate  of  Bernoulli  if  the  conic  be  a  rectangular 
hyperbola. 

50.  If  i\,  Pa  be  two  points  whose  inverses  are  Q,,  Q,^  with 
regard  to  any  origin  0,  prove  that 

61.  The  loeus  of  a  point  X  is  defined  by  the  equation 
HPi,  Pa.  Pa.  ■■■  pJ  =  «. 
where  p^,  pj,  ...  are  the  distances  of  X  from  n  fixed  pointe  /"i, 
P-a  ■■■  /*„.     Show  that  the  equation  of  its  inverse  with  regard 
to  any  origin  0  ii 


\^  '     E'  '"    R  J       ' 


e  the  distances  of  X',  the 
the  Ji  fixed  points  Q^,  Q,j,  ...  which  are  the  reapectiv 
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of  P,,  I\,  ...;  >■„  r^,  r„  ...  are  the  Ung&s.  of  0P„  0P„  . . . ;  and 

62.  Show  that  the  inverse  with  regard  to  any  pole  0  of  the 
Cartesian  oval  whose  equation  is  lr  +  mr''=n,  where  i-,  r' are 
the  distances  of  any  point  on  the  curve  from  two  fixed  points 
Fi,  F.^,  is  l.OF^.  p^  +  m.Oi\.  p^=np.^, 

where  p^,  p^  are  the  distances  of  any  point  on  the  inverse  curve 
from  the  points  which,  are  the  inverses  of  P^,  P\,  and  p^  is  the 
distance  of  the  same  point  from  the  pole  of  inversion. 

53.  Show  that  the  inverse  of  a  Cassini's  oval  defined  hy  the 
equation  n'  =  constant 

is  of  the  form.  piPi^  -^Pst 

the  letters  p-^,  p^,  p.^  denoting  the  distances  of  any  point  on  the 

inverse  curve  from  certain  fixed  points. 

54.  Show  that  the  inverses  of  two  curves  intersect  at  the 
same  angle  as  the  original  curves;  and  as  particular  cases  that 
if  two  onrves  touch  their  inverses  also  touch,  and  if  two  curves 
cut  orthogonally  their  inverses  out  orthogonally. 

65.  It  is  an  obvious  property  of  two  confocal  and  co-axial 
parabolas  whose  concavities  are  turned  in  opposite  directions 
that  they  cut  at  right  angles.  By  inverting  this  proposition, 
the  focus  being  the  pole  of  inversion,  show  that  the  curves 
which  cut  orthogonally  each,  member  of  the  family  of  oardioides 
r  =  c[(l +COS  ^)  found  by  giving  different  values  to  ti,  are  also 
cardioides, 

66.  Show  by  inverting  a  conic  with  regard  to  its  focus  that 
the  circle  a!°  + j)'  =  %  +  cosa)a;  +  ^sina.  y 

touches  the  Lima^on         r  =  l  +  le  cos  6 
at  the  point  given  by         6  =  a. 

57.  Show  that  the  polar  reciprocal  of  the  curve  !■'"  =  a'"oos  tn,6 
with  regard  to  a  circle  whose  centre  is  at  the  pole  is  of  the  form 
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58.  Show  that  the  polar  reciprocal  of  the  curve  ■£"y"~a"'^'' 
with  regard  to  a  circle  whose  centre  is  at  the  origin  is  another 
carve  of  the  same  kiud. 

59.  Show  that  the  iirst  positive  pedal  of  the  curve  p  =  -.^-  is 

and  that  its  polar  reciprocal  with  regard  to  a  circle  of  radius  a. 
whose  centre  is  at  the  origin  is  p'^*'  =  a™r. 

60.  Show  that  the  iiiyerae  of  the  curve  p=J\r)  with  regard 
to  a  circle  whose  radius  is  k  and  centre  at  the  pole  ia 

and  that  the  polar  reciprocal  i: 


hfQ 


61.  Show  that  tlie  pedal  of  the   inverse   of  p^/lr)    with 
regard  to  a  circle  whose  radius  is  k  and  centre  at  the  origin  is 

62.  Show   that  the  pedal  of  the  inverse  of  jk  =  _^^^-    with 
legard  to  a  circle  whose  radius  is  k  and  centre  at  the  origin  ia 


-(r 


63.   Show  that  the  polar  reciprocal  of  the  c 
with  i-egard  to  the  hyperbola  Aos26  =  a^  is 


64.  In  the  semicuhical  parabola  aj/'  =  ^  the  tangent  at  any 
point  F  cuts  the  axis  of  y  va.  M  and  the  curve  iu  Q.  0  is  the 
origin  and  JV  the  foot  of  the  ordinate  of  P.  Prove  that  Mff 
and  OQ  are  equally  inclined  to  the  axis  of  cc. 

65.  At  any  point  of  a  curve  where  the  ordinate  varies  as  the 
cube  of  the  abscissa,  a  tangent  is  drawn;  where  it  cuts  the 
curve  another  tangent  ia  drawn ;  where  this  cuts  the  curve  a 
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third  is  drawn,  and  so  on.  Prove  that  the  abscissae  of  the  points 
of  contact  form  a  geometrical  progression,  and  also  the  ordinatea. 
56.  Astraight  line  .^C/*  of  given  length  always  passes  through 
a  fixed  point  0,  while  A  deacribea  a  given  straight  line  AT;  show 
that  if  FT  be  the  tangent  at  i"  to  the  Jocna  of  P,  the  projection 
o£  FT  on  AOF^AO. 

67.  The  point  F  moves  so  that  OP.  OT=constant,  0,  0' 
being  fixed  points.  If  OY,  O'Y'  be  the  perpendiculars  from  O 
and  0'  on  the  tangent  at  F  to  the  locus  of  P,  prove  that 

FY  ■.PY'::OP':0'F'. 

68.  0  and  0'  are  two  fixed  points,  P  any  point  in  a  curve 

defined  by  the  equation  --   ,  =-, 

where  r  =  OP,  r'  =  O'P,  and  e  is  constant  Prove  that  the  dis- 
tance between  P  and  the  consecutive  curve  obtained  by 
changing  c  to  c4-  Sc.  is  ultimately 


where  a  =00'.  [Smith's  Prize.] 

69.  In  a  system  of  curves  defined  by  an  equation  containing 
a  variable  parameter  investigate  at  any  point  the  normal  dis- 
tance between  two  consecutive  cnrves,  and  determine  the  form 
of  the  eqiiation  for  a  Bystem  of  parallel  curves. 

[Pkofessor  Cayley,  M&ssimger  of  Mathematics,  Vol.  V.] 
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CHAPTER   VIII. 

ASYMPTOTES. 

208.  Def.  //  a  straight  line  cut  a  curve  in  two  points 
at  an  infirdte  (Mstance  from  the  origin  and  yet  is  not 
itself  wholly  at  infinity,  it  -is  called  an  asymptote  to  the 
curve. 

209.  Equations  of  the  Asymptotes. 

Let  the  equabion  of  any  curve  of  the  li.**'  degree  be 
arranged  in  homogeneous  sets  of  terras  and  expressed  as 

«"4|)  +  X»-V.-(f)  +  X-V-=(|)+...  =  0 (A) 

To  find  where  this  curve  is  cut  hy  any  straight  line 
whose  equation  is 

y^fix+/3 (b) 

subst^^te  ^  +  -  for  ^  in  equation  (a),  and  the  resulting 
equffti^B^^^ 

|Bl^^p-V.-.(M+f)+«:»-¥.-.(M+f)...-o...(o) 

gives  the  abscissae  of  the  points  of  intersection. 
'  Applying  Taylor's  Theorem  to  expand  each  of  these 
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functional  forms,  equation  (o)  may  be  ■written 
.'WW+^'-^^^^VmH^"-     f>„(.)+...     =0.  (B) 

Tliis  is  an  equation  of  the  n^  degree,  'provvng  that  a 
straight  line  will  in  genercd  intersect  a  curve  of  the  n^ 
degree  in  n  points  real  or  imagmiary. 

Tlie  straight  line  ij  =  fiX+^  is  at  our  choice,  and  there- 
fore the  two  constants  /a  and  yS  may  be  chosen,  so  as  to 
satisfy  any  pair  of  consistent  equations.  Suppose  we 
choose  fi.  and  ,S,  so  that 

0«(m)=O (E) 

and  ^■p'M+>h-M  =  0 (F) 

The  two  highest  powers  of  x  now  disappear  from  equa- 
tion (d),  and  that  equation  has  therefore  two  vnfinite 
roots. 

If,  then,  /Aj,  /j,„  ....  /ti,  be  the  n  values  of  /i.  deduced 
from  equation  (e)  (which  is  of  the  n''^  degree  in  /x),  the 
corresponding  values  of /3  will  in  general  he  given  by 

'^'  f'.M'  ^-  'P'M)''" 

and  the  11  straight  lines 

y=fiiP+^i  I  are  the  asymptotes 
[      of  the  curve. 

210.  Eule. 

Hence,  in  order  to  find  the  asymptotes  of  any  given 
curve,  we  may  either  substitute  /*«+/3  for  y  in  the  equa- 
tion of  the  curve,  and  then  by  equating  the  coeffi.cients  of 
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the  two  highest  powers  of  x  to  zero  find  fi  and  ^8.  Or  we 
may  assume  the  result  of  the  preceding  article,  which 
may  be  enunciated  in  the  following  practical  way : — In 
the  highest  degree  terms  put  x  =  l  and  y=fi  [the  result  of 
this  is  to  form  ^„{jn)]  and  equate  to  zero.  Hence  find  fi.. 
Form,  0n-i{M)  "i™  <^  similar  way  from  the  terms  of  degree 
71—1,  and  differentiate  •j>n{i>),  then  the  values  of  (3  are 
found  by  substituting  the  several  values  of  fx  in  the 
formula  «=_^fl^. 

Ex.  Find  the  ast/mptoies  of  the  cubic 


Here 

«a(/')=F5-2*'^-^4-2=0; 

therefore 

(».-1)(a+1)(^-2)=0; 

giving 

Again, 
and 

^.  =  1,^1,  or  2. 

therefore 

3>i=-4/.-l' 

Hence  if 

/.=!,       ^=1, 

if 

**=-.!,  |9=0, 

and  if 

^=3,       ^=0. 

Hence  the  asymptotes  of  the  curve  are 

Examples. 

1.  The  asymptotes  of 

u:e  y=^i  y=2«j  y=Sx. 

2,  The  asymptotes  of 

ive  3/  =  0,  y-x+l=^(l,  y+a.-  +  l  =  0. 
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211.  Number  of  Asymptotes  to  a  Curve  of  thew.**  Degree. 
It  is  clear  that  since  0b(/*)  =  0  is  in  general  of  the  n^^ 

degree  in  ju,  and  /30'„{/i)  +  0ii_i(^)={>  is  of  the  first  degree 
in  /3,  that  n  values  of  /x,  and  no  more,  can  be  found  from 
the  first  equation,  while  the  n  corresponding  val'iies  of 
(i  can  be  found  from  the  second.  Hence  n  asymptotes, 
real  or  imaginary,  can  be  found  for  a  curve  of  fJie  m"' 
degree. 

212.  If  the  degree  of  an  equation  be  odd  it  is  proved 
in  Theory  of  Equations  that  there  must  be  one  real  root 
at  least.  Hence  any  curve  of  an  odd  degree  must  have 
at  least  one  real  asymptote,  and  therefore  must  extend  to 
infinity.  Bo  cwrve  therefore  of  an  odd  degree  can  he 
closed.  Neither  can  a  curve  of  odd  degree  have  an  even 
number  of  real  asymptotes,  or  a  curve  of  even  degree  an 
odd  number. 

213.  If,  however,  the  term  i/"  be  missing  from  the 
terms  of  the  n^  degree  in  the  equation  of  the  curve,  the 
term  ,«"  will  also  be  missing  from  the  equation  ^n((w)  =  0, 
and  there  will  therefore  be  an  apparent  loss  of  degree  in 
this  equation.  It  is  clear,  however,  that  in  this  ease, 
since  the  coefficient  of  /a"  is  zero,  one  I'oot  of  the  equation 
(pn(ji.)  =  0  ia  iniinite,  and  therefore  the  corresponding 
asymptote  is  at  right  angles  to  the  axis  of  x ;  i.e., 
parallel  to  that  of  y.  This  leads  us  to  the  special  con- 
sideration of  such  asymptotes  as  may  be  parallel  to 
either  of  the  axes  of  co-ordinates. 

214.  Asymptotes  Parallel  to  the  Axes, 

Let  the  curve  arranged  as  in  equation  (a).  Art.  209,  be 
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+  6i3^'"^   ■\-\x-^~''-y  + +&«-i!/"^^ 

+  .-.  =  0 (A') 

If  arranged  in  descendiDg  powers  of  x  this  is 

ffl„«»+(a.2/+&>"-H.-=0. (B'} 

Hence,  if  a„  vanish,  and  y  be  so  chosen  that 

the  coefficients  of  the  two  highest  powers  of  x  in  equation 
(b')  vanish,  and  therefore  two  of  its  roots  a/re  infinite. 
Hence  the  straight  line  a^y  +  b^^O  is  an  asymptote. 

In  the  same  way,  if  0^  =  0,  a,i_ia;+&n-i  — '^  is  an 
asymptote. 

Again,  if  tt„  =  0,  a^.=0,  6,  =  0,  and  if  y  be  so  cho_senthat 

three  roots  of  equation  (e')  become  iniinite,  and  the  lines 
represented  by 

a^y^+b^y+e.  =  0 
represent  a  pair  of  asymptotes,  real  or  imaginary,  parallel 
to  the  axis  of  y. 

Hence  the  rule  to  find  those  asymptotes  which  are 
parallel  to  the  axes  is,  "  equate  to  ■  zero  the  coefficients  of 
the  highest  powers  of  x  and  y." 

Ex.  Find  the  asi/mf  totes  of  the  carve 

Here  the  coefficient  of  s?  is  y^—y  and  the  coefficient  of  y^  isic'-a;. 
Hence  j;  =  0,  ii;  =  l,  ^  =  0,  and  ^  =  1  are  asymptotes.  Alao,  aiiice  the 
curve  ia  one  of  the  fourtli  degree,  we  liave  tliiis  obtained  all  the 
asymptotes. 
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1.  The  asymptotes  of  j%r^-«^}  =  a^  are 

2,  =  0      1 

2.  The  co-oidinate  ases  are  tte  asjmptotea  of 

3.  The  asymptotes  of  the  curve  .i^^—c''(!ii^+y^)  are  the  sides  of  a 
square. 

215.  Partial  Fractions  Method, 
The  values  of  /?,  viz,, 

are  exactly  the  constants  required  in  puttimg 

into  partial  fractions.* 

This  gives  a  very  easy  way  of  obtaining  the  asymptotes. 
For  if 

<j>n{t)      t  —  ij.^    i~p^    ^-f^-A 
the  asymptotes  will  be 

etc. 
*  Suppose  the  single  factor  (  -  /i^  to  occur  in  ^„{f).     Let 

</>»{''}  =  {''- i',)x{t)- 
Hence,  differentiating 

and  putting  (  =  ft,  ^'bI/^iJ^xW)- 

But  if be  the  partial  fraction  corresponding  to  the  factor  i  -  /ii , 


_0.,-i(^i) 


(Art,  101). 
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Es.  Find  the  a^mptotea  of  tlie  curve, 

25         5 
Here         -tn=M  =  5  '°  +  ^  ^^3         3  5 

^„(i)         (3i+i){;-i)(i+i)    2e+i  i-l    t+l 
Hence  the  asymptotes  are 

5 

216.  Particular  Cases  of  the  General  Theorem. 

We  return  to  a  closer  consi<leratioii  of  the  equations 

<I'M=<>> (E) 

/3Mm)+'?«-iW  =  o, (F) 

of  Art.  209. 

It  is  proved  in  Theory  of  Equations  that  if  an 
equation  such  as  0„{/i)  =  O  have  a  pair  of  roots  equal,  say 
/jij^,  then  0„'{j"i)'=O, 

I.  Let  the  roots  of  ^„{/*)  =  0  he  ^^, /t^,  ..., /i„,  supposed 
ail  different,  so  that  (jhi'i/'-)  does  not  vanish  for  any  of 
these  roots.  Also,  suppose  <p,t{/j.)  and  ipa~i{M)  ^^  contain 
a  common  faotoT  fi  —  fi^  say,  then  0„_i(^J  =  O,  and  there- 
fore/3,=0. 

Hence  the  corresponding  asymptote  is  y~/jL^cc  and 
passes  through  the  origin. 

II.  Next,  suppose  two  of  the  roots  of  the  equation 
^„(/i)  =  0  tobe  equal,  e.g.,  jj,^  =  /t^,  then  ij>n'(/h)  =  ^-  ^^  t^^^ 
case,  if  ^„_i(/t)  do  not  contain  fn  —  fij  as  one  of  its  factors, 
the  value  /3  determined  from  equation  (f)  is  infinite.  The 
line  y  =  /j.jX+^i  then  does  indeed  cut  the  curve  in  two 
point^B  at  aa  infinite  distance  from  the  origin,  hut  it 
makes  an  i/njvmte  intercept  on  the  axis  of  y  and  there- 
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fore  this  line  lies  wholly  at  infinity.  Such  a  straight 
line  is  not  in  general  called  an  asymptote,  but  it  will 
hdwever  count  as  one  of  tJie  n  theoretical  asymptotes 
discussed  in  Art.  211. 

in.  But  if  ^(^)  =  0  have  a  pair  of  equal  roots  each 
—  fi,,  we  have  ^n'{/j.i)  =  0,  and  if  /x^  he  also  a  root  of 
0H  -  i(m)  ==  •*  ^^^  value  of  j3  cannot  be  determined 
from  equation  (f).  We  may  however  choose  /3  so  that 
the  coefficient  of  ic""^  in  equation  (d)  of  Art.  209  vanishes, 
that  is  so  that 

^,:m +/30'._,(m)+*.-,(m) = I), 

from  which  two  values  of  /5,  real  or  imaginaiy,  may  be 
deduced.  Let  the  roots  of  this  equation  be  /3j  and  /5,'. 
We  thus  obtain  the  equations  of  two  parallel  straight 
lines  'y  —  /i,x+l3^, 

y  =  M.«  +  /3i', 
which  each  cut  the  curve  in  three  points  at  an  infinite 
distance  from  the  origin.     In  this  case  there  is  a  double 
point  on  the  curve  at  infinity  (see  Art,  249). 

It  is  clear  that  ia  this  case  any  straight  line 
parallel  to  y^^n^x  will  cut  the  curve  in  two  points 
at  infinity.  But  of  all  this  system  of  parallel  straight 
lines  the  two  whose  equations  we  have  just  found 
are  the  only  ones  which  cut  the  curve  in  three 
points  at  infinity,  and  therefore  the  name  asymp- 
tote is  confined  to  them.  The  one  equation  which 
includes  both  straight  lines  is  obtained  at  once  by 
substituting  y  —  ii^x  for  ^  in  the  equation  to  obtain 
/3  and  is 
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Ex.  Find  ike  asymptotes  of  i/te  cubic  lywrve 

Equating  to  zero  the  coefBeient  of  y^  we  obtain  ,*  =  0,  the  only 
aaymptote  parallel  to  either  axis. 

Putting  /u:+|3  fory,  3:'+2a^(/i«+(3)+;K{ftc+^)=-a^-:j;(/«;+^)  +  2=0, 
or  rearranging    a^(i  +  2/t+,|U^+a!*{2^+2^-l-/i)+4/S'-/J)  +  2=0. 

1+2^+^8=^0  gives  two  roots  n=r-I.  2j3+2;i^-l-^=0  is  an 
identity  if  /(=  —  1,  and  this  fails  to  find  j3. 

Proceeding  to  the  next  coefficient,  §^  —  ^=0  gives  p  =  Q  or  1. 

Hence  the  three  asymptotes  are  a=0,  and  the  pair  of  parallel 
lines  y  +  x  =  0, 


217.  Form  of  the  Curve  at  Infinity.  Another  Method  for 
Obliiiue  Asymptotes. 

Let  P„  ^r  be  used  to  denote  rationa]  algebraical 
expressions  which  contain  terms  of  the  r*^  and  lower,  but 
of  no  higher  degrees. 

Suppose  the  equation  of  a  curve  of  the  n^  degree  to  be 
thrown  into  the  form 

{ax+by+c)P^.i  +  F„.i^Q (1) 

Then  any  straight  line  parallel  to  ax  +  by^O  obviously 
cuts  the  curve  in  one  point  at  infinity ;  and  to  find  the 
particular  member  of  this  family  of  parallel  straight  lines 
which  cuts  the  curve  in  a  second  point  at  infinity,  let  us 
examine  what  is  the  ultimate  linear  form  to  which  the 
curve  gradually  approximates  as  we  travel  to  infinity  in 
the  above  direction,  thus  obtaining  the  ultimate  direction 
of  the  curve  and  forming  the  equation  of  the  tangent  at 
infinity.  To  do  this  we  make  the  x  and  y  of  the  curve 
become  large  in  the  ratio  given  by  x:y=  —h:a,  and  we 
obtain  the  equation 
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If  this  limit  be  finite  we  have  arrived  at  the  equation 
of  a  straight  line  which  at  iufinity  represents  the  limiting 
form  of  the  curve,  and  which  satisfies  the  definition  of  an 
asymptote. 

To  obtain  the  value  of  the  limit  it  is  advantageous  to 

put  X—  — T  and  y—j,  and  then  after  simplification  make 

Ex.  Find  the  a^mptote  of 
We  may  write  this  curve  as 
whence  the  equation  of  the  asymptote  ia  given  by 

and  putting  x  = ,  y  =  _  we  have 

4     1_2 

"  4     2      1         '  °     3        3 

^-^s  +  ^s 

U.,  ^  +  zy^\. 

ExAMPLB.  Show  that  a'+.!/=|  is  the  only  real  asymptote  of  the 
curve  {x^y){^+y*)=a{:c*-\-a% 

218.  Next,  suppose  the  equation  of  a  curve  put  into 
the  form  (a3'+%  +  c)l'„,i  +  F„„2  =  0, 

then  the  line  aa;+6y  +  c  =  0  cuts  tlie  curve  in  two  points 
at  infinity,  for  no  terms  of  the  t).**^  or  {n  —  \y^  degrees 
remain  in  the  equation  determining  the  points  of  inter- 
section. Hence  in  general  the  line  ax+hy-\-c  —  Q  is  an 
asymptote.     We  say  m  general,  because  if  F„_i  be  of  the 
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form  (ra9;  +  6y+c)P„.. a,  itself  contaiuiDg  a  factor  a^+&^+c, 
there  will,  as  in  Art,  216,  m.,  be  a  pavr  of  asymptotes 
parallel  to  ax-\-by  +  c  =  i),  each  cutting  the  curve  in  three 
points  at  infinity.  The  equation  of  the  curve  then 
becomes 

and  the  equations  of  the  parallel  asymptotes  are 

where  x  and  y  in  the  limit  on  the  right-hand  side  become 

infinite  in  the  ratio  -—  —   . 
y        a 

And  other  particular  forma  which  the  equation  of  the 

curve  may  assume  may  be  treated  similarly, 

Ex.   To  find  the  pair  of  parallel  asi/mploles  of  the  curve 

{2^-^  +  VA^+y)- 


y  +  c=±.f^- 


tv^ 


-ay +9 


x+y 
where  x  and  y  become  infimte  in  the  direction  of  the  line  2x^Zy. 

Putting  a:=~,  y  =  -,  the  right  side  becomes  +2.  Hence  the 
asymptotes  required  are  ^x-2y  =  'i  and  23; -3^  + 3=0. 

219.  Asymptotes  by  Inspection. 

It  is  now  clear  that  if  the  equation  F^  =  Q  break  up 
into  linear  factors  so  as  to  represent  a  system  of  n 
straight  lines  no  two  of  which  are  parallel,  they  will 
be  the  asymptotes  of  any  curve  of  the  form 

Ex.  1.  (.tT-^Xa!+,v)(«+2)/-l)  =  3«  +  4!/  +  5 

ia  a  cubic  curve  whose  asymptotes  are  obviously 

x-y={l, 
:e+y  =  <i. 
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Ex.  2.  (3;-!/)2(:i;  +  2y-l)  =  3;t;  +  -^  +  I5. 

Here  x+2y-l=(\  is  one  asymptote.  The  other  two  asymptotes 
are  parallel  to  y=x.    Their  equatior 

-    =  +     /7r~3+4+5i_ 

-^     ^      -y-'-"l+2_- 

220.  Case  in  which  all  the  Asymptotes  pass  through  the 
Origin. 

If  then,  when  the  equation  of  a  curve  is  aiTanged  in 
homogeneous  set  of  terma,  as 

it  he  found  that  there  are  no  terms  of  degree  n  —  l,  and 
if  also  u„  contain  no  repeated  factor,  the  n  straight  lines 
passing  through  the  origin,  and  whose  equation  is  u^  —  O, 
are  the  n  asymptotes. 

221.  Intersections  of  a  Curve  with  its  Asymptotes. 

If  a  curve  of  the  v^  degree  have  n  asymptotes,  no  two 
of  which  are  parallel,  we  have  seen  in  Ait.  219  that  the 
equations  of  the  asymptotes  and  of  the  curve  may  be 
respectively  written  F^^O, 

and  K+K-2  =  ^>- 

The  n  asymptotes  therefore  intersect  the  curve  again  at 
points  lying  upon  the  curve  ^„_2  =  0.  Now  each  asymp- 
tote cuts  its  curve  in  two  points  at  infinity,  and  there- 
fore in  71  — 2  other  points.  Hence  these  n{n  —  2)  points 
lie  on  a  certain  curve  of  degree  m  — 2.     For  example, 

1.  The  asymptotes  of  a  cubic  will  cut  the  curve  again 

in  three  points  lymg  in  a  straight  line; 

2.  The  asymptotes  of  a  quartio  curve  will  cut  the  curve 

again  in  eight  points  lying  on  a  conic  section ; 
and  so  on  with  curves  of  higher  degree. 
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223.  Common  Transversal  of  a  Curve  and  its  Asymptotes. 

The  equation  of  the  asymptotes  and  that  of  the  curve 
coincide  in  the  terms  of  the  7ifi'  and  (ti  — 1)'"  degrees. 
Hence,  if  we  put  both  equations  into  polars,  the  sums  of 
tlie  roots  of  the  two  equations  for  r  are  equal ;  also,  the 
origin  is  arbitrary.  Hence,  if  through  any  point  0  a 
line  OP^P^P^...  be  drawn  to  cut  the  curve  in  the  points 
P,,  Pg,  Pj,  ...  and  the  asymptotes  in  pj,  p^,  p^  then 
'LOP^l.Op,  whence,  if  20P  =  0,  it  follows  that  20p=0, 
so  that  both  systems  of  points  have  the  same  centre  of 
mean  position.  Hence  also  the  algebraical  sum  of  the 
intercepts  between  the  curve  and  the  asymptote  is  zero. 
[Newton.] 

A  well  known  case  of  this  is  that  of  the  hyperbola, 
where,  if  0  be  the  middle  point  of  PJ^^,  OF^+OP^^O, 
and  therefore  0^^+0^3=0,  and  therefore  0  is  also  the 
middle  point  of  pj^p^,  whence  it  follows  that  in  that  case 
P,p,=p,P,. 

223.  Other  Definitions  of  "Asymptotes." 

Other  definitions  have  been  given  of  an  asymptote, 
e.g.,  (a)  That  an  asymptote  is  the  limiting  position  of  the 
tangent  to  a  curve  when  the  point  of  contact  moves  away 
along  the  curve  to  an  infinite  distance  from  the  origin, 
while  the  tangent  itself  does  not  ultimately  lie  wholly  at 
infinity ;  again,  (j3)  That  an  asymptote  is  a  straight  line 
whose  distance  from  a  point  on  the  curve  diminishes 
indefinitely  as  the  point  moves  awaj^  along  the  curve  to 
an  infinite  distance  from  the  origin. 

224.  To  prove  the  Consistency  of  the  Several  Definitions. 
"We  propose  to  sliow  that  the  results  derived  from  these  defini- 
tions are  the  same  as  those  derived  from  our  definition  in  Art  208. 
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Consider  definition  (a). 

Let  tlie  curve  be        (''=!(„+ti„_i  +  «„-5+ ...  +  Mo=0. 
The  equation  of  the  tangent  is 

We  shall  now  suppose  the  poiat  of  contact  »,  y  to  move  to  tx  along 
some  branch  of  the  curve.  We  shall  therefore  only  retain  the 
highest  powers  of  a;  anil  ^  nhich  occur,  viz.,  those  of  tke  (ra-l)* 
degree.  Thus  we  rau'it  retain  only  -X"  for  -^,  -^  for  .g-,  and 
■u„li  for  !i„_5  +  2f(„^2+  +nU|,  Hence  in  the  limit  we  shall  have 
1     9j.         ^  ) 

ajid  it  ia  easy  to  see  that  this  agrees  witli  the  equation  of  an  asymp- 
tote found  in  Art.  209. 

22Q.  We  nest  consider  definition  (,8) ;   we  have  already  shown 
that  ax  +  b^+c=(i  is,  according  to  our  definition,  in  general  an 
asymptote  of  the  curve         {.ax-\-by  +  c)F„-i  +  F^-i  =  Q. 
The  perpendicular  from  any  point  x,  y  of  this  curve  upon  the  line 

jg  a:E  +  ij/  +  .;_  ! i^.^ 

and  the  limit  of  this  expression  ia  clearly  aero  when  x  and  y  become 
iiifinite  in  the  ratio  —b:a,  provided  that  the  terms  of  degree  m - 1 
in  Fn-i  do  not  contain  asc  +  by  as  a  factor,  for  the. degree  of  the 
denominator  is  higher  than  that  of  the  numerator.  Hence  the 
distance  between  the  curve  and  the  asymptote  is  ultimately  a  vanishing 
quantily,  and  the  line  im;+6^  +  c=0  is  such  as  to  satisfy  definition  ^. 

236.  The  Curve  in  General  lies  on  Opposite  Sides  of  the 
Asymptote  at  Opposite  Extremities. 

Let  the  straight  line  ax+h'y+c^O  be  an  asymptote  of 
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the  curve,  and  suppose  there  is  no  other  asymptote  of  the 
curve  parallel  to  this.  The  equation  of  the  curve  is  of 
the  form  (aa:+%+(!)Fa_i+-P„-2  =  0;  and,  as  in  the  last 
article,  the  perpendicular  from  any  point  x,  y  of  the 
curve  on  this  asymptote  is  given  by 

1    ■     i\-. 


>s/a?+}?  ^n-i' 

When  X  and  y  become 

very  large  in  the  ratio 
y_     a 

given  by 

this  may 

X-     V 
ultimately  be  written  as 

-4/©. 

where  k 

is  a  constant,  and  it  is  therefore  obv 

ious  that  P 

changes 

ign  with  X. 

Hence 

in  general  the 

curve  at  the  opposite 

extremities 

of  this  asymptote  lies  c 

n  opposite  sides  of  it. 

237.  Exceptions. 

If,  however,  tKc+  by  be  a  factor  of  the  terms  of  highest 
degree  in  F„_2,  we  may  write  the  equation  of  the  curve 

(ax  +  by+c)F^-i+F„_^  =  0, 
so   that   the   perpendicular   on    the   asymptote   is   now 
given  by 

and  when  x  and  y  become  very  laa'ge  in  the  ratio  given  by 


this  can  be  ultimately  written 
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Thia,  however,  though  ultimately  vaniahiog,  does  not 
change  sign  with  x,  so  that  in  this  case  the  curve  ■  at 
opposite  extremities  of  the  asymptote  lies  on  the  sa/me  side 
of  it. 

228.  Again,  i£  the  equation  of  the  curve  be  expressible 
in  the  form      (ctx+hy  +  cfPn-2+^n-2^0, 

the  expression  for  the  length  of  the  perpendicular  is  in 

the  limit  of  the  form  /(-)■     This  does  not  in  general 

ultimately  vanish,  and  therefore  in  general  ax  +  by^o  —  0 
is  not  an  asymptote,  but  is  parallel  to  a  pair  of  asymp- 
totes.    This  case  has  been  discussed  in  Art.  218. 

229.  If,  however,  the  curve  assumes  the  form 

{cuc+by+cfF^_^+F^_3  =  0, 
the  length  of  the  perpendicular  is  given  by 

(Perpendicular)^  = TTTs  "F^" 

Hence,  if  the  ratio  of  -  be  that  of  —  e  when  x  and  y 
become  infinite,  tliis  may  ultimately  be  written 

and  therefore 

Perpendicular  =  — 'V~''^V   )' 
which  ultimately  vanishes,  but  x  cannot  change  sign  or 
the  perpendicular  will  become  imaginary  at  one  extremity 
of  the  asymptote.     Hence  the  line  is  only  asymptotic  at 
one  end  and  the  curve  approaches  the  asymptote   on 
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And  in  the  same  way  other  particular  forms  may  be 
discussed. 

230.  Curvilinear  Asymptotes. 

If  there  be  two  curves  which  continually  approach 
each  other  ao  that  for  a  common  abscissa  the  limit  of  the 
difi'erence  of  the  ordinates  is  zero,  or  for  a  common 
ordinate  the  limit  of  the  difference  of  the  abscissae  is 
zero  when  that  common  abscissa  or  common  ordinate  is 
infinite,  these  curves  are  said  to  be  asymptotic  to  each 
other.     For  example,  the  curves 

y^Ax^+Bx+C-\ — , 

y  =  A3?->rBai+G 
are  asymptotic ;  for  the  diffeieuce  of  their  ordinates  for 
any  common  abscissa  a;  is  — ,  a  quantity  whose  limit  is 
zero  when  x  is  infinite. 

231.  Linear  Asymptote  obtained  by  Expansion. 

If  it  be  possible  to  express  the  equation  of  a  given 
curve  in  the  form 

then  the  line  y=Ax+B  is  clearly  asymptotic  to  the 
curve.  This  method  of  obtaining  rectilineal'  asymptotes 
is  frequently  useful. 

232.  To  find  on  whioli  side  of  the  Asymptote  the  Curve 
lies. 

The  sign  of  0  (Art.  231)  is  useful  in  determining  on 
which  side  of  the  asymptote  the  curve  lies. 
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Let  y  be  the  ordinate  of  the  curve,  y  that  of  the 
i,  then 


sign  of  the  whole  of  the  right-hand  side. 

Suppose  X  and  y  to  be  positive,  i.e,.,  in  the  first  quadrant, 
then  y  —  y"  will  have  in  the  limit  the  same  sign  as  C  If 
G  he  fositi/ve,  y  —  y'  will  be  positive,  and  the  ordinate  of 
the  curve  wiU  be  greater  than  that  of  the  asymptote,  and 
the  curve  will  therefore  approach  the  asymptote  from 
above.  Similarly,  if  C  be  negative,  y—y'  will  be  nega- 
tive, and  the  curve  will  approach  the  asymptote  from  helovj. 
And  in  the  same  way  for  portions  in  the  other  quadrants. 

Ex.  Find  the  asymptotes  of  the  curve 

Here  a?  —  a^=0  gives  x=^a  and.  x—  —a,  two  asymptotes  parallel  to 

4»5  i 


Hence  the  asymptotes  a 
Again,  considering 
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it  appears  that  if  a:  be  positive  the  ordinate  of  the  curve  is  less 
than  the  ordinate  of  the  asymptote,  and  therefore  the  curve 
approaches  the  line  y=3:  in  tlie  positive  quadrant  from  below. 
Similarly  the  curve  approaches  the  asymptote  ,^=  —x-ia  the  fourth 
quadrant  from  above. 

233.  General  Investigation. 

In  order  to  expi'ess  the  general  equation 

a.»^(|)+^"->,V-i(|)+»?-V— (|)  +  -  -0     (1) 
in  the  form 

J  =  ^x+/3  +  M,+ (-2) 

substitute  for  y  from  (2)  in  (1) ;  then,  since  the  result 
must  he  an  identity,  the  coefficient  of  each  power  of  x 
will  be  zero.  This  will  give  sufficient  equations  to 
determine  /i,  /3,  y,  .... 

The  result  of  this  suhstitution  is 

l+*-.w      +!;,.,(,, 

which  gives  us  the  series  of  equations 


Hence  n,  /5,  y  ...  are  determined. 

234.  Polar  Co-ordinates. 

Let  the  equation  of  the  curve  be 

r''/,(e)+r-%_.(8)+...+/.(e)-o,.. 
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or     _  tt»/„{e)+u-yj(0)  +  ...+/„(0)  =  O (2) 

To  find  the  directions  in  which  r  =  co  or  «,  =  0  we  have 

/.(«)  =  0 (8) 

Let  the  roots  of  this  equation  be 

6  =  *  Ay 


Let  XbP  =  a.  Then  the  radius  OP,  the  curve,  and  the 
asymptote  meet  at  infinity  towards  P.  Let  OF(  =  p)  he 
the  perpendicular  upon  the  asymptote.  Since  0  F  is 
at  right  angles  to  OP  it  is  the  polar  suhtangent,  and 
p=  ~-f-  Let  XOF=a',  and  let  Q  be  any  point  whose 
co-ordinates  are  r,  d  upon  the  asymptote.  Then  the 
equation  of  the  asymptote  is 

p  =  rcos(e-tt') (4) 

It  is  clear  from  the  figure  that  a'  =  a—  „■ 


equation  (2),  and  put  ■w  =  0  and  9  =  a,  and  we  obtain 
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nee  deduced  for 


Substituting  the  value  of  I  —  ^  j       hei 
•p  in  equation  (4)  we  have 


■&!«.,„„, /o-^+l) 


.(a) 

=rsm(a-e). 
Hence  the  equations  of  the  asymptotes  are 

etc. 

Cor.  The  case  most  often  met  with  is  that  in  which  ».  =  1 , 

when  the  ecLuation  of  the  curve  is  r/^(0)  +/„(0J  =  0,    Then 

f^iff)  =  0  gives  a,  ^,  y,  etc.,  and  the  asymptotes  are 

f(o.) 
rsm(a-e)  =  jf^,Qtc. 

235.  To  deduce  the  Polar  Asymptote  from  the  Polar  Tangent. 

The  aame  results  may  be  deduced  from  the  equation  of 
a  tangent  (Art.  182). 

Tlie  result  «.=  (Jcos  (0  — tt)  +  r7'sin(0  — a)  at  once  re- 
duces to  jj,==rsm(6  —  a),  when  ^=0.     Putting 

1  _/■-.(«) 
n'~  A(,) ; 

as  found  in  the  last  article,  we  again  obtain  the  equation 

rsin(a-9)=-^^-||'. 

Es.  Find  the  asymptotes  of  the  curve 

r=ataaS  or  »-cos0-itain.0  =  O. 
Here  /,(S)  =  cose  and /o(fl)= -asinfl. 
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^  /{{0)      -sine      "■ 

are  the  asymptotes. 

236.  Circular  Asymptotes. 

In  many  polar  equations  when  6  is  increased  indefin- 
itely it  happens  that  the  equation  takes  the  form  of  an 
equation  in  r,  which  represents  one  or  more  concentric 
circles.     For  example,  in  the  curve 


which  may  be  written 


it  is  clear  that  if  6  becomes  very  large  the  curve 
approaches  indefinitely  near  the  limiting  circle  r  —  a. 
Such  a  circle  is  called  an  aaym.'ptotia  circle  of  the  curve. 

EXAMPLES. 


Pmd  the  asymptotes 

1 

of  the  following 

2 

f  =  x(a^-!r?). 

3 

4 

5 
6 

8 
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10.  :^y^  =  a^  ~  h^a?. 

11.  ^y{^-y)~a{x'~f)  =  b\ 

12.  {a=-3^y=»'{«^  +  3^. 

13.  V=M2»-ic)- 

14.  y>-^)  =  fl!(6-a;r. 

15.  aA/=a!3  +  a!  +  j/. 

16.  a^  +  a?y  =  a^  + jwio'+nie+j'. 

17.  ii;>-+2a^-iCj**-2^  +  42/'  +  2a.T/  +  ?/-l  =  0. 

18.  ie'-2a;'j/  +  V  +  o^-»W  +  2  =  fl. 

19.  y{a!-y)3=j,(ai-j/)  +  2. 

20.  ieS  +  2a^y-4cc!/'-8s'S-4:(r  +  8;/=l, 

21.  (x+yf{x^^^2)  =  x  +  'iy-2. 

22.  3ic=  +  17a?3/  +  21a2/^-9/~-2(Kc'-  12((a^i/- IBa/ 

23.  r6H  =  <i. 


26.  r=aoosee(9  +  J. 

27.  v  =  'iae,m$ta.n6. 

28.  r8in2f  =  acos39. 

29.  T=^a  +  haoin$. 

30.  r"sinjie  =  a".- 

31.  Show  that  all  the  asymptotes  of  the  curve  rtaimf  =  « 
touch  the  circle  ?■  =  -. 

32.  Show  that  there  is  an  infinite  number  of  asymptotes  of 
the  curve  y  =  (o  -  a;)  tan  ^,  viz., 

x=  -a,         x=  i:  3a,         x=  ±  6a,         etc. 

33.  Stow    that    the    curve    &'tfi/f-r')  =  W    has    a    circular 
asymptote. 

34.  Show  that  tbere  is  an  infinite  series  of  parallel  asymp- 
totes to  the  curve  r  =  ---, — -:  +  b. 
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and  show  that  their  distances  from  the  pole  are  in  Harmonical 
Progre^ion.      Find  the  eircular  asymptote. 

35.  Find  the  asymptotes  of  the  curve  y^o^ — —^.     Find  on 

which  side  of  the  oblique  asymptote  the  cuire  lies  in  the  posi- 
tive quadrant.  Show  also  that  the  hyperbola  x(^y  —  x)  =  2(t'  is 
asymptotic  to  this  cubic  curve. 

36.  Find  the  tsymptotes  of  the  curve  /  =  i»=^i^,  and  find 
on  which  side  the  curve  approaches  these  asymptotes. 

37.  Show  that  the  curve  x=^ has  a  rectilinear  asymp- 

ay 

tote  ^  =  0,  and  a  parabolic  asymptote  ^  =  ax. 

38.  Show  that  the  curve  itry=»*  +  3^  +  3:^  +  a;+ 1  has  a 
parabolic  asymptote  whose  vertex  is  at  the  point  (  -  ^i  -|),  and 
whose  latiis  rectum  =  1 . 

39.  Show  that  the  curve  x^y  =  3?  +  i^-i-x  +  l  has  a  hyperbolic 
asymptote  whose  eccBntrii'.ity=  - .. 

40.  Find  the  equation  of  a  cubic  which  has  the  same  asymp- 
totes as  the  curve  3?-&a?y-\-\lxy^-Qy^  +  x  +  y+\=0,  and 
which  touches  the  axis  of  y  at  the  origin,  and  goes  through  the 
point  (3,  2). 

41.  Show  that  the  asymptotes  of  the  cubic 

x^y-xf-\-xy-¥y'^-Vx-y  =  (i 
cut  the  curve  again  in  three  points  which  lie  on  the  line  x  +  y  =  i). 
43.  Find  the  equation  of  the  conic  on  which  lie  the  eight 
points  of  intersection  of  the  quartie  curve 

xy{x'  -  y^)  +  ay  4-  6V  =  aW 
with  its  asymptotes. 

43.  Show  that  the  four  asymptotes  of  the  curve 
(iB^  -  2/W  -  43:3)  -  6ic^  +  5*^  +  3^^  -  V  ^  «^  +  3a^  -  1  =  0 
cut  the  curve  again  in  eight  points  which  lie  on  a  circle. 
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44.  Form  the  equation  of  tlie  cubic  curve  which  has  a;  =  0 
y  =  Q,  _  + 1  =  1  for  asymptotes,  and  cuts  its  asymptotes  in  the 
three  points  where  they  intersect  tiie  line  —+^  =  1,  and  also 
passes  through  the  point  a,  h. 

45.  Form  the  eijuation.  of  a  quartic  curve  which  has  a;  =  0, 
y  =  (i,  1/  =  ^,  y=  -3!  for  asymptotes,  which  pa^es  through  the 
point  a,  h,  and  cuts  its  asymptotes  again  in  eight  points  lying 
upon  the  circle  a:^  +  j^  =  a?. 

46.  ]Foiin  the  equation  of  a  quartic  carve  which  has  asymp- 
totes x~  y  =  0  aad  x  +  y  =  0,  the  curve  being  supposed  to 
approach  each  asymptote  at  one  extremity  only,  but  from  both 
sides  of  that  asymptote,  and  also  to  touch  the  axis  of  y  at  the 
origin. 

47.  Form  the  equation  of  a  quartic  curve  with  asymptotes 
y  =  0,x+y  =  (),  a;  — j/  =  0,  the  curve  being  supposed  to  approach 
y  =  0  from  opposite  aides  at  the  same  extremity,  but  the  other 
two  asymptotes  from  the  same  side  and  at  opposite  extremities 
in  each  case.  Iha  curve  is  also  to  touch  the  axis  of  y  at  the 
origin  and  to  pass  through  the  point  (2a,  a). 

48.  K  the  equation  of  a  curve  be  written 


'^"'^"(l)  +  """*»-'(l)  +  '^"*-{l)^ 


and  if  ^„{rt)  =  0,  ^„'(ft)  =  0,  ^„_i(j^i)  =  0,  and  ^^.^d^,)  =  0,  show 
that  there  are  two  parallel  asymptotes  equidistant  from  the 


'V-^ 


M 


49.  Show  that  the  first  approximation  to  the  difference  of  the 
ordinates  of  the  curve 
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and  its  rectilinear  asymptote  y  =  pa:-^ji  for  a  point  whose 
abscissa  is  x  is 

_  rMV-.-MJ  -  H'Jrit'.-.d'H.-M  +  H.-MWMf 

asHuming  that  no  ottier  asymptote  is  parallel  to  this  one.  Show 
from  this  result  that  the  curve  at  opposite  extremities  ia  in 
general  also  on  opposite  sides  of  the  asymptote, 

50.  Show  that  the  ccrve 

(y-2xni/-!-x)  +  (^  +  Sx){y-x)  +  x  =  0. 
has  the  parabolic  asymptote  3^^-  I2iey  +  123^  +  5a;  =  0. 

51.  Show,  by  transforming  to  the  poiDt  A,  k,  that  the  asymp- 
totes of  the  general  curve  of  the  «"■  degree 

will  all  pass  through  one  point  if 

I  6„,   6i,  6„   ...,  6„^i  I 
and  that  the  co-ordinates  of  that  point  are 
0,61  —  0^65     aji^— aj>j 

(Ijttj  —  ai  0(32  —  {ti 

[Professor  Cayley  uses  the  notation  («„,  «„  ..  ,  a„^x,  y)"  for 
the  general  binary  qtiantic  of  the  n^  degree  ; 

a^x''  +  noyx^-'y  +  "''l"    UiX'^'Y  +■■■+  a^'-] 
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CHAPTER   IX. 
SINGULAR    POINTS. 

237,  Concavity.    Convexity. 

In  the  treatment  of  plane  curves  tlie  terms  concavity 
ami  convexity  with  regard  to  a  point  are  appHed  with 
their  ordinary  signiiication.  Thus,  for  example,  any  are 
of  a  circle  is  said  to  be  concave  to  all  points  within  the 
circle;  whilst  to  a  point  without  the  circle  the  portion 
lying  betw*een  that  point  and  the  chord  of  contact  of 
tangents  drawn  from  the  point  is  said  to  be  convex  and 
the  remainder  of  the  circumference  concave. 

238.  Ill  general  the  portion  of  a  curve  in  the  immediate 
neighbourhood  of  any  specified  point  lies  entirely  on  one 
side  of  the  tangent  at  that  point.  This  is  clear  from  the 
definition  of  a  tangent,  which  is  considered  as  the  limit- 


ing position  of  a  chord.  There  is  an  ultimately  coincident 
cross  and  recrosa  at  the  point  of  contact,  as  shown  at 
the   ultimately  coincident  points  P,  Q   in  Fig.  31 ;   so 
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that   the   immediately  neighbouriug  portions  AP,  QB 
must  in  general  lie  on  the  same  side  of  the  tangent  PT. 

239.  Point  of  Inflexion. 

The  kind  of  point  discussed  in  Art,  238  is  an  ordinary 
point  on  a  curve.  It  may  however  happen  that  for  some 
point  on  the  curve  the  tangent,  after  its  cross  and  reerosa, 
crosses  the  curve  again  at  a  third  ultimately  coincident 
point.     Such  a  point  can  be  seen  magnified  in  Fig.  32, 


Fig.  32. 
In  this  case  it  is  clear  that  two  successive  tangents 
coincide  in  position :  viz.,  the  limiting  positions  of  the 
chords  PQ,  QR.  The  tangent  at  such  a  point  is  therefore 
said  to  be  "stationary"  and  the  point  is  called  a  "po'vn.t 
of  contrary  Jiexure "  or  a  "  point  o/  imfiexion "  on  the 
curve.  The  tangent  on  the  whole  crosses  its  curve  at 
such  a  point,  and  the  curve  changes  from  being  concave 
to  points  on  one  side  of  the  tangent  to  being  convex  to 
the  same  set  of  points. 

240.  Point  of  Undulation. 

Again,  there  may  be  a  point  on  the  curve  for  which  the 


!  its  curve  in  four  ultimately  coincident 
points,  P,  Q,  M,  S,  as  seen  magnified  in  Fig.  33,  and  the 
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point  is  then  called  a  "point  of  undulation"  on  the 
curve.  There  are  now  three  contiguous  tangents  coincid- 
ent, and  the  tangent  on  the  whole  doea  not  cross  its 
curve.  And  it  is  clear  that  singularities  of  a  higher  order 
but  of  similar  character  may  arise. 

241.  Analytical  Testa.     Concavity  and  Convexity. 

It  is  easy  to  apply  analysis  to  the  investigation  of  the 
form  of  a  curve  at  any  particular  point. 

Let  us  examine  the  point  x,  y  on  the  curve  y  =  (p{x). 

Let  P  bo  the  point  to  be  considered,  P^  an  adjacent 
point  on  the  curve.     LetPi\^.  Pj^i  he  the  ordinates  of  .f 


Fig.  34. 

and  P^,  and  suppose  P^^i  to  cut  the  tangent  at  P  in  Q^. 
Then  ON^x,  NP  =  y^4,{x). 
Let  0^1  =  a; +^, 

then  N^P-^  =  ij>(x-\-k) 

-0(cc)+A^'(a;H^0»+ (1) 

by  Taylor's  Theorem,    Again,  the  equation  of  the  tangent 
at  P  is  Y~y  =  <l,Xx){X-x). 

Putting  X=x-\-l<. 

we  obtain  Y—y-\-h<^'{x)  —  <p(x)-\-h,if,'{ai),  (2) 

which  gives  the  value  of  JVjQ^. 


y  Google 


2:J2  SINGULAR  POINTS. 

Hence  the  ordinate  of  tlie  curve  exceeds  the  ordinate  of 
the  tangent  by 

Ar,P,-iV,(3^  =  ^0»+|V»  + (3) 

Now,  if  /(  be  taken  sufficiently  small,  the  sign  of  the 
right-hand  side  will  be  governed  by  that  of  its  first 
term ;  and  this  term  does  not  change  sign  ■with  h  because 
it  contains  an  even  power  of  h,  viz.,  the  square.  Hence 
v(i  ge'oeral,  on  whichever  side  of  P  the  point  P^  he  taken, 
iVjPj  —  iV^jQj  will  have  the  same  sign — positive  if  il>"{x)  be 
positive,  and  negative  if  <{)"{x)  be  negative;  and  therefore 
the  element  of  the  curve  at  P  is  convex  or  concave  to  the 
foot  of  the  ordinate  of  P  according  as  <p"ix)  is  positive  or 
negative. 

We  have  drawn  our  figure  with  the  portion  of  the 
curve  considered  above  the  axis  of  x.  If,  however,  it 
had  been  below,  the  aigns  of  JV^^P^  and  I^iQi  would  both 
have  been  negative  and  we  should  have  had  the  contrary 
result.  But  observing-  that  (j)(x)  is  positive  for  points 
above  the  axis  of  x,  and  negative  for  points  below,  we 
may  obviously  state  the  unrestricted  rule  that  the 
elementary  portion  of  the  curve  y  =  ^{x)  in  the  neigh- 
bourhood of  the  point  (x,  y)  is  convex  or  concave  to  the 

foot  of  the  ordinate  according  as  <j,{x)<l>"{x)  or  y-^  is 
positive  or  negative. 

242.  Points  of  Inflexion. 

If  ^"(a;)  =  0  at  the  point  under  consideration,  we  have 

N^P^  -  JV,Q,  =  l-V  "(x)  +^f"ix)  + . . ., 

and,  as  before,  the  sign  of  the  right-hand  side,  when  Ji  is 
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taken  sufficientlj'  small,  is  governed  by  the  sign  of  its 
first  term.  But  this  now  depends  on  A^,  and  therefore 
changes  sign  with  h;    that  is,  the  ordinate  of  the  curve 


is  greater  than  the  ordinate  of  the  tangent  on  one  side  of 
P,  but  less  on  the  other.  The  tangent  now  crosses  the 
curve  at  its  point  of  contact,  and  the  point  is  of  the  kind 
described  in  Ai't.  239,  and  called  &  point  of  inflexion.  A 
■necessary  condition  then  for  a  point  of  inflexion  is  that 
^"(ic)  if  not  infinite  should  vanish,  and  the  sign  of  <l>"'(x) 
determines  the  character  of  the  inflexion;  for  (assuming 
the  element  above  the  axis  of  x>  if  0"'(^)  be  positive, 
jV^P^  —  jV-^Q^  changes  from  negative  to  positive  in  passing 
from  negative  to  positive  values  of  h:  i.e.,  in  passing 
through  P  the  change  is  from  concavity  to  convexity  with 
regard  to  the  foot  of  the  ordinate.  But  if  ^"'{a*)  be 
negative,  the  change  is  from  convexity  to  concavity,  and 
this  latter  is  the  case  represented  in  the  figure. 

343.  Point  of  Undulation. 

Again,  if  0"'(a;)  =  O  at  the  same  point,  and  </>""{x)  do 
not  vanish,  the  first  term  in  the  expansion  of  iV^P^  — iV(Qj 
depends  on  h\  and  therefore  this  expression  does  not 
change  sign  in  passing  through  P,     The  tangent  there- 
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fore  on  the  whole  does  not  erosa  its  curve  at  P.  The 
point  is  of  the  kind  descritied  in  Art.  240  and  called  a 
point  of  undulation. 

244.  Higher  Degrees  of  Singularity, 

It  will  now  appear  that,  if  by  two  successive  differenti- 
ations a  result  of  the  form 

be  deduced  from  the  ecLuation  to  the  curve,  although  -j-  ^ 
vanishes  both  at  the  points  given  by  x  =  ci,  and  by  x=b, 
yet  it  only  undergoes  a  change  of  sign  when  it  passes 
through  x  =  b,  the  index  of  the  factor  a;— &  being  odd. 
Hence  at  the  points  given  by  x  =  a  there  is  no  ultimate 
change  in  the  direction  of  flexure,  while  at  those  given 
by  a;  =  &  there  is  a  change.  The  points  given  by  cc  =  « 
look  to  the  eye  like  ordinary  points  on  a  curve,  while 
those  given  by  x  =  b  resemble  points  of  inflexion,  and 
indeed  have  been  for  distinction  called  by  Cramer  points 
of  visible  inflexion,*  although  the  singularity  is  of  a 
higher  order  than  that  described  in  Art.  2S9,  which  is 
the  case  of  m=0.  Ji'  n  —  1,  the  points  given  by  3!  =  a  are 
points  of  undulation,  such  as  described  in  Art.  tiiO.     So 

that  for  an   Inflexional  Point   the   condition   -=-^  =  0, 
,  is  not  sufftcient.      The  complete  cri- 


s  that  - 

0 

t  change  sign,  the  cv/rve  at  the  point  vmder  con- 
'aid&i'ation  is  undulatory. 

•Dr.  Salmon,  "  Higliei'  Plane  Curves,"  p.  85.      Ciamer,   "  Analysa 
dee  Lignea  Conrbes,"  Geneva. 
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345.  Qase  when  the  Tang'eut  is  parallel  to  the  y-sis.is. 
The  teat  of  concavity  or  convexity  has  been  shown  to 

depend  upon  the  sign  of  ,  j.     In  the  case,  however,  of  an 

arc,  the  tangent  to  which  is  parallel  to  the  axis  of  y,  the 


is  infinite.  But  in  this  case  it  is  obvious  that  it  would 
be  convenient  to  consider  y  instead  of  x  for  the  independ- 
ent variable,  and  then  the  sign  of  -^  will  test  the  con- 
cavity or  convexity  to  the  foot  of  the  ordinate  drawn 
from  the  point  under  consideration  to  the  axis  of  y. 
Similarly,  at  a  point  of  inflexion  at  which  the  tangent 

is  parallel  to  the  axis  of  y,  j-^  must  change  sign. 

And  in  other  cases  whenever  it  is  more  convenient  to 
use  y  instead  of  x  for  our  independent  variable,  we  are 
of  course  at  liberty  to  do  so  with  an  interchange  of  the 
letters  x  and  y  in  the  formula  quoted. 


246.  The  test  for  concavity  or  convexity  may  also  be 
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Let  P  be  any  point  of  the  curve,  co-ordinates  x  and  y. 
Let  the  adjacent  points  on  the  curve  P,  and  P^  have  co- 
ordinates, (ic  —  A,  1/j)  and  {x+k,  y,)  respectively.  Let  the 
ordinate  of  P  cut  the  chord  P-^P^  in  Q.  Then  if  h  he 
made  infinitesimally  small,  the  portion  of  the  curve  in  the 
immediate  neighbourhood  of  P  ■will  be  convex  or  concave 
to  N,  according  as  NP  is  <  or  >  NQ,  i.e.,  as 
y  IS  <  or  >  -..--■ 

so  that  the  criterion  depends  upon  whether 

yhe<  or>y+-^^^  d^^^'"' 
and  proceeding  to  the  limit  the  curve  is  convex  or  con- 
cave  to  iV  according  as  -j-^  is  positive  or  negative. 

Ex.1.  Consider  th&  curve  y^'i'Jax.     Is  ii  convex  or  cancave  to  the 
font  of  ihi  ordinate  ? 

Here  ^=-\^, 


Hence  y-^  is  negative  for  all  positive  values  of  x  (and  negative 

values  are  not  admissible),  ao  that  the  curve  in  the  neighbourhood 
of  any  specified  point  is  concave  to  the  foot  of  the  ordinate  of  that 

Ex.  2.  Consider  the  curve  3:=f-V  Sr/K    lias  it  a  point  of  inflexion  ? 

Here  ^=Q{y  +  l), 

ao  tha,t  -=-^  changea  sign  as  y  passes  through  the  value  y=  - 1. 
Therefore  the  point  (2,  - 1)  is  a  point  of  inilexion  on  the  curve. 
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247.  Convexity  and  Concavity  of  a  Polar  Curve, 
Suppose  the  equation  of  a  curve  to  be  given  in  polar 
co-ordinates,  and  that  it  is  required  to  find  a  test  of  con- 
vexity or  concavity  towards  the  pole. 


Let  0  be  the  pole,  F  the  point  of  the  curve  to  be 
examined.  Let  the  co-ordinates  of  P  be  denoted  by  r,  0, 
and  let  A,  B  be  two  points  on  the  curve  adjacent  to  P, 
and  one  on  each  side  of  it  whose  co-ordinates  are  respec- 
tively (r,,  e-SO)  and  (r,,  Q-^m).  Then  the  curve  in  the 
immediate  neighbourhood  of  P  will  be  concave  or  c 
to  0,  according  as 

AAOP+APOPis  >  or  <  AA05 
when  we  proceed  to  the  limit.     That  is,  according  a 
rjrsvaSO+rr.BmSe  >  or  <r,r,sin250, 


r+r^ 


:  2r,r, 


i.e.,  as  '■tj+'M'^  ■>  or  <  2ucos^9, 

where  we  have  written  r,  =  — ,  etc. 
Now,  by  Maclaurin's  Theorem, 


^w 


u  = 


d!f   2!  ^ 
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and  therefore 

whence  we  have  concavity  or  convexity  to  the  pole  accord- 
mg  a»  2«+2jgi  ^+...  »  >  or  <  ^l--+...j, 
and  proceeding  to  the  limit  according  as 
„  +  „,.>  or  <0. 

248.  Polar  Coadition  for  a  Point  of  Inflexion. 
At  a  point  of  inflexion  the  curve  changes  from  con- 
cavity to  convexity,  and  therefore  the  necessary  condition 

is  that  *t+-j3a  should  change  sign. 


HeiM«,  putting  "+-3-2= 'J 

to  find  for  what  value  of  S  a  change  of  sign  can  (icciir,  we  liave 

"=  ±5- 
And  the  poaitive  value  only  ia  adniiaaible,  giving 

t-i        i 
as  the  polar  co-ordinates  of  the  point  of  inflexion. 

Multiple  Points. 
249.  Nature  of  a  Multiple  Point. 

A  singularity  of  different  nature  from  those  above  de- 
scrihed  occurs  on  a  curve  at  a  point  where  two  branches 
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intersect,  as  at  the  point  A  in  the  aceompanying  figure. 
It  will  appear  from  an  inspection  of  the  figure  that  at  such 
a  point  as  the  one  drawn  there  are  two  tangents  to  the 


curve,  one  for  each  branch.  Each  tangent  cuts  the 
curve  in  two  ultimately  coincident  points,  such  as  P, 
Q  OQ  one  branch,  and  it  incidentally  intersects  the 
other  branch  through  J.  in  a  third  point  R,  ultimately 
also  coinciding  with  A.  Each  tangent  therefoi'e  at  such 
a  point  intersects  the  curve  in  three  ultimately  coincident 
points  at  the  point  of  contact ;  and  if  the  curve  be  of  the 
n^^  degree,  each  tangent  will  cut  the  curve  again  in  ?i— 3 
points  real  or  imaginary.  In  this  respect  the  tangent 
at  such  a  point  resembles  the  tangent  at  a  point  of  in- 
flexion, for  (Art.  239)  the  point  of  contact  of  a  tangent  at  a 
point  of  inflexion  counts  for  three  of  the  n  intersections 
of  the  line  with  the  curve. 

250,  Points  through  which  more  than  one  branch  of  a 
curve  passes  are  called  "multi'ple  points"  on  the  curve. 
If  two  branches  pass  through  the  point  A,  as  in  the  above 
figure,  A  is  called  a  "double  point."  If  three  branches  pass 
through  any  point,  that  point  is  called  a  "  triple  point "  on 
the  curve ;  and  generally,  if  through  any  point  r  branches 
of  the  curve  pass,  that  point  is  rei'erred  to  as  a  "multiple 
point  of  the  r^  order  "  on  the  curve.  From  what  has  been 
said  with  regard  to  the  tangents  at  a  double  point  it  will 
be  obvious  that  there  are  r  tangents  (real  or  imaginary) 
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at  a  multiple  point  of  the  i*'*'  order,  one  for  each  branch. 
At  such  a  point  each  of  these  r  tangents  ents  its  own  branch, 
in  general  in  two  points,  and  each  of  the  other  branches  in 
one  point :  i.e.,  in  r+ 1  points  altogether,  all  ultimately  co- 
incident with  the  multiple  point.  Such  a  tangent  there- 
fore cuts  the  curve  in  n  —  r—1  other  points  real  or 
imaginary.  But  if  at  the  multiple  point  there  happen 
to  be  a  point  of  inflexion  on  the  branch  considered,  the 
tangent  will  cut  that  branch  in  three  points  instead  of 
two  at  the  point  of  contact,  making  r-|-2  points  of  inter- 
section with  the  curve  at  the  multiple  point,  and  there- 
fore reducing  the  remaining  number  of  points  of  intersec- 
tion to  n  —  T~  2. 

251.  Species  of  Doulile  Points. 

Consider  the  case  of  a  double  point.  The  tangents 
there  may  be  real,  coincident,  or  imaginary. 

Case  1.  If  the  tangents  be  real  aud  nob  coincident, 
there  are  two  real  branches  of  the  curve  passing  through 
the  point,  and  the  point  ia  called  a  node  or  crunode- 


Case  2.  If  the  tangents  be  imaginary,  there  are  no  real 
points  on  the  curve  in  the  immediate  noighhourhood  of 
the  point  considered,  and  we  are  unable  to  travel  aloTig 
the  mrve  from  such  a  point  in  any  real  direction.  Such 
a  point  is  therefore  simply  an  isolated  point,  whose  co- 
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ordinates  satisfy  the  equation  to  the  curve,  and  is  called  a 
"eimjugate  point"  or  "acnode." 

Case  3.  If  the  tangents  at  the  double  point  be  coinci- 
dent, the  two  branches  of  the  curve  will  touch  at  the 
point  considered.  The  point  is  then  in  general  of  the 
character  called  a  cuap  or  spi/iiode, 

253.  Two  Species  of  Cusps. 

There  are  two  kinds  of  cusps,  as  shown  in  the  iiceom- 
panying  figures. 


(a)  In  Fig.  40  the  branches  PA,  QA  lie  on  opposite 
sides  of  the  tangent  at  A.  This  is  referred  to  as  a  cusp 
of  the  f/rst  species  or  a  keratoid  cusp  (i.e.,  cusp  like 
horns). 

(;8)  In  Fig.  41  the  branches  PA,  QA  lie  on  the  same 
side  of  the  tangent  at  A.  This  is  called  a  cusp  of  the 
second  species  or  a  ra/mphoid  cusp  {i.e.,  cusp  like  a  beak). 

253.  A  Multiple  Point  can  be  coasidered  as  a  Combina- 
tion of  Double  Points. 

A  triple  point  may  obviously  be  considered  as  a  com- 
bination of  three  double  points,  for  of  the  three  branches 
intersecting  at  the  point  each  pair  form  a  double  point  at 
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their  point  of  intersection.     And  in  general  a  mvItipU 
point  of  the  r^  order  may  be  considered  as  the  result  of 

the  combination  of  -~ — -  double  points,  since  this  is  the 

number  of  ways  of  combining  the  r  branches  two  at  a  time, 

254.  To  examine  the  Nature  of  the  Origin. 
If  the  equation  of  a  curve  be  rational  and  algebraic,  it 
may  be  written  in  the  form 


+  CjX^  +  c^xy  +  c^y^ 
4-... 

+  kjaf'+hp''-''-y-\-  ...-\-kn+yy'"^'^ (a) 

If  this  he  put  into  polar  co-ordinates  it  becomes 
a 
+r(Vose  +  VinS) 
+  r^(c^cos^6  +  CgCos  6  sin  ^-f-Cgsin^^) 
+  ... 
-i-r»(iiCos"e-|-AaC03*'-i|9 sin  0+ ...  +A„+isin"e)  =  0.  .. .(b) 
Let  0  be  the  pole  and  OA  the  initial  line.     Then  equa- 
tion (b)  gives  the  points  Py,  P^  Pp  ...,  in  which  a  radius 


vector  OP-^P^...,  making  a  given  angle  6  with  OA,  cuts 
the  curve.  The  roots  of  this  equation  are  OPy,  OP^, 
OP^, 
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It  is  clearly  of  the  n^  degree,  and  therefore  haa  in 
general  n  roots.  These  may,  hovrever,  become  imaginary 
in  paira 

I.  If  a=0,  it  will  be  obvious  from  either  the  Cartesian 
equation  (A)  or  the  Polar  equation  (b)  that  the  curve 
passes  through  the  origin  0.  In  this  case  one  root  of  the 
equation  (b)  is  zero,  and  in  the  figure  Ol\  =  0. 

II.  In  this  case,  if  6  be  so  chosen  as  to  make 
bfCOsO+b^BinO  —  Q,  a  second  root  of  the  equation  (b) 
vanishes,  and  therefore  we  infer   that  a   straight  line 

making  an  angle  tan"^(~4'j  with  the  initial  line  cute 

the  curve  in  two  contiguous  points  at  the  origin,  and 
therefore  is  the  tangent  there.  The  Cartesian  equation 
of  this  line  is  obvious  upon  multiplying  by  r,  viz., 

b,x+b^y  =  0. 
Hence  if  a  curve  pass  through  the  origin,  the  terms  of 
first  degree  {if  any  such  exist)  on  being  equated  to  eero 
form  the  eguablon  of  the  tangent  at  the  origin.     (See 
Art.  173.) 

III.  If  a~0,  &i  =  0,  and  b^  =  0,  then  iu  general  it  is 
possible  to  choose  6  so  that 

Cicos^d  4-  Cjcos  0  sin  9 + CgSin^fl  =  0, 
and  then  three  roots  of  equation  (b)  will  vanish;  that  is  to 
say,  of  the  pair  of  lines  whose  equation  is  c^x^+c^xy+c^y^  =  0 
each  cuts  the  cui've  at  the  origin  in  three  contiguous 
points.  There  are  therefore  two  branches  of  the  curve 
intersecting  at  the  origin,  to  each  of  which  a  tangent  can 
be  drawn,  and  of  the  three  contiguous  points  in  which  it 
has  been  seen  that  each  of  these  tangents  cuts  the  curve 
two  lie  on  one  branch  and  the  other  on  i 
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branch.  The  origin,  is  in  this  case  a  double  point  on  the 
cw'Ve,  and  the  terms  of  lowest  degree  in  the  equation  of 
the  curve,  viz,,  c^x^+c^+c^y^, 

when  equated  to  zero  foiin  the  equation  of  the  tangents 
at  the  origin.  The  tangent  of  the  angle  between  these 
straight  lines  is  given  by 

tau  d,  — ^ ^-*. 

If  C2^>4(;j(*3,  the  tangents  are  real  and  not  coincident, 
and  there  is  a  node  at  the  origin. 

If  C2^  =  4e^C3,  the  tangents  are  coincident,  and  the  two 
branches  of  the  curve  touch,  and  there  is  i/n  general 
a  cusp'at  the  origin. 

If  c^  <^CiC^,  there  are  no  real  tangents  at  the  origin,  al- 
though the  co-ordinates  of  the  origin  satisfy  the 
equation  of  the  curve;  there  is  then  a  conjugate  point 
at  the  origin, 

I?  Ci  +  c^  —  0,  the  tangents  at  the  origin  intersect  at  right 
angles. 
IV.  Ifa  =  0,  6j  =  0,  b^  =  0,  Cj^O,  ^3  =  0,  Cs  =  0,  the  origin 

is  a  triple  point  on  the  curve,  and  (as  shown  in  III.  for 

the  tangents  at  a  double  point)  the  tangents  at  the  origin 

are  djCC^ + d^y  +  d^xy^  -\-  d^y^  =  0. 

v.  And  generally,  if  the  lowest  terms  of  an  equation 

are  of  the  r"'  degree,  the  origin  is  a  "  multiple  point  of 

the  r""  order"  on  the  curve,  and  the  terms  of  the  r*^ 

degree  equated  to  aero  give  the  t  tangents  there. 

255.  To  examine  the  Character  of  any  Specified  Point  on  a 
Curve. 

Ilesults  similar  to  those  of  the  preceding  article  may  be 
deduced  for  any  point  on  the  curve. 
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Let  the  straight  line  —, — 

a  given  poiot  {h,  k)  to  cut  the  auxvejlx,  y)  =  0.     Then 
x  =  h+lp, 
y  =  k+mp. 
The  use  of  these  equations  is  obviously  equivalent  to  a 
double  transformation  of  co-ordinates,  the  first  to  parallel 
axes  through  h,  k,  the  second  to  polars. 

Substituting  for  x  and  y  in  the  equation  of  the  curve 
we  obtain       ,        f(h+  Ip,  k+rtip)  =  0 
to  find  the  points  P^  P^,  ...  in  which  a  radius  vector 
through  the  point  h,  h  cuts  the  curve. 

If  this  be  expanded  by  tho  extended  form  of  Taylor's 
Theorem,  the  equation  becomes 

«/.,/.)+4i+»|)/+f-;(i|+»|)/+... 
+£('l+'4)"/+-=». 

which  is  exactly  analogous  to  equation  (b)  of  Art.  254, 
and  corresponding  results  follow. 


I.  lif(fi;  k)  =  0,  one  root  of  the  equation  for  p  vaiiiehes 
and  the  point  li,  k  lies  on  the  curve  (which  ia  otherwise 


II.  In  this  ease,  if  the  ratio  Inn  he  now  so  chosen  that 

then  another  root  vanishes,  and  this  relation  gives  tho 
direction  of  the  tangent,  whose  equation  is  therefore 

as  found  in  Art.  16!). 
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all  lines  through  h,  k  cut  the  curve  in  two  contiguous 
points.     But  if  the  ratio  l:m,h%&o  chosen  that 

we  have  in  general,  as  in  Art.  254,  III.,  two  directions  in 
which  a  radius  vector  drawn  through  (k,  k)  cuts  the  curve 
in  three  contiguous  points.  The  point  (h,  Ic)  is  a  double 
foint  on  the  curve,  since  two  hranches  of  the  curve  pass 
through  this  point;  and  of  the  three  contiguous  points  in 
which  each  of  the  ah ove- mentioned  radii  veetores  meets 
the  curve,  two  lie  on  one  branch  and  one  on  the  other. 
The  equation  of  the  two  tangents  is 

IV.  Further,  if  ^=0,  ;S4  =0.  and  §(  =  0,  in  addi- 
oli'  oliak  ok' 

tion  to  ^-i-=0,  Jr  —  ^'  ^^^  f(Kh)  —  0,  identically  for  the 

same  values  of  h,  k,  and  if  on  going  to  terms  of  the  third 
order  we  find  that  all  these  do  not  identically  vanish,  the 
point  (h,  h)  is  a  triple  point  on  the  curve. 

v.  And  generally  the  conditions  for  the  existence  of 
a  wMltiple  point  of  the  r^  order  at  a  given  point  h,  k  of 
the  curve  are  that  f(x,  y)  and  all  its  differential  coeffici- 
ents up  to  those  of  the  (r  — I)*''  order  inclusive  should 
vanish  when  a;  =  ft  andy^k;  and  then  the  equation  of  the 
r  tangents  at  that  point  i,vill  be 

(«>-*)'g+.-(--'.)-&-4)3j?4+...+(!/-i)'g=0. 
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256.  Special  Case  of  Double  Point, 

Eeeurriag  to  the  ease  of  a  double  point  at  a  point  {h,,  k), 
since  the  equation  of  the  tangents  is 

(.-J)f,+2(x-l)&-*)^+&-i)>|5.0, 

the  angle  between  these  tangents  is  given  by 


tan  <j>  = 


,  J7WY_WW 


and  the  point,  h,  h  is  a  node  or  conjugate  point  according 

^  \dhdh}  '^  o^i^-aF' 

and  is  in  general  a  ffosp  if 

/3y  Y_3y  3^ 

\dkdk)  ~Zh^'Zli?' 
with  the  preliminary  conditions  in  each  case  that 

/(i,i)-0,       1-0,  and  1  =  0. 

We  say  w  general  a  cusp;  for  it  will  be  seen  that 
in  some  cases  ^jvhen  the  above  conditions  hold  the 
curve  becomes  vmaginaTy  vn  the  neighbourhood  of 
the  point  considered,  which  must  therefore  be  classed 
as  a  conjugate  point.  In  the  case  of  the  coincidence 
of  tangents,  further  investigation  is  therefore  neces- 
aajy.  The  mode  of  procedure  ia  indicated  below  in  the 
method  for  the  investigation  of  the  character  of  a  eusp. 

It  appears  that         {^)'-^,'^, 

represents  a  curve  which  cuts  Jlx,  y)  —  0  in  all  its  cusps; 

and  that  14+^-  a  =  ^ 
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is  a.  curve  which  cuts  f(x,  y)  =  0  in  all  the  double  points 
at  which  the  tangents  are  at  right  angles. 

257.  To  search  for  Double  Points. 

The  rule  therefore  to  search  for  double  points  on  a  curve 

f(x,  y)  =  0  is  as  follows.     Find  ^  and  ^  ;  equate  each  to 

zero  and  solve.  Test  whether  any  of  the  solutions  satisfy 
the  equation  of  the  curve.  If  so,  apply  the  tests  for  the 
character  of  each  of  the  points  denoted,  i.e.,  try  whether 

-  3y  ey 


i^J'^'^. 


258.  To  discrimiuate  the  Species  of  a  Cusp. 

Method  I.  Suppose  the  position  of  a  cusp  to  have  been 
found  by  the  foregoing  rules.  Transfer  the  origin  to  the 
cusp.     The  transformed  equation  will  be  of  the  form 

iax+hyf+u^-^u^+...  =  0,  (1) 

where  ax+by  —  O  is  the  tangent  at  the  origin,  and  Ug,  ?4^, 
...  are  homogeneous  rational  algebraical  functions  of  x 
and   y    of   the    degrees   indicated   by   their   respective 


Let  P  be  the  length  of  the  perpendicular  drawn  from 
a  point  X,  y  of  the  curve,  very  near  the  cusp,  upon  the 
tangent  ax-^hy—Q. 

Tt»  ^-^W  (^) 

If  y  be  eliminated  between  equations  (1)  and  (2),  an 
equation  is  obtained  giving  P  in  terms  of  x.  It  is  our 
object  to  consider  only  the  two  small  perpendiculars  from 
points  on  the  curve  near  the  origin,  and  having  a  given 
small  abscissa  x ;  hence  in  comparison  with  F^  we  reject 
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cubes   and   all   higher   powers  of  P   and  also  all  such 
terms  as  F'^x,  P^s;^,  . . .  which  roay  arise  on  substitution. 


;.  43. — Single  cusp,  first  species.      Fig.  44. — Single  cusp,  second  specif 


Fig.  45.— Double 'ousp,  first  species.     Pig,  46.— Double  euap,  second  species. 


Vis.  47. — Double  cusp,  change  of  species.     Osculinflexion. 

We  shall   then  have  a  quadratic  to   determine  P.     If, 
when  X   is   made   very  small,  the  roots  he  imaginary, 
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the  branches  of  the  curve  through  the  origin  are  unreal, 
and  therefore  there  is  a  conjugate  point  at  the  origin. 
If  the  roots  be  real,  but  of  opposite  signs,  the  two  amali 
perpeodiculai-s  He  on  opposite  sides  of  the  tangent,  and 
there  is  a  cusp  of  the  first  species  at  the  origin.  If  the 
roots  be  real  and  of  Wee  sign  the  perpendiculars  lie  on 
the  same  side  and  the  cusp  is  of  the  second  species,  and 
the  sign  of  the  roots  determines  on  ■which  side  of  the 
tangent  the  cusp  lies. 

Complete  information  is  also  aiforded  by  this  method 
as  to  whether  the  cusp  is  svngle  or  double,  i.e.,  as  to 
whether  the  branches  of  the  cui"ve  extend  from  the  cusp 
towards  one  extremity  only  of  the  tangent,  or  towards 
both  extremities  as  shown  in  the  annexed  figures. 

The  reaJity  of  the  roots  of  the  quadratic  for  P  will  in 
some  eases  depend  upon,  and  in  others  be  independent 
of  the  sign  of  x.  In  the  former  cases  the  cusp  is  single ; 
in  the  latter,  double.  Moreovei',  if  double,  we  can  detect 
whether  the  cusp  is  of  the  same  or  of  different  species 
towards  opposite  extremities  of  the  tangent.  When  the 
cusp  is  of  different  species  towards  opposite  extremities 
the  point  is  called  by  Cramer  a  point  of  Osoulinflex'lon. 

In  adopting  the  above  process  it  will  clearly  be  suffici- 
ent to  put  P  =  cix+by,  thus  dropping  the  ija^+b^  for  the 
sake  of  brevity;  the  effect  of  this  being  to  consider  a  line 
whose  length  is  proportional  to  that  of  the  perpendicular 
instead  of  the  perpendicular  itself 

Es.  1.  Mstxif/iine  the  character  of  the  origin  on  the  curve 
a^  —  ir^  —  2m;^  •!- 4^/^  =.  0 , 
Here  the  tangent  at  the  origin  is  y=0.     According  to  tlie  rule  put 
;/  =  !'■     The  quadratic  for  /'  is 
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The  roots  of  tMs  equation  are  real  or  imaginary  according  as 

4j'  is  >or<:  i^(4-2a) 
i.e.,  according  as  ^  la  powtive  or  negitive.  Hence  the  cusp 
is  "dngle"  and  lies  to  the  right  of  the  axis  of  y.  Moreover  the 
product  of  the  roots  is  — —  ind  h  positive  when  x  ia  very  small, 
and  the  roots  are  therefoic  of  the  same  sign  The  origin  is  there- 
fore a  single  ciisp  of  the  mcond  species.  Moreover  the  sum  of  the 
roots  is  positive,  so  that  the  two  branches  near  the  origin  lie  in  the 
firtt  quadrant. 

Es.  2.  Examine  the  character  of  the  eurve 

at  th^  origin.     Here  )/=0  is  a  tangent  at  the  origin.     Put  11  =  1'. 
The  quadratic  for  P  is 

i^(9-ac)-ar«P  +  a-*=0. 
The  roots  are  real  or  imaginary  according  as  9*^  —  4(9  — Swjic'   is 
positive  or  negative,  i.e.,  as  -27:i:*-l-12jr>  is  positive  or  negative. 

Now,  when  m  is  very  small,  a?  ia  negligible  in  eofaparison  with  a^, 
and  therefore,  the  above  expression  is  negative  for  very  small  positive 
or  negative  vaiues  of  *.  The  roots  of  the  equation  for  jP  are  therefore 
imaginary,  and  tho  origin  ia  a  eonjvgate  point  on  the  curve. 

Ex,  3.  Examine  the  charaater  of  the  eurve 

»-^w±  (»-»)'&!«.) (1) 

in  the  Tieighhowrhood  of  the  point  x=k,  y=F{K),  m  and  n  Ming  posi- 
tive integers. 
By  Taylor's  Theorem  we  may  write 

F{x+h)=F(h)+ax  +  bx^+ ... 
and  [/^  +  A)P=.ai-i-V  +  — > 

where  a^  being  [/(A)P  is  necessarily  positive. 

Hence  on  transforming  our  origin  to  the  point  {h,  F{h)]  we 
obtain  for  the  transformed  equation 

^^-a!0-b3?~...f  =  l?^{a,  +  b,x^-...) (2) 

Examining  the  form  of  the  curve  at  the  origin,  there  are  obviouslj- 
coincident  tangents  if  — ^  he  >  2. 
]?uty-cw^=/',  then 

F^-2P{bx^+...)  +  Wx*-aisr^  -...=0. 
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That  the  roots  of  this  quadratic  are  real,  if  iK  be  positive  and  small, 
is  obvious  from  equation  (3) ;  also,  that  the  roots  are  imaginary  for 
small  negative  values  of  x.    There  is  therefore  a  sinffle  cusp  extending 

Again,  the  product  of  the  roots  =  6^j:^  —  %a~'jp  -.... 

If  ^"'+ 1  >  4_  this  product  baa  the  same  aigii  as  ^  when  x  is 

taken  sufficiently  small,  and  therefore  is  positive,  giving  a  cusp  of 
the  second  species. 

If  ■  ■ .  .T.    <4,  the  term  -Oia;   ~      is  the  important  term  m  the 

product  and  is  negative,  x  being  positive.  There  is  therefore  in 
this  case  a  cusp  of  the/rji  speciee. 

We  have  assumed  that  the  coeffiei&nt  b  or  ^.F"iJ^  i^  liof  sero.  If 
however  this  coefficient  vanish,  it  is  easy  to  make  the  corresponding 
change  in  the  subsequent  investigation. 

Ex.  4,   Examine  the  nature  of  the  douHe  point  on  the  cune 

Here  ^  =  3(3^+^)^+2  V21^-*  +  2)  =  0, 

-;c  +  2)  =  0. 


Now  this  point  obviously  lies  upon  the  curve,  and  there  is  therefore 
a  multiple  point  of  some  description  there. 

Again,  ^=6{^+y)- 3 ^2= -2  V2  at  the  point  (I,  -1), 


3»^  , 
Hence  at  this  point 


=6{.»+.y)~2V3=-2  A 
=  6(a^+y)  +  2V2  =  2V2. 


have  a  double  point  at  which  the  tangents  i 
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Next,  traJiBformiug  to  the  point  (1,  - 1)  for  origin,  the  equation 
becomes  {^+yf~  J2(^-.v)^=0. 

According  to  the  rule  we  put  y-a:=P,    Then  rejeotimg  terms  ini" 
and  F^x  we  have       P^ -Gx^^^P-ia?  ^2= 0. 
The  roots  are  real  if  18^+4^/2a,■=>  0, 

which  ia  the  case  if  ^r  be  very  small  and  positive.    Tliero  ia  therefore 
a  single  citsp  at  the  point  (1,  - 1). 

Agaio,  the  product  of  the  roots  =  —ia?^/^,  and  is  negative 
when  X  ia  smaJI.  Thia  indicates  that  the  cusp  is  one  of  the  ^rst 
species. 

[This  curve  is  obviously  only  a  transfoi-niation  of  the  semi-cubical 
parabola  ^^=:c^.] 

259.  Method  II.  Another  method  of  discrimiEation  of 
the  species  of  a  cusp  depends  upon  the  teat  for  concavity 

or  convexity.     Find  the  two  values  of  j^  (or  -=— g,  see 

Art.  245).  If  these  have  opposite  signs  very  near  to  the 
cusp,  the  two  branches  starting  from  the  cusp  are  one 
concave  and  the  other  convex  to  the  foot  of  the  ordinate, 
and  the  cusp  is  of  the  first  species.  But  if  the  signs  be 
the  same,  the  two  branches  are  either  both  concave  or  both 
c  to  the  foot  of  the  ordinate,  and  the  cusp  ia  of  the 


r  Ex.  Discuss  the  form  of  the  curve  y=x±af^  at  the  origin, 
-r,  #v      J.3    1 

Here  ^"^  -4  ~/~' 

Hence  only  positive  values  of  x  are  admissible  and  the  two  values 
of  ^^  have  opposite  signs.  The  origin  is  therefore  a  single  cwap  of 
the  first  species. 

This  result  ia  obvious  also  from  the  form  of  the  equation  to  the 
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260.  Singularities  of  Trahscendental  Curves. 

In  addition  to  the  singularities  above  discussed  others 
occur  occasionally  in  transcendental  curves,  due  to  dis- 
continuities in  the  values  of  y,  -^,  etc.  For  instance,  if 
"    dx 

the  value  of  y  he  discontinuous  at  a  certain  point  the 
curve  suddenly  stops  there  and  the  point  is  called  a 
"pomt  d'arr^t." 

Consider  the  curve  3'  =  '^  ;  (a>l). 

When  :c=-co,  y=I,  and  as  a;  increases  from  -=o  to  zero  y  ia 
always  positive  and  decreases  down  to  zero.  As  soon,  however,  as 
X  becomes  positive,  being  sfcOl  indefinitely  small,  y  suddenly  be- 
comes infinitely  great,  and  as  x  increases  to  -H<»  y  gradnallj 
diminiahea  down  to  unity.  The  origin  is  a  point  <}!arrtt  on  this 
curve,  and  the  shape  is  that  shown  in  the  annexed  figure. 


Next  suppose  that  the  value  of  y  is  continuous,  but 

that  at  a  certain  point  -^  becomes  discontinuous,  so  that 

two  branches  of  the  curve  meet  at  certain  angle  at  the 
same  point  and  stop  there.  Such  a  point  is  called  a 
"  "pmnt  saillant" 


y  Google 


SINGULAR  POINTS. 


261.  Brancli  of  Conjugate  Points. 

Tfc  sometimes  happens  that  a  curve  posaessea  an  infinite 
aeries  of  conjugate  points,  satisfying  the  equation  to  the 
curve  and  forming  a  branch  of  isolated  points.  M. 
Vincent,  in  a  niemoii'  published  in  vol.  sv.  of  Gergonne's 
"Annales  des  Math."  has  discussed  several  such  cases, 
and  calls  such  discontinuous  branches  by  the  name 
branches  pointillees. 

Ex.  In  traciug  the  curve  y^x',  it  is  clear  that,  when  ^  =  co, 
^  =  »  ;  and  when  a;  =  l,  y^l.  Also  that  as  x  decreases  from  co  to 
1,  y  also  decreases  from  co  to  1.  Between.  x=  1  and  a;=0  y  is  less 
than  1 ;  and  when  x  =  0,  y=l  (see  Chap.  XIII.).  There  is  there- 
foi-e  a  continuous  branch  of  the  curve,  viz.,  a>PS,  above  the  axis 
of  t. 


t,  whenever  a 


a  fractioii 


fitha 


u  denominator  there 


Fig.  49. 
are  two  real  values  of  y,  differing  only  in  sign ;  e.g., 

W-±Jk. 

■whilst,  whenever  the  denominator  oi  si'm  odd,  there  is  but  oue  real 
value  for  y.    There  is  therefore  a  branch  of  conjugate  points  below 
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the  axis  forming  a  diseontinuous  "brancli,  of  the  same  shape  as  the 
continuous  hranch  above  the  axis. 

Next  consider  what  happens  wheu  x  is  negative.  Let  the  co- 
ordinates of  any  point  P  on  the  branch  in  the  first  quadrant  be 
{3!,y),  then  ON=a:.  Take  On=  -x  along  the  negative  portion  of 
the  axis  of  a;,  then,  if  p  be  the  corresponding  point  on  the  curve,  we 
have  pn,=(-x)-%      PN=jf, 

and  therefore  pn.  PN={-1)', 

which  maybe  =1,  -1,  or  imaginary,  according  to  the  particular 
value  of  X.  Hence,  when  the  ordinate  pn  is  real,  its  magnitude  is 
inverse  to  that  of  the  corresponding  ordinate  PN.  Hence  on  this 
curve  we  have  two  infinite  series  of  conjugate  points,  as  shown  in 
the  figure. 

For  an  account  of  M.  Viucent's  memoir  and  criticisms  upon  it 
see  Dr.  Salmon's  "  Higher  Plane  Curves,"  p.  275,  or  a  paper  by  Mr. 
X>.  F.  Gregory,  "Camb.  Math.  Journal,"  vol.  i.,  pp.  231,  264. 

262.  Maclaurin's  Theorem  with  regard  to  Cuhies. 

We  conclude  the  present  chapter  with  an  important 
theorem  with  regard  to  cubic  curves,  which  is  due  to 
Maclaurin. 

//  a  radius  vector  OPQ  he  draum  through  a  point  of 
inflexion  (0)  of  a  cubic,  cutting  the  curve  ogam  in  P  and  Q, 
to  show  that  the  locvs  of  the  extremities  of  the  harmonic 
means,  between  OP  and  OQ,  is  a  straight  li/ne. 

If  the  origin  be  taken  at  the  point  of  inflexion  and  the 
tangent  at  the  point  of  inflexion  as  the  axis  of  y,  the 
equation  of  the  cubic  must  assume  the  form 

y^+xii  =  0 (1.) 

where  u  is  the  most  general  expression  of  the  second  and 
lower  degrees,  viz., 

ax^  +  2hxy  +  by^  +  %gx  +  2/j/  +  c, 
for  it  is  clear  that  the  axia  of  y  cuts  this  curve  in  three 
points  ultimately  coincident  with  the  origin. 

The  equation  (1)  when  put  into  polars  takes  the  form 
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where 

3f=(2^co9e  +  2/sin0)cos0, 
N  =  c  cos  Q. 
If  Tj,  r^  be   the   roots   of  this  quadratic,  and  p  thii 
harmonic  mean  betweeo  them,  we  have 

2_1.1 M 2gco30+2/sin  6 

which  shows  that  the  Cartesian  Equation  of  the  locus  of 
the  extremity  of  the  harmonic  mean  is  the  straight  Hne 

263.  It  is  obvious  from  Art.  187  that  the  equation  of  the 
polar  conic  of  the  cubic  (1)  with  regard  to  the  oiigin  ia 

x{2gx  +  2fy)  +  -2cx^0, 
or  Li^r  +  ty+c)  =  0. 

HentP  the  polar  conic  of  a  point  of  inflexion  on  a  cubic 
breaks  up  into  tv.o  btiaight  lines,  one  of  which  is  the 
tangent  at  the  point  of  inflexion,  and  the  other  the  locus 
of  the  extremities  ot  the  haimonic  means  of  the  radii 
vectored  through  the  point  of  inflexion.  It  appears  from 
this  that  onlj  three  tangents  em  be  drawn  from  a  point 
of  inflexion  on  a  cubic  to  the  curve,  viz.,  one  to  each  of 
the  points  in  which  the  line  gx+fy+c  =  0  meets  the 
curve,  and  consequently  also  that  their  three  points  of 
contact  lie  in  a  straight  line. 

264.  If  a  Cubic  have  three  real  points  of  Inflexion  they 
are  Collinear. 

It  follows  immediately  from  Maclaurin's  Theorem  above 
proved  that  if  A  and  B  be  two  points  of  inflexion  on  a 
cubic,  the  line  AB  produced  will  cut  the  curve  in  a  third 
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point  C,  which  is  also  a  point  of  inflexion  on  the  cubic. 
For  if  B,  Bj,  B^  be  the  three  ultimately  coincident  points 
on  the  cubic,  which  lie  in  a  straight  line  (B  being  a  point 
of  inflexion),  let  AB,  AB„  AB^  cut  the  curve  in  0,  G„  C^, 
and  let  All,  AH^,  AH^  be  the  harmonic  means  between 
AB,AC;  AB^,AO^;  AS,, ^0, respectively, then fl", ff,, ^„ 
lie  in  a  straight  line  by  Maclaurin's  Theorem,  and  B,  S^,  B^ 
lie  in  a  straight  line ;  therefore  by  a  theorem  in  conie 
sections  C,  G^,  G^  also  lie  in  a  straight  line,  and  they  are 
ultimately  coincident  points.  G  is  therefore  a  point  of 
inHexion. 


EXAMPLES. 

1.  Write  down,  the  equations  of  the  tangents  at  tbe  origin  for 
each  of  the  following  curves  : — 

(a)  y+c  =  ccosh-. 

(13)  2/  =  ntan|. 

(?)  y'  =  xlog{l+x). 

(S)       ai'  +  y  =  3aa^. 

2.  Show  that  the  curve  y  =  e"  is  at  every  point  convex  to  the 
foot  of  the  ordinate  of  that  point, 

3.  Show  that  for  the  cubical  parabola 

there  is  a  point  of  inflexion  whose  abscissa  is  6. 

4.  Show  that  for  the  si 


ihe  origin  is  a  cusp  of  the  first  species. 
5.  Show  that  the  origm  is  a  cusp  of  the  first  species  on  the 


yGoosle 


SINGULAR  POINTS.  259 

6.  Show  that  on  the  curve 

there  is  a  eusp  of  the  firsb  species  at  the  origin,  and  a  point  of 

inflexion  whose  abscissa  is  — h. 
64 

7.  Show  that  there  are  points  of  inflexion  at  the  origin  on 
each  of  the  curves 

(a)  2,  =  «!COS^. 

(^)  2/  =  «tanJ 

(7)  y  =  «?\og{\-x). 

8.  Show  that  the  curves 

y^  =  x^  sin  -,       y^~'J?  tan  - 
liave  cusps  of  the  first  kind  at  the  origin. 

9.  Show  that  ut  the  origin  on  the  curve 

there  is  a  node  or  a  conjugate  point  according  as  n  and  b  have 
like  or  unlike  signs. 

10.  Show  that  there  is  a  point  of  inflexion  on  the  curve 

at  the  point  {8,  e^). 

11.  Show  that  the  Trident  curve 

has  a  point  of  inflexion  at  the  point  in  wiiich  it  cuts  the  axis  of 
X,  and  show  that  the  tangent  at  the  point  of  inflexion  makes 
with  the  axis  of  x  an  angle  tan ""'3. 

12.  Show  that  the  curve 

has  a  cusp  of  the  second  species  at  the  origin. 
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13.  Sliow  that,  if  n  be  greater  than  3,  the  curve 

6'-*(ttS' -«=)'  =  , t;" 
has  a  cusp  at  the  origin  of  the  first  or  second  species  a. 
as  SI  ia  leas  or  greater  than  4. 

14,  Find  the  two  points  of  inflexion  of  the  curve 


and  draw  figures  showing  the  characters  of  the  inflexions. 
IS,  Show  that  every  point  in  which  the  curve  of  sines 


cuts  tte  axis  of  a:  is  a  point  of  inflexion  on  the  curve. 
16.  SKow  that  the  points  of  inflexion  on  tlie  cubic 


are  given  by  k=0  and  x=  ia  JZ. 

Show  that  these  three  points  of  inflexion  lie  on  the  straight 
lino  X  =  4^. 

17.  Find  by  polars  the  points  of  inflexion  on  tho  curve 

18.  Show  that  the  curve  au=6"  has  a  point  of  inflexion 
where  ,    ,,        .■,; 

19.  Show  that  if  the  origin  be  a  point  of  inflexion  on  the 
curve  W|  +  Mj  +  Mj  +  . . .  =  0 

Mj  will  contain  u,  for  a  factor. 

20.  Show  that  there  is  a  point  of  inflexion  at  the  origin  on 
the  cubic  y  —  axy  +  by'  +  cic^ 

21.  Show  that  there  is  a  point  of  undulation  at  the  origin  on 
the  curve  y  =  tte'  +  ha?y^  +  cy^. 

22.  Show  that  the  origin  is  a  triple  pojnt  on  the  curve 

3?  +  l/^  =  axy\ 
and  that  there  is  a  cusp  of  the  first  species  there. 
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23.  Show  that  there  are  two  points  of  inflexion  at  the  origin 
on  each  of  the  curves 

r^  =  <i^cos2(3. 

24.  Show  that  the  abscissae  of  the  points  of  inflexion  on  the 
curve  y''=A^) 

are  roots  of  the  equation 

25.  Show  that  tLe  abscissae  of  the  points  of  inflexion  on  the 
curve  y  =  Q-'^"  tan  fix 

are  given  by 

.   2/1  sec^  /i*(fi  tan  fix^  X)  +  A'  tan  nx  =  0. 

26.  Show  that  the  curve 


has  but  one  point  of  inflexion,  and  that  its  a 
_„^3  +  l 

27.  Find  the  positions  of  the  points  of  inflexion  on  the  curve 

12j/  =  ic*-16a^  +  42a;''+ 12a;+ 1. 

28.  Prove  that  the  curve 

has  a  point  of  inflexion  given  by 

29.  Prove  tliat  the  point  (  -  3,  ^^  j  is  a  point  of  inflexion 

on  the  curve  y  =  x^- 

30.  Show  that  there  are  two  points  of  inflexion  on  the  cubic 

at  the  points  (o,  0),  (0,  a)  respectively. 
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31.  In  the  curve  ar'  +  ^-aa;" 

show  that  there  is  a  cusp  of  the  firat  kind  at  the  origin,  and  si 
point  of  inflexion  where  x«:a. 

32.  In  the  curve     f  =  {x ^  a){x  -  b){x ~  c) 

showthat  if  «  =  6  there  is  anode,  cusp,  or  conjugate  pointatfl;==a 
according  as  ra  is  >  ,  =,  or  -<  c.      Also  show  that  the  points 

of  inflexion  Lave  for  their  abscissae  x  =  — - — .      Hence  show 
that  the  points  of  inflexion  on  this  curve  are  real  or  imaginary 
according  as  the  curve  has  a  conjugate  point  or  a  node. 
S3.  Show  that  for  the  curve 

there  is  a  ouap  of  the  first  kind  at  the  origin. 

34.  Show  that  the  curve 

»^c03^f  =  «=coa2t' 
has  a  double  point  at  the  origin. 

35.  Stow  that  the  curve 

has  a  multiple  point  at  the  origin  of  order  n  or  '2n  accoirliiig  as 
n  is  odd  or  even. 

36.  Show  that  the  curve 


has  a  cusp  of  the  first  kind  at  the'pole. 

37.  Show  that  if  the  cubic 

xif  +  ey  =  cfa?  +  ba?  +  cx  +  d 
have  a  centre,  then  will  6  =  0  and  rf  =  0  and  the  centre  is  at  the 
origin. 

In  this  case  show  also  that  the  origin  is  a  point  of  inflexion 
on  the  curve. 

38.  Show  that  there  is  a  conjugate  point  on  the  locus 

3^  +  y'  +  dex^  =  c' 
at  the  point  (  -  c,  -  c).     Trace  the  curve. 
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39.  Show  that  the  curve 

has  two  cuspa  of  the  first  species  at  the  origin,  and  that  x-t-  y  =  a 
is  an  ^ymptote. 

40.  Show  that  a  cubic  curve  cannot  have  more  than  one 
double  point,  and  cannot  have  a  triple  points 

Examine  the  case  of  the  curve 

2(^  +  2/')  -  H^o?  +  f}  +  l2x  =  i 
and  show  that  thei*  are  apparently  two  nodes  at  (1,  1)  and  at 
(2,  0)  respectively.     Explain  this  result. 

41.  Show  that  the  curve 

%=  =  3^sift5^ 

has  a  cusp  of  the  first  species  at  the  origin  and  is  symmetrical 
with  regard  to  tlie  axis  of  x.  Show  also  that  it  has  an  infinite 
series  of  conjugate  points  lying  at  equal  distances  from  each 
other  along  the  negative  portion  of  the  axis  of  x. 

42.  Show  that  the  curve 

J— log.fj 
has  a  node  at  the  point  {1,  2). 
43    Show  that  the  curve 

has  a  tuple  point  at  the  origin,  and  that  the  angles  between 
the  blanches  thiough  the  origin  are  equal, 
4i    Show  tbxt  the  curve 

has  a  multiple  point  of  the  eighth  order  at  the  origin,  and  that 
the  curve  consists  of  eight  equal  loops. 
45.  Show  that  for  the  Cissoid 


y^= 


2a- 


the  origin  is  a  cusp  of  the  first  species. 
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46.  Show  that  for  the  Conchoid 

if  6  be  >  ([  there  is  a  node  at  x  =  0,y=  -a,  and  if  i  ^  «  there  is 
a  cusp  at  the  same  point. 

i7.  Show  that  at  the  point  (  -  1,  -  2)  ttere  is  a,  cusp  of  the 
first  speciea  on  the  curve 

48.  Examine  the  singulariti^  of  the  curFe 

a^  -  iaa?  —  2aj;'  +  icsW  +  Za^  -  a'  =  0. 
There  are  nodes  at  the  points  (0,  a),  (a,  0),  {2«,  *).     Find  the 
directions  of  the  tangents  at  these  points. 

49.  Show  that  the  curve 

a;' -  2a% - xf  -  2x- - 2xy  +  y'' - a:+  2y  +  I  =0 
has  a  single  cusp  of  the  second  kind  at  the  point  {0,  —  1). 

50.  Examine  the  character  of  the  curve 

o^'  -  ofl^y-  +  a;'  +  iB*y  =  0 
in  the  immediate  neighbourhood  of  the  origin. 

SI*  Show  that  at  each  of  the  four  points  of  intersection  of 

"■"»""  (-/  +  (%)•- (.'-6-)* 

with  the  axes  there  is  a  cusp  of  the  first  species. 

52.  Show  that  the  origin  is  a  conjugate  point  on  the  curve 

a^  -  ckA/  +  ascy^  +  a^'  =  0. 

53.  Show  that  at  the  origin  there  is  a  single  cusp  of  the  second 
species  on  the  csrve  «*—  2ax''y  —  axi/' -i  ay=0. 

54.  Show  that  the  curve 

y'  =  ^x'y  +  a%  +  «" 
has  a  single  cusp  of  the  first  species  at  the  origin. 

55.  Show  that  the  curre 

y^=  2sfy  4  aih/  +  X* 
has  a  double  keratoid  cusp  at  the  origin. 

56.  Show  that  the  curve 

y^  =  2i^y  +  x*y-2a:' 
has  a  conjugate  point  at  the  origin. 


y  Google 


CHAPTER   X. 

CURVATURE." 

Curvature. 

265.  Angle  of  Contingence. 

Let  FQ  be  an  arc  of  a  curve.  Suppose  that  between 
P  and  Q  there  is  no  point  of  inflexion  or  other  singularity, 
but  that  the  bending  is  continuously  in  one  direction. 
Let  LPB  and  MQ  be  the  tangents  at  P  and  Q,  intersect- 


ing at  2"  and  cutting  a  given  fixed  straight  line  LZ  in  L 
and  M.  Then  the  angle  RTQ  is  called  the  angle  of 
Gontingence  of  the  arc  PQ, 

The  angle  of  contingence  of  any  arc  is  therefore  the 


y  Google 


266  CURVATURE. 

difference  of  tho  angles  which  the  tangents  at  its  extremi- 
ties make  with  any  given  fixed  straight  line.  It  is  also 
obviously  the  angle  turned  through  by  a  line  which  rolls 
along  the  curve  from  one  extremity  of  the  arc  to  the 
other. 

260.  Measure  of  Curvature. 

It  is  clear  that  the  whole  bending  or  curvature  which 
the  curve  undergoes  between  P  and  Q  is  greater  or  less 
according  as  the  angle  of  contingenee  RTQ  is  greater  or 
le.s.      The   fraction  gMgo  °f  "-tmgence   ._   ^^^^   ^^^ 

length  or  arc 
average  bending  or  average  ovyrvature  of  the  arc.  We 
shall  define  the  curvature  of  a  curve  in  the  immediate 
neighbourhood  of  a  given  point  to  be  the  rate  of  deflection 
from  the  tangent  at  that  point.  And  we  shall  take  as  a 
measure  of  this  rate  of  defiection  at  the  given  point  the 

..     ..      J.  ,1  .        angle  of  contingenee       ,  ,, 

limit  01  the  expression    — ^ T^ — ,.     ■ when  the 

*^  length  of  arc 

length  of  the  arc  measured  from  the  given  point  and 

therefore  also  the  angle  of  contingenee  are  indefinitely 

diminished. 

That  this  is  a  proper  measure  of  the  rate  of  deflection 

is  obvious  from  the  consideration  that,  for  a  given  length 

of  arc,  the  defiection  is  greater  or  less  as  the  angle  of 

contingenee  is  greater  or  less,  and  for  a  given  angle  of 

coutingence  the  deflection  is  greater  or  less  as  the  length 

of  the  arc  is  less  or  greater, 

267.  Curvature  of  a  Circle. 

In  the  case  of  the  circle  the  curvature  is  the  same  at 
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every  paint  and  is  measured  by  the  heciprocal  of  the 

RADIUS. 


For  let  r  be  the  radius,  0  the  centre.     Then 
_8,ro  PQ 


Hence 


RTQ^POQ^- 

the  angle  being  supposed  measured  in  circular  moasui'e. 
gle  of  coiitingeuce_T 
length  of  arc  r' 

and  this  is  true  whether  the  limit  he  taken  or  not. 
Hence  the  "curvature"  of  a  circle  at  any  point  is 
measured  by  the  reciprocal  of  the  radius, 

268.  Circle  of  Curvature. 

If  three  contiguous  points  be  taken  on  a  curve,  a  circle 
may  be  drawn  to  pass  through  those  three  points.  Let 
them  be  P,  Q,  R.  Then,  when  the  points  are  indefinitely' 
close  together,  PQ  and  QP  are  ultimately  tangents  both 
to  the  curve  and  to  the  circle.  Hence  at  the  point  of 
ultimate  coincidence  the  curve  and  the  circle  have  the 
sa/me  angle  of  contingence,  viz.,  the  angle  RQZ  (see  Fig. 
52).  Moreover,  the  arcs  PR  of  the  circle  and  the  curve 
differ  by  a  small  quantity  of  order  higher  than  their  own, 
and  therefore  may  be  considered  equal  in  the  limit  (see 
Art.  36).     Hence  the  curvatures  of  this  circle  and  of  the 


y  Google 


268  CUBYATORE. 

curve  at  the  point  of  contact  are  equal.  It  is  therefore 
convenient  to  describe  the  curvature  of  a  curve  at  a 
given  jjoint  by  reference  to  a  circle  thus  drawn,  the  re- 
ciprocal of  the  radius  being  a  correct  measure  of  the  rate 


of  bend.  We  shall  therefore  consider  such  a  circle  to 
exist  for  each  point  of  a  curve  and  shall  speak  of  it  as 
the  circle  of  curvature  of  that  point.  Its  radius  and 
centre  will  he  called  the  radius  and  centre  of  curvature 
respectively,  and  a  chord  of  this  circle  drawn  through  the 
point  of  contact  in  any  direction  will  be  referred  to  as  the 
chord  of  curvature  in  that  direction. 

269.  Formula  for  Hadius  of  Curvature. 

Referring  to  the  figure  of  Art.  265,  let  the  arc  AF 
measured  from  some  fised  point  A  on  the  curve  up  to  P 
he  called  s,  and  AQ,  s+Ss  ;  let  the  angle  PLZ^yp-,  and 
QMZ^\lr-\-S\p:    Then  the  angle  of  contingence  RTQ  =  S-\p- 


and  the  measure  of  the  curvature  =  Lt-^ 


If  there- 
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.  fore  the  radius  of  curvature  be  callud  p  we  have 

1     d^lr  ds 

-=-/-,  or  p^-f-. 

270.  This  formula  may  also  be  arrived  at  thus.  Let  PQ 
and  QR  (Fig.  52)  be  considered  equal  chorda,  and  there- 
fore when  we  proceed  to  the  limit  the  elementary  ares 
PQ  and  QR  may  be  considered  equal.  Call  each  Ss,  and 
the  angle  RQZ^  S'Jj'. 

Now  the  radius  of  the  circura-circle  of  the  triangle 
PR 


^^'^^^  '"""■ism PQR~ ""2 am  6i^  ""^^'^in^V'  <^V'' 
Also,  it  is  clear  that  the  lines  which  bisect  at  right  angles 
the  chords  PQ,  QR  intersect  at  the  cireum-eentro  of  PQR, 
i.e.,  in  the  limit  the  centre  of  curvature  of  any  point  on  a 
curve  may  ho  considered  as  the  point  of  intersection  of 
the  normal  at  that  point  vntk  the  normal  at  a  contiguovs 
and  ulti/mately  coincident  -point. 

271.  The  formula  (a)  is  usefnl  in  the  ease  in  which  the  equation 
o£  the  curve  is  given  in  ita  intrinsic  form,  i.e.,  when  the  eqiiation  is 
given  as  a  relation  between  a  and  iji  (Art.  291).  For  example,  that 
relation  for  a  catenary  is  known  tobes  =  ctan^;  whence  we  rteduce 

and  the  rate  of  its  deflection  at  any  point 


272.  Transformations. 

This  formula  however  must  be  transformed  so  as  to 
suit  each  of  the  systems  of  co-ordinates  in  which  it  is 
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usual  to  express  the  equation  of  a  curve.     These  trans- 
formations we  proceed  to  perform. 
We  have  the  equations 

dx        .  dy 

Hence,  differentiating  each  of  these  with  respect  to  s, 

'^'^  -  4^  /  ^^  _  ^ 

^  ds~  ds^'  ^  ds      ds^' 

(Px    d?y 
,  1     ~d^    W  ,  , 

whence  -= — , — =^t~,  (e) 

p      dy       cl£^ 

dfS        ds 
and  by  squaring  and  adding 

'  ^^m-m ("' 

These  formulae  (e)  and  (c)  are  only  suitable  for  the  case 
in  which  both  x  and  y  are  known  functions  of  s. 


273.  Cartesian  ronnula.     Explicit  runetiona. 

Again,  sin 

,      dy 
ce        tani/.  =  ^, 

we  have 

»'-^^S 

by  differentiation  with  regard  to  x. 

Now 

dyp-    d-ifr   ds          1 
dx      ds'  dx    p  cos  yjr ' 

therefore 

«=°'*-rS- 

and 

.eoY  =  l  +  tanV.H-©; 

therefore 

{-©?                     , 

(B) 
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This  important  form  of  the  result  is  adapted  to  the 
evaluation  of  the  radius  of  curvature  when  the  equation 
of  the  curve  is  given  in  Cartesian  co-ordinates,  y  being 
an  explicit  function  of  x. 

274.  Cartesians.    Implicit  Functions. 

We  may  throw  this  into  another  shape  specially 
adapted  to  Cartesian  curves,  in  which  neither  variable 
can  be  expressed  explicitly  as  a  function  of  the  other. 

Thug,  if  ij){x,  y}  —  0  be  the  equation  to  the  curve,  we 


have 
and 

^3^0   dy 
■da^'^   Mdy'dx 

dy  cUc^ 

Heo 

ce,  substituting  for  .-^  and  -r^  in  formula  (d) 

- 

r  f  ?^'i 

i 
dy 

p- 

8*1        (    a*  ' 

mhmf 

'-'m 

f- 

"daJdy'aK 

dy^dyAdxl 

-W 


276.  A  curve  ia  frequently  defined  by  giving  the  two 
Cartesian  co-ordinates  a;,  y  in  terms  of  a  third  variable, 
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e.g.,   the   equation   of    a   cycloid   is   most   conveniently 
expressed  aa  x  =  a(B+s\M  0), 

i/  =  a(l  — COS0). 
Formula   (d)   is   very   easily   modified    to    meet    the 
requirements  of  this  case. 

Let  x  =  F(t)')   be  the  equations  of 

y=f{t) }  the  curve. 

dy 
Then  c^^^^fm 

dt 
d^y  _  d    (dy\    dt 
dx^    dt '  \dx/  '  dx 

d?y  dx    c^x  dy 
_Wdt~d^'~di 

^   m  " 

_{\W+  w)  )'      {ir(t)THf(t)f) 


fm.Fxt)-fm.F"{i) 

and  formula  (d)  becomes 


p->^d^_^  dy-f"(t).rit)-fxt}.r\ty 

d^- dt     d^' di 
Ex.  In  the  aboTe-mentioned  case  of  the  cyolotd 

(%_      ■    fl  ^=acoafl 

dd  '  d6^ 

and  by  formula  (f) 

,  3     8a  coe'- 
a{(l  +  cose)^  +  sm^a}^ ^_^,„0 
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273 


276.  Curvature  at  the  Origin. 

When  the  curve  passes  through  the  origin  the  values 

of  -^(=p)  and  j^(  =  q)  at  the  origin  may  be  deduced 

hy  substituting  for  y  the  expression  px+^^+...   (the 

expansion  of  y  by  Maclaurin's  Theorem)  and  equating 
coefficients  of  like  powers  of  x  in  the  identity  obtained. 
The  radius  of  curvature  at  the  origin  may  then  be  at 

(1+P')*r 


Ex.  Let  the  ci 


Putting 
we  have 


whence 

This  result  of  « 


_(I+pS)t__i  (a^+6')^ 

gr  2  a'b^-2h'ab+b'ii:^' 

,e  might  be  deduced  at  once  from  formula  (b). 


277.  It  will  be  noticed  that,  if  the  lowest  terms  of  the 
equation  be  of  the  second  degree,  we  should  get  a  quad- 
ratic equation  giving  two  values  for  p,  and  consequently 
also  two  values  for  5.     These  indicate  the  two  values  of 
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p  corresponding  to  the  two  branches  of  the  curve  passing 
through  the  origin, 

Ex.  Find  the  radii  of  owfvatv/re  at  the  origin  for  the  cm've 

SuijstiUiting  px+  ^.^+ ...  for  3/  ve  have 


p 

x'  + 

-it 

.     SO, 

Vi- 

etc., 

1^- 

or  2, 
Sor2, 

+P') 

_#__ 

V2-- 

1-414 

The  diffefenee  of  sign  introduced  by  the  g  indicates  that  the  tT 
branches  passing  through  the  origin  hend  in  opposite  directions. 


Fig.  .^3. 

278.  Newtoniaii  Method. 

The  Newtonian  method  of  linding  the  curvature  of  the 
curve  at  the  origin  is  instructive  and  interesting.  Sup- 
pose the  axes  taken  so  that  the  axis  of  a;  is  a  tangent  to 
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tho  curve  at  the  point  A,  and  the  asia  of  y,  viz.,  AB,  is 
therefore  tlie  normal.    Let  jlP5be  tho  circle  of  curvature, 
P  the  point  adjacent  to  and  ultimately  coincident  with  A 
in  which  the  curve  and  the  circle  intersect.     Then 
FN^  =  AN.NB, 

Now  in  the  limit 

iV.B=/l.S  =  twice  the  radius  of  curvature. 

=»»"  '-^'Itw-'-'^ ^°i 

Similarly,  if  the  axis  of  y  he  the  tangent  at  the  origin, 
we  have  p  —  Lt^-- 

Ex.  Find  the  radius  of  curvature  at  the  origin  for  the  ourve 

In  this  case  the  <ms  of  y  is  a,  tangent  at  the  origin,  and  therefore 

we  shall  endeavoiir  to  find  Lii^. 
2.V 
Dividing  by  x 

3^  +  3?/^ .  t^  +  4*3/ +  2/ -  —  +  2  =  0, 

Now,  at  tlie  origin  ii"   =2p,  3;='),  ?/  =  0,  ai:d  theeqiiation 
-2p4-2  =  0, 


279.  The  same  method  may  be  applied  when  the 
tangent  to  the  curve  at  the  origin  does  not  coincide  with 
one  of  the  axes ;  but  as  the  method  of  Art.  276  is  very 
simple  we  leave  the  investigation  as  an  exercise  to  the 
student. 

Ex.  Establish  in  the  above  manner  the  result  of  the  Example  in 
Art.  276. 
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280.  Formula  for  Pedal  Equations. 

To  find  a  formula  for  the  radius  of  curvature  adapted 
to  pedal  equations.     Let  0  be  the  pole  and  C  the  centre 


of  curvature  corresponding  to  the  point  /-*  on  the  curve, 
P'  a  contiguous  point  on  the  curve  ultimately  coincident 
with  P,  the  normals  at  P  and  P'  intersecting  at  G  (Art, 
270).  Let  0  Y,  the  perpendicular  on  the  tangent  at  P, 
=p.    Then         00^  =  1^+ p^~trp  cos  OPG 

=  r^  +  p^-2pp, 


Again,  for  the  contiguous  point  P',  r  becomes  r+6r 
and  p  becomes  p+Sp,  while  p  and  OC  remain  the  same. 
Hence  OC^  =  (r  +  SrY  +  p^-  2p(p  +  Sp) ; 

therefore  by  subtraction 

(r  +  6rf~r^^^pS2i. 


or  in  the  limit 


,..(H) 
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Ex.  Ill  the  equation  p''  =  Ar''-\-B,  which  rejjresents  any  epi- 
hypo-cycloid  [Chap.  VII.,  Ex.  36],  we  liave 

'  dp 

and  therefore  P  "^P- 

The  equiangulai'  spiral,  in  which  p  cc  i;  is  included  as  the  case 
which  .5=0. 

381.  Polar  Curves, 

We  shall  next  reduce  the  formula  to  a  shape  suited  {• 
application  to  curves  given  hy  their  polar  equations. 
We  proved  in  Art.  181 

1        3  ,  /duV 


Now 
therefore 


1  dp 
p^d0- 

/     ,  dhi\dv. 

r+apjas- 

t= 

-K-S> 

rdf 

andr-J; 

1  du  1 

u,^  dp~   „  ,/       d'^uV 


^©T 


K-S) 

282.  This  may  « 

easily  he  put  in  the  t 

',  Q  form  thus :- 

Since 

1 

u  =  -, 

we  have 

du         1  dr 
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,  ,,        .  dSi      ^  (drV      1  dh- 

and  tnereiore  -??>.= -5  I^jt.!  — 5  jtw' 


KS)T 


~MSf 

283.  Tangential-Polar  Form. 

In  Art.  195  it  was  proved  tliat 

,  d^2^ 

.(K) 

giving  us  a  formula  for  the  radius 

of  curvature  suitable 

for  f,  yfr  equations. 

Es.  It  is  known  that  the  general  p,  f 

equation  of  all  epi- 

and 

hypo-cycloids  can  he  written  in  the  fonn 

?;  =  ^sin5V  (Chap.  VII., 

Ex.  36). 

Hence                    p  =  As)x>B'l.- AB^  sin  Bf. 

and  therefore                           l"^V, 

thus  again  proving  the  result  of  the  Example  in  Art,  280. 

284.  Point  of  Inflexion. 

At  a  point  of  inflexion  the  radius  of  enrvature  is  in- 
finite. This  is  geometrically  obvious  from  the  fact  that 
it  is  the  radius  of  a  circle  which  passes  through  three 
collinear  points.  We  may  hence  deduce  various  forms  of 
the  condition  for  a  point  of  inflexion  ;  thus  if 

we  get 
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=  0  from  (d), 


(|)"-3^-l-|+S'-(l)"  =  »-»<* 


some  of  ■whieli  have  already  been  established  otherw 

Examples. 
!.  Apply  formula  A  to  tlie  curves 

2.  Apply  formula  D  to  the  curves 

y2  =  iax,     y  =  c  eoah  -. 

3.  Apply  formula  ^  to  the  curve 

to  find  the  radius  of  curvature  at  the  origin. 

4.  Apply  formula  #  to  the  ellipse 

!i.  Apply  fomiida  S  to  the  curves 

6.   Apply  formula  /to  the  reciprocal  spiral 


285.  Centre  of  Curvature. 

The  Cartesian  co-ordinates  of  the  centre  of  cui"vature 
may  be  found  thus : — 

Let  Q  be  the  centre  of  curvature  corresponding  to  the 
point  P  of  the  curve.  Let  OX  l)e  the  axis  of  a; ;  0  the 
origin ;  a;,  y  the  co-ordinates  of  P ;  x,y  those  of  Q ;  i/'  the 
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angle  the  tangent  makes  with  the  axis  of  x.     Draw  PN, 
QM  perpendieuiars  upon  the  a;-axis  and  PR  a  perpendi- 


cular  upon 

and 
Now 

qH.     Then 

i^OM-OS-EP 

-ON-QPaini^ 
=  ^-p8inV-, 
y  =  MQ.NP+RQ 

=  ?/  +  /)  COS  l/r. 

dy 
.     ,            di 

1 

£?!/" 
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1  + 


W 

vw 


i-y^^^-     I w 

Involutes  and  Evolutes. 

286.  Def,  The  locus  of  the  centres  of  curvature  of  all 
points  of  a  given  plane  curve  is  called  the  evolute  of  that 
curve.  If  the  evolute  itself  be  regarded  as  the  original 
curve,  a  curve  of  which  it  is  the  evolute  is  called  an 
involute. 

The  equation  of  the  evolute  of  a  given  curve  may  be 
found  by  eliminating  x  and  y  between  equations  (a),  Ifi) 
of  the  last  article  and  the  equation  of  the  curve. 

Bx.   To  find  the  loetis  of  tlie  centres  of  curvature  of  the  paraboli 


whence  (ij  —  2«)^  = 


Ua?~     4    ■ 
Hence  the  equation  of  the  evolute  is 
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287.  Evolute  touched  by  the  Hormals. 

Let  Pj,  P^  Pg  be  contiguous  points  on  a  given  curve, 
and  let  the  liorraals  at  P,,  P^  and  at  P^,  P,  intersect  at 
Qj,  Q.^  respectively.  Then  in  the  hmit  when  P^,  P,  move 
along  the  curve  to  ultimate  coincidence  with  P^  the 
limiting  positions  of  Q^,  Q^  are  the  centres  of  curvature 
corresponding  to  the  points  P^,  P^  of  the  curve.  Now 
Qj  and  Q^  both  lie  on  the  normal  at  P^,  and  therefore  it 


ia  clear  that  the  normal  is  a  tangent  to  the  locus  of  such 
points  as  Q,,  Q^,  i.e.,  each  of  the  normals  of  the  original 
curve  is  a  tangent  to  the  evolute;  and  it  will  be  seen  in 
the  chapter  on  Envelopes  (Art.  313)  that  in  general  the 
best  method  of  investigating  the  equation  of  the  evolute 
of  any  pi-oposed  curve  is  to  consider  it  as  the  envelope  of 
the  norm.itls  of  that  curve. 

288.  There  is  hut  one  Evolute,  but  an  infinite  number  of 
Involutes. 

Let  ABCD...  be  the  original  curve  on  which  the 
successive  points  A,  B,G,  J),  ...  are  indefinitely  close  to 
each  other.  Let  a,  b,  c,  ...  be  the  successive  points  of 
intersection  of  normals  at  A,  B,  0,  ...  and  therefore  the 
centres  of  curvature  of  those  points.  Then  looking  at 
ABG...  as  the  original  curve,  abed...  is  its  evolute.     And 
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regarding  abed...  as  the  original  curve,  ABOD...  is  an 
involute. 


Fig.  57. 


If  we  suppose  any  equallengths^jl'ji^ff',  CC, ...  to  be 
taiieu  along  each  normal,  as  shown  in  the  figure,  then  a 
new  curve  is  formed,  viz.,  A'B'C...,  which  may  be  called 
a  parallel  to  the  original  curve,  having  the  same  normals 
as  the  original  curve  and  therefore  having  the  same 
evolute.  It  is  therefore  clear  that  if  any  curve  be  given 
it  can  have  but  one  evolute,  but  an  infinite  number  of 
curves  may  have  the  same  evolute,  and  therefore  any 
curve  may  have  an  vnfinite  numier  of  involutes.  The 
involutes  of  a  given  curve  thus  form  a  system  oi  parallel 
curves. 

289,  Involutes  traced  out  by  the  several  points  of  a 
string  unwound  from  a  curve. 
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•  Since  a  is  the  centre  of  the  circle  of  curvature  for  the 
point  A  {Fig.  57),     aA  =  aB 

=  6if+ elementary  arc  ah  (Avt.  36). 
Hence  aA  —  hB  —  arc  ab. 

Similarly  J£  —  cC=  arc  be, 

cC—dD  —  fire  cd, 

etc, 
fF-gG^nrcfy. 
Hence  by  addition 

aA  —gG  =  arc  ab  +  a]-c  bc  +  .-.  +  a-rafg 

—  arc  ag. 
Hence  the  difference  between  the  radii  of  curoatwre  at 
two  points  of  a  curve  is  equal  to  the  length  of  the 
corresponding  are  of  the  evolute.  Also,  if  the  evolute 
abc...  he  regaitied  aa  a  rigid  curve  and  a  string  be  un- 
wound from  it,  being  kept  tight,  then  the  points  of  the 
unwinding  string  describe  a  system  of  parallel  curves, 
each  of  which  is  an  involute  of  the  curve  abed...,  one 
of  them  coinciding  with  the  original  curve  ABC...  It  is 
from  this  property  that  the  names  involute  and  evolute 
are  derived. 

290.  Radius  of  Curvature  of  the  Evolute. 

It  is  easy  to  find  an  expression  for  the  radius  of  curva- 
ture at  that  point  of  the  evolute  which  corresponds  to 
any  given  point  of  the  original  curve. 

Let  0  (Fig.  57)  be  the  centre  of  curvature  for  the  point  a 
of  the  evolute.     The  angle  ^i/r'  between  the  normals  at  a,  b 

—  the  angle  between  the  tangents  at  a,  b 

—  the  angle  between  the  tangents  at  A,  B  to  the 

original  curve 
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And  if  s'  be  the  arc  of  the  evolute  measured  from  some 
fixed  point  up  to  a,  and  p'  the  radiua  of  curvature  of  the 
evolute  at  a,  and  p  that  of  the  original  curve  at  A,  we 
have,  rejecting  infinitesimals  of  order  higher  than  the  first, 

Ss'  —  Bircab  =  6p, 
and  therefore 

'_rfSs'  _j-.Sp_dp_  d^s 

a  being  the  are  of  the  original  curve  measured  from  some 
fixed  point  up  to  A,  and  i/y  the  angle  which  the  tangent 
at  A  makes  with  some  fixed  straight  line. 

IsTRiNsic  Equation. 
291,  The  relation  between  the  length  of  the  arc  (s)  of  a 
given  curve,  measured  from  a  given  fixed  point  on  the 
curve,  and  the  angle  between  the  tangents  at  its  extremi- 
ties (i^)  has  been  aptly  styled  by  Dr.  Whewell  the 
Intrirtsic  Equation  of  the  curve.  For  many  curves  this 
relation  takes  a  very  elegant  form.  The  name  seems 
specially  suitable  to  a  relation  between  such  quantities 
as  these,  depending  as  it  does  upon  no  external  system  of 
co-ordinates.  The  method  of  obtaining  the  intrinsic 
equation  from  the  Cartesian  or  polar  relation  is  dependent 
in  general  upon  processes  of  integration.  If  the  equation 
of  the  curve  be  given  as  y=f{x),  the  axis  of  x  being 
supposed  a  tangent  at  the  origin,  and  the  length  of  the 
arc  being  measured  from  the  origin,  we  have 

tanV-^/'W, (1) 

^g         

»°'i  ax=^i+[/'W]"-  ■, (2) 

If  s  he  determined  by  integration  from  (2)  and  x  elimin- 
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ated  between  the  result  and  eqimtion  (1),  fciie  lequired 
relation  between  s  and  i/r  will  be  obtained. 

Ex.  1.  Intrinsic  equation  of  a  circle. 

If  it  be  the  angle  between   the  initial  tangent  at  A  ami   the 
tangent  at  the  point  i*,  and  a  the  radius  of  the  circle,  we  Lave 

and  therefore 


!  of  the  catenary  Tvhose  eqvation  is 
y=ccoah- 


1  +  sinh^  -  =  cosh  -, 
and  therefore  .s  =  csinh  -, 

the  constant  of  integration  being  chosen  so  that  x  and  s  vanish 
together,  whence  3=otan  ij/. 

Examples. 

1.  Show  that  the  cycloid         a=-«(fl  +  Biii0)| 
y  =  a(l-coae)) 
has  for  its  intrinsic  equation       5  =  4a  sin  ^. 
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,  Show  that  t)ie  epi-  or  hypo-cycioid  given  by 


equatioji  of  the  form 
a^AsiaBf. 

292.  Intrinsic  Eqnation  of  the  Evolute. 

Let  8  =/(■>/')  be  the  equation  of  the  given  curve.  Let 
s  be  the  length  of  the  arc  of  the  evolufce  measured  from 
some  fixed  point  A  to  any  other  point  Q.     Let  0  and  P 


Fig.  59. 

be  the  points  on  the  original  curve  corresponding  to  the 
points  A,  Q  on  the  evolute,  p^,  p  the  radii  of  curvature  at 
0  and  P;  i/r'  the  angle  the  tangent  QP  makes  with  OA 
produced,  and  i/^  the  angle  the  tangent  PT  makes  with 
the  tangent  at  0. 

Then  V'  =  V'.  and      i^'^ p~p^='£  ~ p^, 

the  intrinsic  equation  of  the  evolute. 

293.  Intrinsic  Equation  of  an  Involute. 

With  the  same  figure,  if  the  curve  AQhe  given  by  the 
equation  s'  =f{\j/), 
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ds 
we  have       p  =  ii'-\-p^,     ^  =  ^-y,  and  i/' =  i^', 

whence  s—f{f{yy)  -\-pfj\d\p-'. 

294.  Bvolutes  of  Cycloids  or  Epi-  and  Hypo-Cyeloidg. 

If  we  applj'  the  result  of  Art.  292  to  the  intrinsic 
equation  8  —  AsiaB\p;  we  get  for  the  equation  of  the 
evolute  s'  =  AB  cos  B-^'  —  p^, 

or,  dropping  the  daahea, 

s^ABna&B-'p-, 

if  s  he  supposed  measured  from  the  point  where  ■^  =  -,-7.. 

This  proves  that  the  evolute  of  an  epi-  or  hyj^o-cyeloid 
is  a  svmilar  epi-  or  hypo-cydoid.  Also,  the  ease  in 
which  jS  =  1  shows  that  the  evolwte  of  a  cycloid  is  an 
egv^al  cycloid. 

[For  further  information  on  Intrinsic  Eqiiatioiis  the  student  is 
referred  to  Boole,  "  Differential  Equations,"  p.  263,  and  to  "  Canih. 
Phil.  Trans.,"  Vol.  Till,  p,  689,  and  Vol.  IX.,  p.  150.] 

Contact. 

295.  First,  consider  the  point  P  at  which  two  curves 
cut.  It  is  clear  that  in  general  each  has  its  own  tangent 
at  that  point,  and  that  if  the  curves  be  of  the  m^  and  n^ 
degrees  respectively,  they  will  cut  in  mn  —  1  other  points 
real  or  imaginary. 


Next,  suppose  one  of  these  other  points  (say  Q)   to 
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move  along  one  of  the  curves  up  to  coincidence  with.  P. 
The  em-ves  now  cut  in  two  ultimately  coincident  points 
at  P,  and  therefore  have  a  common  tangent.  There  is 
then  said  to  be  contact  of  the  first  order.  It  will  be 
observed  that  at  such  a  point  the  curves  do  not  on  the 
■whole  cross  each  other. 

Again,  suppose  another  of  the  Tnn  points  of  inter- 
section (viz.,  R)  to  follow  Q  along  one  of  the  curves  to 
coincidence  with  P.  There  are  now  three  contiguous 
points  on  each  curve  common,  and  therefore  the  curves 


Fig.  61. 

have  two  contiguous  tangents  common,  namely,  the 
ultimate  jiosition  of  the  chord  PQ  and  the  ultimate 
position  of  the  chord  QR.  Contact  of  this  kind  is  said 
to  be  of  the  second  order,  and  the  curves  on  the  whole 
cross  each  other. 

Finally,  if  other  points  of  intersection  follow  Q  and  R 
up  to  P,  so  that  ultimately  h  points  of  intersection  coin- 
cide at  P,  thure  will  be  /:  —  1  contiguous  common  tangents 
at  P,  and  the  contact  is  said  to  be  of  the  {i  — 1)*  order. 
And  if  k  be  odd  and  the  contact  of  an  even  order  the 
curves  vAll  cross,  but  it  kbe  even  and  the  contact  there- 
fore of  an  odd  order  they  vtiU  not  cross. 
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396.  Closest  Degree  of  Contact  of  the  Conic  Sections  with 
a  Curve. 

The  simplest  curve  which  can  be  drawn  so  as  to  pass 
through  two    given  poiuts  is  a  straight  line, 
do.       three  do.  circle, 

do.       four  do.  parabola, 

do.       five  do.  conic. 

Hence,  if  the  points  be  contiguous  and  ultimately 
coincident  points  on  a  given  curve,  we  can  have  respec- 
tively the 

Straight  Line  of  Closest  Contact  (or  tangent),  having  con- 
tact of  the  Jirst.  order  and  cutting  the  curve  in  two 
ultimately  coincident  points,  and  therefore  not  in 
general  erossing  its  curve ;  the 

Circle  of  Closest  Contact,  having  contact  of  the  second 
order  and  cutting  the  curve  in  three  ultimately 
coincident  points,  and  therefore  in  general  orossvng 
its  curve  (this  is  the  cii'cle  already  investigated  as 
the  circle  of  curvature) ;  the 

Parabola  of  Closest  Contact,  having  contact  of  the  third 
order  and  cutting  the  curve  in  four  ultimately 
coincident  points,  and  therefore  in  general  not 
crossing;  and  the 

Conic  of  Closest  Contact,  having  contact  of  the  fourth 
oi^der  and  cutting  the  curve  in  five  ultimately 
coincident  points,  and  therefore  in  general  crossing. 

We  sa,y  in  general:  for  take  for  instance  the  "circle 
of  closest  contact"  at  a  given  point  on  a  conic  section. 
Now,  a  circle  and  a  conic  section  intersect  in  four  points 
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real  or  imaginary,  and  since  in  our  case  three  of  these  ai'e 
real  and  coincident,  the  circle  of  closest  contact  cuts  the 
curve  again  in  some  one  real  fourth  point.  But  it  -may 
happen  as  in  the  ease  in  which  the  three  ultimately  coin- 
cident points  are  at  an  end  of  one  of  the  axes  of  the  conic 
tlmt  the  fourth  point  is  coincident  xoith  the  other  three,  in 
which  case  the  circle  of  closest  contact  has  a  contact  of 
higher  order  than  usual,  viz.,  of  the  third  order,  cutting 
the  curve  in  four  ultimately  coincident  points,  and  there- 
fore on  the  whole  71015  crossing  the  curve.  The  student 
Mhould  draw  for  hunself  figures  of  the  circle  of  closest 
contact  at  various  points  of  a  conic  section,  rememhoiing 
from  Geometrical  Conies  that  the  common  chord  of  the 
circle  and  conic,  and  the  tangent  at  the  point  of  contact 
make  equal  angles  with  either  axis.  The  conic  which 
has  the  closest  possible  contact  is  said  to  osculate  its 
curve  at  the  point  of  contact  and  is  called  the  osculatvng 
conic.  Thus  the  circle  of  curvature  is  called  the 
osGulaivng  circle,  the  parabola  of  closest  contact  is  called 
the  osculatvng  parabola,  and  so  on, 

297.  Analytical  Conditions  for  Contact  of  a  given  order. 
We  may  treat  this  subject  analytically  as  follows. 
Let  y  =  0(^)  I 

be  the  equations  of  two  curves  which  cut  at  the  point 

■P(a!,  »)• 

Consider  the  vaJues  of  the  respective  ordinates  at  the 
points  Pj,  Pg  whose  common  ahscissa  is  x+h. 

Let        MW-k, 
Then  7fP,-.^{a!+i), 

-J'P,-V'(«  +  *) 
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and  F,P,  =  S'F^-SP,  =  ^(x+h)-^l,(x+h) 

+|'[*'W-'^"W]  +  .... 


If  the  expression  for  PgPj  be  equated  to  zero,  the  roots 
of  the  resulting  equation  for  h  will  determine  the  points 
at  which  the  curves  cut. 

If  ^{x)=y{f(ce},  the  equatioD  has  one  root  zero  and  the 

curves  cut  at  P. 
If  also  0'(a!)  =  i^'fe)  for  the  same  value  ot'x,  the  equa- 
tion has  two  roots  zero  and  the  curves  cut  in  Uvo 
contiguous   points   at  P,   and   therefore   have   a 
common  tangent.     The  contact  is  now  of  the  Jirst 
order. 
If  also  ^"(x)  =  i/'"(a;)  for  the  same  value  of  x,  the  equa- 
tion for  h  has  three  roots  zero  and  the  curves  cut 
in  three  ultimately  coincident  points  at  F.     There 
are  now  two  contiguous  tangents  common,  and  the 
contact  ia  said  to  be  of  the  second  order;  and  so  on. 
Similarly  for  curves  given  by  their  polar  equations,  if 
r=f{9),  'f='tj){d)  he  the  two  equations,  there  will  be  n+1 
equations  to  be  satisfied  for  the  same  value  of  0  in  order 
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that  for  that  value  there  may  be  contact  of  the  to**  order, 
viz., 

/(O)  -#(»),  y'(fl)  -  fO).  /'(«) =■¥'(«} /•(»)  -  *"(«). 

298.  Osculating  Circle. 

The  circle  of  curvature  may  now  be  investigated  as  the 
circle  which  has  contact  of  the  second  order  with  a  given 
curve  at  a  given  point. 

Suppose  ,j-f(x)    (1) 

to  be  the  equation  of  the  curve. 

Let  {x-Sf^iy-yf^p^ (2) 

be  the  equation  of  the  ciroie  of  cui"vature. 

By  difFerentiating  (2)  we  have 

!B-a^+(y-!/)g-0 (3) 

and  differentiating  again 

'+(iy+(^-^)S-" <«) 

Now  the  ic,  y,  -^,  -j\  of  equations  (2),  (3),  (4)  refer  to 
the  circle.  But,  since  there  is  to  he  contact  of  the  second 
order  with  the  curve  y  ~f(x)  at  the  point  (a;,  y),  -y-  and  y4 
have  the  saine  value  as  when  deduced  from  the  equation 
to  the  <MTVe,  i.e.,  we  may  write  f'(x)  for  -^  and  f"(x) 
for??. 

From  equation  (4) 

-         '  +  (ifa)  _     l  +  {f(x)]' 
«     1^-      ,Vy      -  fix)      • 
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whence     x  - 

and  by  squaring  and  adding 

such  a  sign 

being  given  to  the  radical  as  will  make  p 

positive,  i.e. 

,  if  T^  be  positive  we  must  choose 

the  + 

sign  for  the 

numerator,  and  if  -,-^  be  negative  we 

',  must 

choose  the  —  sign. 

The  values  of  x  and  y  are  the  same  as  those 

found 

geometrically  in  Art.  285,  viz.. 

^  ■ 

^m 


299.  Conic  having  Third  Order  Contact  at  a  given  point. 

The  locus  of  the  centres  of  all  conies  having  third 
order  contact  with  a  given  curve  at  a  given  point 
(i.e.,  cutting  the  curve  in  four  ultimately  coincident 
points)  is  a  straight  line  which  passes  through  the 
point  of  contact. 
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Let  P  be  a  point  on  the  curve  and  G  the  centre  of  one 
of  the  conies  having  thirfl  ordej'  contact  with  the  given 


Fig.  es. 
curve  at  P.     Let  CD  be  the  semiconjugate  to  GP  and 
GY  a  perpendicular  on  the  tangent  at  P. 

Let  CP^r,  GD^r,  GY^p,  and  let  PG  make  an  angle 
^  with  the  normal  at  P. 

Then  we  have         r'^  +  r'^^a^+l/, 
and  pr'  =  ab, 

and  therefore        rdr+r'fjy^O; 

dp_3r'^  dr' ^  Sr   rdr 

ds      ab  '  ds  ah'  ds 

_     Si-  dr  _  sin  0 

p  '  ds  COH0' 

for  -r  =eosGPT—  —sin  d>,  the  arcs  of  the  curve  and  of 
as  ■  "^ 

the  conic  being  measured  from  the  points  0  and  0'  up  to 
P,  and  ^  =  cos0; 

therefore 


and  for  a  couic 
therefore 


and  tan  <i  =  -r  -r,  where  -,^  is  found  for  onfi  of  ti 

^       .}   (is  rtjj 


3  tan  qi, 

dp  . 
ds 
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But  since  the  conic  and  the  curve  have  contact  of  the 
third  order  they  have  the  same  tangent,  the  same  -r^, 

the  same  -j^,  and  the  same  -^  at  the  point  of  contact. 

They  therefore  also  have  the  same  p  and  the  same  ~fi,  for 
<Pr    _^  dp       d?r 

Hence  the  value  of  ^  found  above  is  the  same  for  all 
the  conies,  and  depends  only  upon  the  shape  of  the  curve 
at  the  point  of  contact.  The  locus  of  all  such  centres  is 
therefore  a  straight  line  through  the  point  of  contact 

inclined  in  front  of  the  normal  at  an  angle  tan"^!-  —^], 

ds 

300.  Osculating^  Conic. 

We  can  now  pick  out  the  particular  conic  which  has 
fourth  m'der  contact  with  the  given  curve  at  the  given 
point. 

Let  0  be  the  centre  of  curvature  of  the  point  considered 
and  G  the  required  centre  of  the  conic  of  closest  contact. 
Let  Pj  be  a  point  on  the  curve  adjacent  to  the  given  point 
P.     Join  CP,  OP,  and  draw  P^N  at  right  angles  to  CP. 

Let  OP'C^,j>,      0P^G=4,-^S<p,      PO=n. 

Then  PEP^^pdE+<!>, 

and  also  —  P,  CE +ip  +  S^, 

whence  PdE=P^CE+  S<l>. 

Also,  neglecting  infinitesimals  of  higher  order  than  the 
first,  PP^  =  Ss, 
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-Hence  —  =       .,     +drp, 

or,  proceeding  to  the  limit., 

cos  0  _  1  _  rf^        I 
R   ~~  p     (U'      \ 

where  0  =  tan"^^-,' 

And  since  tho  contact  is  of  the  fourth  order,  -^  is 

the  same  for  the  curve  as  for  the  conic,  and  may  therefore 
be  supposed  derived  from  the  equation  of  the  curve. 
These  equations  determine  the  position  of  G. 

301,  Tangent  and  Normal  as  Axes.  Co-ordinates  of  a 
Point  near  the  Origin  in  terms  of  tte  Arc. 

When  the  tangent  and  normal  at  any  point  of  a  curve 
are  taken  as  the  axes  of  x  and  y  it  is  sometimes  requisite 
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to  express  the  ctj-ordinates  of  a  point  on  the  curve  near 
the  origin  in  terms  of  the  length  of  the  ai'c  measured 
from  the  origin  up  to  that  point. 

Assume  x  =  u  +  a.^s  +  a.2-^^+a2,.-,^-\-..., 

the  letters  a,  a^. . .,  h,  h^. . .  denoting  constants  whose  values 
are  to  be  determined,  and  s  being  the  length  of  arc. 
Then,  when  8  =  0,  x  and  y  both  vanish,  and  therefore 

Again,  by  Maelaurin's  Theorem 

'■~\ds)~^      V^o~   '[[the  suffix  zero  denotin 
the  values  at  the  origin] 


'-(S)r(™^f)r(^), 

(d^x\ /cos  yp-    ain  i/r  dp\ 1 

I  _  ('^\  _  /     sin  -i/^     cos  i/^  dp\  _      I    dp 
^     Xd^Jf,    \       p^  p^     ds/^        p^  ds' 


_  K^       s^  dp 
2p     Gp^  d£ 
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EXAMPLES. 

1.  Prove  that  in  the  case  of  the  equiangular  spiral  whose 
intrinsic  equation  is 

..»(.-»- 1), 

2.  For  tho  tractrix  a  =  c  Jog  sec  ^  prove  that  p  =  c,  tan  it. 

3.  Sbow  that  in  the  curve 

the  radius  of  curvature  at  the  origin  ='4714...,  and  that  at 
the  point  (1,  3)  ifc  is  infinite. 

4.  Show  that  in  the  curve 

y^  -  Sa^  -  4a;^  +  a^  +  a^y  -i-y^~Q 
the  radii  of  curvature  at  the  origin  are 

?'  jn  md  5  J% 

5.  Show  that  the  radii  of  curvature  of  the  c^irve 

for  the  origin  -  ±  »  V2, 

and  for  the  point  (  -  a,  0)      =  -. 

6.  Show  that  the  radii  of  curvature  at  the  origin  for  the  curve 

x^  +  y^  =  haxy 
are  each  -  ^^  ' 

7.  Prove  that  the  chord  of  curvature  parallel  to  the  axis  of  y 

for  the  curve  .  ^ 

2/  =  t  log  sec  ^ 

is  of  constant  length. 

8.  Prove  that  for  the  ourvo 

s  =  j«(8ec^^-l), 
p  =  3m  tan  ^  sec^^, 
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anc!  hence  that  Zrr^l  ^^  =  I. 

Also,  that  this  differential  equatiou  ia  satisfied  by  the  semicubical 
parabola  27m?/^  =  8m^. 

0.  Prove  that  for  the  c 

in,!. 
.         .  »V' 

p  =  2((  sec^^ ; 


V4     -l)       cos-i/. 


and  hence  that  — 2  =  -  , 

and  that  this  differential  equation  is  satisfied  by  tke  parabola 


10.  Show  that  for  the  curve  in  which  s  =  ae' 

11.  Show  that  the  curve  for  which  s~  JSm/  (the  cycloid) 
has  for  its  intrinsic  equation 

Hence  prove  p  =  ia    h  —  .^. 

V        2a 

12.  Pi-ove  that  the  curve  for  which  y'^  =  o'^  +  8^  (the  catenary) 
has  for  its  intrinsic  equation 

Hence   prove   p=^  =  the   pai-t   of  the   normal  intercepted 

between  the  curve  and  the  .-E-axis. 

13.  For  the  parabola         y^^iitx, 
prove  o;  =  2o  +  3a^ 


■SF  being  the  focal  distance  of  the  point  of  the  parabola  whose 
co-ordinates  are  {ic,  y). 
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14.  Show  that  tlie  circles  of  curvature  of  the  parabola  y^  =  ia'.r 
for  the  ends  of  the  latns  rectum  have  for  their  equations 

and  that  they  cut  the  curve  again  in  the  points  (9«,   +  6«). 

15.  Show  that  the  evolute  of  the  parabola  'jf^A^ax  is  th& 
seaiicubicai  parabola 

and  that  the  length  of  the  evolute  front  the  cusp  to  the  point 
where  it  meets  the  parabola  =  2a(3  -JZ  -  i ). 

16.  For  the  ellipse         ^J-  +  V  =1 

Ijrove  x=^-—-x 


Hence  show  that  the  equation  of  the  evolute  is 
and  prove  that  the  whole  length  of  the  evolute 


-C-?) 


17.  Show  tliat  in  a  parabola  the  radius  of  curvature  is  twice 
the  part  of  the  nornial  intercepted  between  the  curve  and  the 
directrix. 

18.  Prove  that  in  an  ellipse,  centre  G,  the  radius  of  cuvvature 
at  any  point  P  is  given  by 

_CP^  _a^b^  _{rr-)^ 

where  a,  b  are  tbe  semi-axes,  r,  i'  are  the  focal  distances  of  P,. 
p  the  perpendioiilai-  from  the  centre  on  the  tangent  at  i",  and. 
CD  the  semi-diameter  conjugate  to  CP. 

19.  Show  that  iu  any  conic 

(^^""-')^ 

(semi-latus-rectum  )^ 


y  Google 


302  CURVATURE. 

20.  Apply  the  polar  formula  for  radius  of  curvature  ti 
tliat  the  radius  of  the  circle 


31,  Sliow  that  for  the  cardioide  »-  =  a(l  4-otffl^) 

=  l"cos--  ie    «,  Jr 
Also  deduce  the  same  result  from  the  pedal  equatioa  of  the 

32.  Show  that  at  the  points  in  which  the  Archimedean 
spiral  r  =  «^  intersects  the  reciprocal  spiral  r9~a  their  curva- 
tures are  in  the  ratio  3:1. 

23.  For  the  equiangular  spiral  r  =  ae'"^  prove  that  the  centre 
of  curvature  is  at  the  point  ■where  the  perpendicular  to  tlie 
radius  vector  through  the  pole  intersects  the  normal. 

24.  Prove  that  for  the  curve 


e  the  formula 


*(-§) 


■where  tan  i  =  — . 

d/r 
Deduce  the  ordinary  formula  in  terms  of  r  and  B. 

26.  Show  that  the  chord  of  curvature  through  the  pole  for 
the  curve  p  =/{''') 

is  given  by  chord  =  ip-     ^  2^^'-  ' . 

27.  Show  that  the  chord  of  curvature  through  the  pole  of  the 
cardioide  r  =  «(1  +  cos  0)  is  -^■. 
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28.  Show  that  the  chord  of  curvature  tlirough  the  pole  of  fciie 
equiangular  spiral  if,  =  ^e™^  is  2r. 

29.  Show  that  the  chord  of  curvature  through  the  pole  of  the 
«urve  r™  =  d^cos  m^  is  .- 

Examine  the  cases  whea  «i= -2,  -1,  -  i,  |,  1,  2. 

30.  Show  that  the  radius  of  curvature  of  the  curve 

r  =  asmn0 

at  the  origin  is  — . 

Zl.  Show  that  for  the  curve 

we  may  write  />  in  the  form 

h       {gos'^4>  +  ain'"^ii)^        ,  ,       t, 

.; 1=3]^— i-a^     "'     "w''«l'e  ■'■  =  ^  COS""!^. 

cos    "  ^sin    "  <^ 
Examiue  the  cases  m  =  3,  f,  1, 

32.  For  the  rectangular  hyperbola 

prove  that  '"^9 /-a' 

r  being  the  central  radius  vector  of  the  point  considered. 

33.  For  the  curve        r'"  =  a'"c03m£', 

prove  that  p=  j  — i-r-m-i- 

(m+l)»-"'-i 

Examine   the   particular  cases   of  a   rectangular   hyperbola, 

leinniscate,  parabola,  cardioide,  straight  lino,  circle. 

34.  Show  that  the  co-ordinates  of  the  centre  of  curvature  of 
any  curve  may  he  written 
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35.  If  A  be  the  area  of  tke  portion  of  a  curve  included 
between  the  curve,  two  radii  of  curvature,  and  the  evolute,. 
prove  —  2'''^ 

ds' 

36.  Show  that  the  evolute  of  an  equiangular  spiral  is  ai» 
equal  equiangular  spiral. 

37.  Given  the  pedal  equation  of  a  curve,  viz.,  p  -fir) ;  show 
that  the  pedal  equation  of  its  evolute  may  he  found  hy  elimi- 
nating p  and  r  between  this  equation  and  the  equations 

/!i.,"  +  r'-2H, {«) 

i/'-'T^-r' m 

Again,  that  if  tlie  equation  p  =^''')  of  a  curve  be  giveu,  the 
general  differential  equation  of  its  involutes  may  be  obtained  bj' 
eliminating  j/,  r"  between   this  equation  and   the   equations 

(•),  (ffl. 

38.  Show  that  the  curve  whose  equation  ia 

is  an  involute  of  a  circle,  and  that  its  intrinsic  equation  is 

2' 

39.  Show  that  the  evolute  of  the  epi-  or  hypo-cycloid  denoted 
by  p^=Ai^  +  B 

ia  another  epi-  or  hypo-cycloid  denoted  hy 

40.  Show  that  the  pedal  equation  of  the  evolute  of  the  curve 
by  eliminating  r  between 


/3  = 


and  p"^  =  T^- 5j — . 

41.  Show  that  the  intrinsic  equation  of  the  cvohite  of  a 
parabola  is  s  =  2«(secY  -  !)■ 
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42.  If  x,  y  Tie  the  co-ordinates  of  a  point  /*  of  a  curve  OP 
passing  through  the  origin  0,  then  the  radius  of  curvature  at  0 

where  y  =  'j:  tan  a  ia  the  equation  of  the  tangent  at  the  origin. 
Hence  show  that  the  radius  of  curvature  of  the  curve 
^  +  y^^2a{x  +  y) 
at  the  origin  is  3a  ^2. 

43.  Show  that  the  curvature  at  any  point  of  the  pedal  of  an 

epi-  or  hypo-cycloid  is        ^^  ~m        ' 

where  a,  ia  the  radius  of  the  fixed  circle  and  r  and  f  refer  to  the 
pedal  curve.  [Sidney  Coll.,  Oamb.] 

44.  If  r,  p,  p  be  respectively  the  radius  vector,  perpendicular 

from  the  origin  on  the  tangent  and  the  radius  of  curvature  at 

any  point  of  a  curve,  pro^e  that  the  radius  of  curvature  at  the 

corresponding  point  of  the  reciprocal  polar  with  regard  to  the 

...  i^" 

origin  18  — -  , 

rp 

where  1^  is  the  constant  of  reciprocation. 

Hence  show  that  the  reciprocal  of  a  circle  is  a  conic  witii  the 
origin  as  focus. 

45.  If  i;  p,  p  be  the  same  as  in  the  last  question,  show  that 
the  radius  of  curvature  at  the  corresponding  point  of  the  inverse 

with  regard  to  the  origin  is    -r — ^— =, 

W  being  the  constant  of  inversion. 

46.  Show  that  the  parabola  whose  asis  ia  parallel  to  the  axis 
of  y,  and  which  has  the  closest  possible  contact  with  the  curve 

at  the  point  (ft,  «),  has  for  its  equation 

^ji^l)a;3=2aj/-l-2«(«-2)«;-(«^l)()i-2)tt2. 
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47.  Show  that  the  locus  of  the  centre  of  the  rectangular 
hyperbola,  having  contact  of  the  third  order  with  the  coiiic 

has  for  its  equation  a;^  +  ?/-  =  I  -^  +  n  )  J Ax^  +  By'K 

48.  Show  that  the  locua  of  the  centres  of  the  rectangular 
hyperbolae,  having  contact  of  the  third  order  with  the  parabola 

m  the  equal  parabola    y^  +  iaix  +  2a)  =  0. 

49.  If  the  equation  to  a  curve  passing  through  the  origin  be 

M,  +  «2  +  W3+---=0. 

where  u^  is  a  homogeneous  function  of  ai,  y  oi  n  dimensions, 
show  that  the  general  equation  to  all  conies  having  the  same 
curvature  at  the  origin  as  the  given  curve  is 
w,  +  i(j  +  (fe  +  my)u,  =  0. 
Thence  find  the  circle  of  curvature. 

50.  Show  that  the  circle  of  curvature  at  the  origin  for  the 
curve  x  +  y  =  ax^  +  by^  +  cx^ 

is  (a  +  bXi>fi  +  y^)  =  2x  +  2y. 

51.  If  a  right  line  move  in  any  manner  in  a  plane,  the 
centres  of  cnivature  of  the  paths  described  by  the  different 
points  in  it  in  any  position  lie  on  a  conie. 

52.  If,  on  the  tangent  at  each  point  of  a  ciirve,  a  constant 
length  be  uieasured  from  the  point  of  contact,  prove  that  the 
norma!  to  the  locus  of  the  points  so  found  passes  through  the 
corresponding  centre  of  curvature  of  the  given  curve. 

[BjimlKD.] 

53.  If  through  each  point  of  a  curve  a  line  of  given  length 
be  drawn,  making  a  constant  angle  with  the  normal  to  the 
curve,  the  normal  to  the  locus  of  the  exti'emity  of  this  line 
passes  through  the  corresponding  centre  of  curvature  of  the 
proposed  curve.  [Bbrtsand.] 
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54.  If  on  the  tangent  at  each  point  of  a  curve  a  constant 
length  c  be  measured  from  the  point  of  contact,  show  that  the 
radius  of  curvature  of  the  curve  locus  of  its  extremity  is  given 

where  p  and  i^  refer  to  the  corresixin cling  point  of  the  original 

55.  If  through  each  point  of  a  curve  a  line  of  given  length  e 
be  drawn,  making  a,  constant  angle  a  with  the  normal  at  that 
point,  the  radius  of  curvature  of  the  locus  of  its  extremity  is 

(p^  +  c-^-2pcco3a)^ 


given  by  p  — 


id  \j/  refer  to  the  corresponding  point  of  the  origina, 


p'--Yo"--  2peQ 


56,  If  on  each  tangent  to  a  gives  curve  a  length  be  measured 
from  the  poiut  of  contact  equal  to  the  radius  of  curvature  there, 
the  centre  of  curvature  at  any  point  on  the  locus  of  the  ex- 
tremity of  the  measured  length  is  at  the  centre  of  curvature  of 
the  corresponding  point  of  the  original  curve. 

57.  If  accented  letters  refer  to  a  point  on  a  curve  and 
unaccented  letters  to  the  corresponding  point  on  the  involute, 

prove  x=x'  +  p—, 

Show  how,  by  means  of  tliese  equations  and 

s'  +  p^l, 
the  equation  of  an  involute  of  a  given  cui-ve  may  be  found  ;  s' 
being  supposed  known  in  terms    of  the   co-ordinates  of  the 
extremities  of  the  arc. 
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58.  Show  that  the  equation  of  the  involute  of  the  catenary 

y  =  o  cosh  - 

which  begins  at  the  point  where  x  —  O,  y  =  c, 
is  the  Tractrix 

.r  =  ccofih  1^-  ■Jc^-y-.- 

59.  If  a  straight  line  be  drawn  through  the  pole  perpen- 
dicular to  the  radius  vector  of  a  point  on  the  equiangular  spiral 
)■  =  ««  °°'  to  meot  the  corresponding  tangent,  show  that  the 
distance  between  the  point  of  intersection  and  the  point  of  con- 
tact of  the  tangent  is  equal  to  the  arc  of  the  curve  measured 
from  the  pole  to  the  point  of  contact.  Hence  prove  that  the 
locus  of  this  point  of  intersection  is  one  of  the  involutes  of  the 
spiral,  and  show  that  it  is  an  equal  equiangular  spiral. 

61),  An  equiangular  spiral  has  contact  of  the  second  order 
■with  a  given  curve  at  a  given  point;  prove  that  its  pole  lies  on 
a  certain  circle,  and  that^  if  the  contact  be  the  closest  possible, 
the  distance  of  the  pole  from  the  point  of  contact  is 

^ds)  [Math.  Trifob.] 

61,  If  the  tangent  and  normal  to  a  curve  at  any  point  be 
taken  as  the  axes  of  x  and  y  respectively,  and  if  s  be  the 
distance,  measured  along  the  arc,  of  a  point  very  near  to  the 
origin,  show  that  the  Cartesian  co-ovdinates  of  that  point  are 
approximately 

—    _  >^   ,    s*  dp 

the  values  of  p,  ^,  and  ^  being  those  at  the  origin. 


v-c 
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62.  If  a  line  be  drawn  parallel  to  the  common  tangent  of  a 
curve  and  its  circle  of  curvature,  and  so  near  to  it  as  to 
intercept  on  the  curve  a  small  arc  of  length  s  measured  from  the 
point  of  contact,  of  the  first  order  of  small  quantities,  show  that 
the  distance  between  the  two  points  on  the  same  side  of  the 
eommoa  normal  iu  which  the  line  cuts  the  curve  and  the  circle 

of  curvature  is  —  -^,  i.e.,  is  of  the  second  order  of  small 

quantities,  the  values  of  o  and    ;-  being  those  at  the  point  of 

lis 
contact ;  and  again,  if  a  line  be  drawn  parallel  to  the  common 
normal,  the  distance  between  the  points  of  intersection  with  the 
curve  and  the  circle  is    —  -^  and  is  of  the  third  order  of  small 
quantities, 

63.  Prove  that  the  circle 

V3(«?  +  y'+2).3(»!  +  s) 
has  contact  of  the  third  order  with  the  conic 

hs?  —  Qxy  -1-  by^  —  8. 

64.  Show  that  for  the  portion  of  the  curve 

very  near  the  origin  the  sha]io  of  the  evolute  is  approximately 
given  by  1225a^/  =  16<t^ 

65.  A  line  is  drawn  through  the  origin  meeting  the  cardioide 
r  —  a(I  —  cos  6)  in  the  points  P,  Q,  and  the  normals  at  P  and  Q 
meet  in  C.  Show  that  the  radii  of  curvature  at  P  and  Q  are 
proportional  to  PC  and  QG. 

66.  If  PQ  be  an  arc  not  containing  a  point  of  maximum  or 
minimum  curvature,  the  circles  of  curvature  at  P,  Q  will  lie 
one  entirely  within  the  other. 
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67.  If  in  the  plane  curve  <l>{^,  i/)  =  0,  we  have  at  any  poinfi 

^  =  0,  ;^  =  0,  ^  =  0,  proyfr  that  the  curvature  of  one  of  the 
ox  dy  oaf 

branches  of  the  curve  wticli  paasea  through  that  point  is 

1  fflji/ay  \-' 

"3  Wydxiyj    '     [Caius  Coll.,  Camb.] 

68.  If  6  be  the  angle  between  the  normal  at  any  point  P  of 
a  plane  curve  <l>(x,  y)^0,  and  the  line  drawn  from  F  to  the 
centre  of  the  chord  parallel  and  indefiuitely  near  to  the  tangent 
at  P,  prove  that 

eo9e  =  _= bp'~2hpq  +  ag^      ^     __ 

69.  A  curve  ia  such  that  any  two  corresponding  points  of  its 
evolute  and  an  involute  are  at  a  constant  distance.  Prove  that 
the  line  joining  the  two  pointe  ia  also  constant  in  direction. 
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CHAPTER    XI. 

ENVELOPES, 

302.  Families  of  Curves. 

If  ill  fhe  equation  ^i^x,  y,  c)  =0  n^'g  give  any  arbitrary 
numerical  values  to  the  constant  c,  we  obtain  a  number 
of  equations  representing  a  certain  family  of  cur\'es  ;  and 
any  member  of  tbe  family  may  be  epeeifled  by  the 
particular  value  assigned  to  the  constant  c.  The  quantity 
c,  which  is  constant  for  tbe  same  curve  but  different  for 
different  cm-ves,  is  called  the  parameter  of  the  family, 

303.  Envelope.     Definition. 

Let  all  the  members  of  the  family  of  curves  ^{x,  y,c)  —  0 
be  drawn  which  correspond  to  a  system  of  infinitesimaUy 
close  values  of  the  parameter^  supposed  arranged  in  order 
of  magnitude.  We  shall  designate  as  consecutive  curves 
any  two  curves  which  correspond  to  two  consecutive 
values  of  c  from  the  list.  Then  the  locus  of  the  ultimate 
points  of  intersection  of  consecutive  members  of  this 
family  of  curves  is  called  tbe  envelope  of  the  family. 

304.  The  Envelope  touclies  each  of  the  Intersecting 
Members  of  the  Family. 

It  is  easy  to  show  that  the  envelope  touches  every 
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<;urve  of  the  system.  For,  let  A,  B,  G  represent  threo 
consecutive  members  of  the  family.  Let  P  be  the  point  of 
luteins ection  of  A  and  B,  and  Q  that  of  B  and  C. 


Fig.  65. 

Now,  by  definition,  P  and  Q  are  points  on  the  envelope. 
Thus  the  curve  B  and  the  envelope  have  two  contiguous 
points  common,  and  therefore  have  ultimately  a  common 
tangent,  and  therefore  touch  each  other.  Similarly,  the 
envelope  may  be  shown  to  touch  any  other  curve  of  the 


305.  To  find  the  Equation  of  an  Envelope. 

To  find  the  equation  of  the  envelope  of  the  family  of 
curves  of  which  <}>[x,  y,  c)  =  0  is  the  typical  equation.  , 

Let  0(a:,y,e)  =  O,l 

0(a;,y,c+<ic)  =  O,  i  '  ' 

be  two  consecutive  members  of  the  family.     Expanding 
the  latter  we  have 

^(3!,  y,  c)  +  Sc—<l>{x.  1/,  c)  + . . .  =  0. 
Hence  in  the  limit,  when  5c  is  infinitesimally  small,  we 
obtain  -^il>{x,y,c)  =  Q 

as  the  equation  of  a  curve  passing  through  the  ultimate 
point  of  intersection  of  the  curves  (A). 
If  we  eliminate  c  between  the  equations 

and  -#(rt,y,(!)  =  0 
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we  obtain  the  locus  of  that  point  of  intersection  for  all 
values  of  the  parameter  c.  That  is,  we  obtain  the  equations 
<if  the  envelope  of  the  family  of  curves  of  which 
^(ic,  1/,  c)  =  0  is  the  type. 

The  polar  curves  ^(r,  0,  c)  may  be  treated  in  the  same 
manner. 

Ms,  Find  tlw  envelope  of  the  si/eteiii  of  straight  linen  of  which 
i/  =  cv-{-~  is  the  type,  c  heinfi  the paTameter  and  (a)  consia^tt  for  all 
lines  of  the  system. 

Here  0(j,-,  >j,  o)  =y  -  ex  -  ?  -  0, 


tlierefori 


5*(»,j,«)--i'+3-o, 


vr 

a  parabola,  wliich.  is  therefore  the  envelope.  In  other  worda, 
every  straight  liue,  obtained  by  giving  any  arbitrary  special  viilne 
to  e  in  the  eq\iation  ■y  =  cx-¥-,  touches  the  parabola _i/^  —  4(fa'. 

306.  The  Envelope  of  ilX'^+2£\  +  C=0  is  B'^^AO. 

\iA,B,  G  be  any  functions  of  a;  and  y,  and  the  equation 
of  any  curve  be         AX^  +  2B\  +  a^0. 
X  being  an  arbitrary  parameter,  the  envelope  of  all  such 
curves  is  B^  =  AC'. 

For  we  have  to  eliminate  \  between 

and  -lAX  +  'IB^Q. 

and  the  result  is  clearly  B-  —  AG. 
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The  result  of  the  example  of  Art.  305  luay  be  obtained  in  this 
,  way;  for  the  equation  y—-mx+  — 

may  be  written         rn^ic-  m^+a=0, 
and  therefore  the  envelope  is    )/^  =  4o.t'. 

307.  Another  Mode  of  EstaWishing  the  Rule. 

The  equation  A\^+2BX+C—0  may  be  regarded  as  a 
quadratic  equation  to  find  the  values  of  X  for  the  two 
particular  members  of  the  family  which  pass  through  a 
given  point  (x,  y).  Now,  if  {x,  y)  be  supposed  to  be  a 
point  on  the  envelope,  these  members  will  be  coincident. 
Hence  for  such  values  of  x,  y  the  quadratic  for  X  must 
have  two  equal  roots,  and  the  locus  of  such  points  is 
therefore  &^AG. 

The  envelope  of  the  system  ip{x,  y,c)  =  0  might  be  con- 
sidered in  a  similar  manner.  And  it  is  proved  in  Theory 
of  Equations  that  if /(c)  =  0  is  a  rational  algebraic  equation 
for  c,  the  condition  that  it  should  have  a  pair  of  equal 
roots  is  obtained  by  eliminatinp;  c  between  the  equations 
/(c)  =0. 
/(^)  =  0, 
a  result  agreeing  with  that  of  Art.  305. 


1,  Show  that  the  envelope  of  the  line  -+^  =  1,  where  ai  =  e^,  a 

constant,  ia  4i.y=t^. 

2.  Show  that  the  envelope  of  the  line  ^+to!/+1  =  0,  where  the 
parameters  I,  m  are  connected  by  the  quadratic  relation 

is  the  conic     Ax^'i-W.V2/+Bf+tGx-i-2Fi/+C=V, 

A,  B,  C,  /;  G,  H  heing  minors  of  the  determinant  U,  6,  /  [  . 
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SOS.  Case  of  Two  Parameters. 

Next,  suppose  the  typical  equation  of  the  family  of 
curves  to  involve  two  parameters  a,  jS  coimected  by  a 
given  equation.  Then  two  courses  are  open  to  us.  We- 
may  dominate  one  of  the  parwrneters  by  means  of  the 
connecting  equation  and  thus  reduce  the  problem  to  that 
solved  in  Art.  305,  or,  as  is  frequently  better  from  con- 
siderations of  symmetry,  consider  one  of  the  parameters 
capable  of  independent  variation  and  the  other  depend- 
ent upon  it.    We  then  proceed  as  follows. 

Let  ff.(x,y,a,(3)  =  0  (1) 

be  the  typical  equation  of  the  curves  whose  envelope  is 

to  he  investigated,  and    f{a,  13)  — 0  (2) 

the  relation  connecting  «  and  ,8. 

Then,  supposing  a  the  independeut  parameter,  we  have 
3^     30  d^_  . 

'da^Z^-da        ^-  ' 

S+|-S=« ;■■(*) 

We  thus  have  four  equations  and  three  quantities  to 

eliminate,  viz.,  «,  B,  -^.     The  result  of  elimination  is  the 

da 
equation  of  the  envelope. 

The    parameters    «,  ,8,    connected    by    the    relation 
fia,  ji)  —  0,   may  he   regarded  as  the  co-ordinates   of  a 
parametric  point  which  lies  on  the  curve  f{x,  y)  =  0. 
309.  Indeterminate  Multipliers. 
The  equations  (3)  and  (4)  may  be  written 

|^(i«  +  ||rf/5  =  0  (Art.  139), 


;da  +  ^cZ^  =  0. 
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The  result  of  eliminating  da,  d0  between  thes 

"3ce"     ?>k 

■da     3;8 
Call  each  of  these  ratios  X.     We  then  have 

?s»=x?< 

3a       da 

3j_  ?/: 


..(5) 


..     % «=» 

This  quantity  X  is  called  aln  "Indeterminate  Multiplier," 

It  remains  to  eliminate  a,  ^,  and  \  between  equations 
(1),  (2),  (5),  and  (6). 

This  method  is  peculiarly  adapted  to  the  case  in  which 
i,[x,  y,  o,  ffl=*,(!>,  s,  a,  ffl~o,-0, 
and  y(a,  ffl  =/,(«, /3)-S  =  0. 

where  ^^  and  /^  are  homogeneous  in  a  and  /3,  and  of  the 
p*^  and  1/*^  degrees  respectively,  %  and  a^  being  absolute 
constants. 

Multiply  equation  (5)  by  u  and  (6)  by  /3,  and  add. 
Then  by  Euler's  Theorem 

so  that  in  such  eases  \  is  easily  found. 

Ex.  Find  the  envelope  o/ -+^=1,  lu^re  a  and  b  are  conneeled 

hy  the  relation  a' + 6° = c\ 

c  being  an  absolute  constant;  i.e.,  the  envelope  of  a  line  of  constant 
lenfftk  which  sUdea  mth  its  extremities  wpon.  (wo  fixed  rods  at  right 
angles  to  each  other. 

Here  ^da  +  ^^db  =  0, 

o.da  +  hdb  =  0, 
and  therefore  —"Ka,  ^ 
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or 


Multiplying  by  a,  and  6  respectively,  and  adding, 

and  since  a^+b'^=c'^ 

we  have  {<?3!f^-{c^i/f=<?, 

or  a:^+y^  =  a^. 

310.  Case  of  Three  Parameters  connected  by  Two  Equations. 
Next,  suppose  the  equation  of  a  curve  to  contain  three 
parameters  connected  by  two  equations. 
Let  tlie  equation  of  the  curve  be 

^(x,^.a,/3,y)  =  0 (1) 

andlet  Ua,^,y)^0,\   (2) 

/,(«,Ay)=o,|  (3) 

be  the  two  connecting  equations.     Tlien  we  have 


§i«. 


3a 


..(4) 
..(5) 


..(6) 


Jda+3^/3+ga,iy.O,  ... 

The  result  of  eliminating  da,  dji,  dy  between  these  three 
equations  is  30  .  3^    90 

3a'   3^'   3^ 

M    ?A    Si  =0 
3a'    3/3"   3y 

%    %    % 
3a'   3(3'  3/ 


■•(7) 
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If  a,  j6,  y  be  eliminated  between  the  four  equations  (1), 
(2),  (3)  and  (7),  the  result  will  be  the  equation  of  the 


It  is  to  be  noted  that  the  same  determinant  would 
^rise  from  the  elimination  of  the  "  indeterminate  multi- 
pUera  "  \  and  \  from  the  equations 

a^  +  '^i3^  +  '^^3«"  '  ^  ^ 

|+x|+x|=o (9) 

ll«.l+^l=« ('») 

and  it  is  often  advantageous  to  use  these  latter  equations 
in  place  of  (4),  (5),  (6),  involving  da,  d/3,  dy. 

The  result  of  eliminating  a,  13,  y,  \i,  Xg  between  the  six 
equations  (1),  (2),  (3),  (8),  (9),  (10)  will  then  be  the  equa- 
tion to  the  envelope. 

311.  The  general  investigation  of  the  envelope  of  a 
curve  whose  equation  contains  r  parameters  connected  by 
)■  — 1  equations  proceeds  in  exactly  the  same  way,  and  is 
the  "-esult  of  the  elimination  of  the  r  parameters  and 
r  — 1  indeterminate  multipliers  between  2r  equations. 

312.  Converse  Problem.  Given  the  Family  and  the  En- 
velope to  find  the  relation  hetween  tlie  Parameters. 

Suppose  we  are  given  the  equation  of  a  curve 

*(«,!/.  a,  ffi-O (1) 

containing  two  parameters.     Suppose  also  the  envelope 

given,  viz,,  F{x,y)  =  0 (2) 

Required  the  relation,  between  «  and  ^. 

Eliminate  y  between  (1)  and  (2).  We  obtain  an  equa- 
tion of  the  form         f{x,a;  0)  =  O,:. (3) 
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giving  the  abscissa  of  the  point  of  contact  of  the  curve 

with  its  envelope.     Since  the  curve  touches  its  envelope, 

equation  (3}  must  also  he  true  for  a  contiguous  value  of 

X,  viz.,  x-\-Sx  (unless  the  tangent  at  the  point  of  contact 

be  parallel  to  the  axis  of  y.  in  which  case  we  could  have 

eliminated  x  between  (1)  and  (2)  and  proceeded  in  the 

same  way  with  y).     Hence 

f{x,a,h)  =  ii,  \ (4) 

f{x^^x,a,  6)  =  0J  (5) 

The  latter  may  be  expanded  in  powers  of  6x,  when  it 

becomes  ,,         ,,  ,  3f„    , 

fix,  a,  6)  +  -^,5a;+...  =  0, (6) 

and  therefore  in  the  limit 

1=0 ,7) 

If,  then,  X  be  eliminated  between 

|/(»^,«./3)  =  0, 
we  obtain  the  relation  souglit. 

It  will  bie  observed  that  this  is  precisely  the  same 
process  as  finding  the  envelope  of 

considering  a,  yS  as  the  cwn^ent  co-ordinates  atid  x,  y  as 
para/meters  connected  by  the  relation 
F{x,y)  =  0. 
Es.   Giiien  that  it^+y'=c^  is  the  envelope  of  -+^=],  find  the 
necmsary  relation  between  a  and  6. 

^*+?     "' 

a      b        ' 
therefore  ^=\a. 


We  have 
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Hence  -=X*«,  |=x/, 

aud  by  addition  1— Xo^. 

ThiagivM  a^^^x^  b'^c^^, 
aiui  by  aquaring  aiid  adding 

the  relation  required.     (See  Ex.,  Art.  309,) 

313.  Evolutes  considered  as  Envelopes. 

The  evolute  of  a  cuvve  has  been  defined  as  the  locus  <if 
the  centre  of  curvature,  and  it  has  been  shovni  (Art.  287) 
that  the  centre  of  curvature  is  the  ultimate  point  of  inter- 
section of  two  consecutive  normals.  Hence  the  evolute 
is  the  envelope  of  the  -normals  to  a  curve.  It  is  from  this 
point  of  view  that  the  equation  of  the  evolute  of  a  given 
cui-ve  is  in  general  most  easily  obtiiined. 

Ex.   To  find  the  enohile  of  Ike  ellijise  -s+\a~^- 

The  equation  ot  t!ie  uormal  at  the  point  wliose  eccentric  angle 


We  liave  to  find  the  envelope  of  this  line  for  dift'erent  values  of  the 
parameter  ^. 

Differentiating  with  regai-d  to  ^, 

«-r|^+63'^=0, ■■ (3J 

or  sin^^    cos°»_jj 

by        ax 

_,                                   sin  <b      cos  <i                1  ,„, 

Hence  ^=^=_. —  _ (3j 

Substituting  these  valnea  of  sin^  and  cob$  iu  epilation  (1)  we  obtain, 
after  reduction,  {a.-i^^Jr{hyf={a^-b^f. 
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314.  Pedal  Curves  as  Envelopes. 

It  has  already  been  pointed  out  (Art.  1!)7)  that  if 
circles  be  described  on  radii  vectores  of  a  given  curve  as 
diameters  they  aU  touch  the  first  positive  pedal  of  the 
curve  with  regard  to  the  origin.  It  is  obvious,  therefore, 
that  the  problem  of  finding  the  first  positive  pedal  of  a 
given  curve  is  identical  with  that  of  fiuding  the  envelope 
of  circles  described  on  the  radii  vectores  as  diameters. 

Again,  the  first  negative  pedal  is  the  envelope  of  a 
straight  line  drawn  through  any  point  of  the  cwrve  and 
at  right  angles  to  the  radius  vector  to  the  point. 

Ex.  1.  Mnd  tlm  first  positive  peiial  of  the  circle  r=2acos9  ydt/i 
regard  to  the  origin. 

Let  rf,  a  be  the  polar  co-ordinates  of  any  point  on  the  circle,  then 
d=SaQoaa. 

Again,  the  equation  of  a  circle  on  the  radius  vector  d  for  diameter 
is  r=dcOs(,S-a\ (1) 

or  r=2«cosacoa(fl-a) (2) 

Here  o  is  the  parameter. 

Differentiating  with  regard  to  a, 

whence  sin(e-2o)  =  0, 

-I m 

SuLstituting  this  value  of  a  in  equation  (9) 
..2.co.=|, 
or  r=a(l  +  coae), 

the  equation  of  a  cardioide. 

Ex.  3.  Find  the  equation  of  the  first  Tiegalive  pedal  of  the  car- 
dimde  T  =  a{\  +  coee)  with  regard  to  the  origin. 

Hei^e  we  have  to  find  the  envelope  of  the  line 
:!^coso-i-j/sina  =  rf, 
where  d,  a  are  the  polar  co-ordinates  of  any  point  on  the  cai-dioide ; 
I.e.,  where  d  =  a{l  -l-eos  a). 
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The  equation  of  the  line  is  therefore 

;KCOSa+ysino  =  a(l  +  cosa), 
or  (»-«)cosa+2,3iii<.  =  ,i, 

a  line  which,  from  itiS  form,  is  easily  seen  to  bo  a  tangent  t< 

or  r=2ueose, 

wliicli  is  therefore  its  envelope. 


EXAMPLES. 

I.  Find  the  equation  of  the  curve  whose  tangent  is  of  the 
foi'in  y  =  mx  4-  wi*,  m  being  independent  of  x  and  y. 
%  Find  tlie  envelope  of  tlie  curves 

X  y      ~  a 

for  different  values  of  6. 

3.  Find  the  envelope  of  the  family  of  trajectories 

w  =  a;  tan  0  —  Ao— ___- , 
d  being  the  arbiti-ary  parameter, 

4.  Find  the  envelopes  of  straight  lines  drawn  at  right  angles 
to  tangents  to  a  given  parabola  and  passing  through  the  points 
in  -whicli  those  tangents  cut 

(1)  the  axis  of  the  parabola, 

(2)  a  fixed  line  parallel  to  the  directrix. 

5.  Find  the  envelope  of  straight  lines  drawn  at  right  angles 
to  normals  to  a  given  parabola  and  passing  through  the  points 
in  which  those  normals  cut  the  axis  of  the  paraboJa. 

6.  A  series  of  circles  have  their  centres  on  a  given  straight 
line,  and  their  radii  are  proportional  to  the  distances  of  their 
corresponding  centres  from  a  given  point  in  that  line.  Find 
the  envelope. 
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7.  Find  tlie  envelopes  of  tlie  line 

under  the  followiBg  conditions  ; — 

(1)  o  +  S-S, 

(2)  o"  +  4--i", 

(3)  o-6-_t-", 
k  being  a  constant  in  each  case. 

8.  P  is  a  point  which  moves,  along  a  given  sfcraiglit  line. 
PM,  FN  are  perpendiculars  on  the  co-ordinate  axes  supposed 
rectangular,     Piiid  the  envelope  of  the  line  MN. 

9.  A  straight  line  has  its  extremities  on  two  fixed  straight 
lines  and  forms  with  them  a  triangle  of  constant  area.     Find 


10.  Find  the  envelope  of  the  line  i/  =  jwit!- 2am- am'  for 
different  values  of  m ;  i.e.,  find  the  equation  of  the  evolute  of 
the  parabola  y'^  =  iax. 

11.  Show  that  the  envelope  of  the  family  of  curves 

^  A.8  +  35A«  +  3CA  + ./?  =  0, 
where  A  is  the  arbitrary  parameter  and  A,  B,  C,  D  are  functions 
of  X  and  i/,  is 

{BG  -  ADf  =  ^{BB  -  C'^){A  C  -  B^). 

12.  Show  that  the  envelope  of  the  family  of  cucves 

A  COST'S +  B&m''e=C, 
where  0  is  the  arbitrary  parameter  and  A,  B,  C  are  functions 

A^-«  +  B^-  =  C^'. 

13.  Show  that  the  envelope  of  the  lines  whose  equations  are 

x  sec^Q  +  y  cosec^S  =  c 
is  a  parabola  touching  the  axes  of  co-ordinates. 
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14.  Find  the  envelopes  of  the  systems  of  coaxial  ellipses 
whose  aemiaxes  a  and  h  ave  connected  by  the  equations 

(1)  a  +  b^k, 

(3)    >+  V^=  Jh, 

(3)  a"'  +  6"'  =  F', 

(4)  ah  =  k\ 
k  being  a  constant  in  each  case. 

15.  Find  the  envelopes  of  the  parabolas  which  touch  the 
co-ordinate  asea  and  are  such  that  the  distances  (a,  /3)  from  the 
origin  to  the  points  of  contact  are  connected  by  the  relations 

(2)  .-  +  /3-.i- 

(3)  ./!.i', 
it  being  a  constant  in  each  case. 

16.  Show  that  the  system  of  conies  obtained  by  varying  X 
in  the  equation 

have  for  their  envelope  the  parallelogram  whose  sides  are 

17.  Find  the  envelope  of  the  line  which  jiina  the  feet  of  the 
two  perpendiculars  from  any  point  of  a  circle  upon  a  given  pair 
of  perpendicular  diameters. 

18.  Show  that  the  envelope  of  straight  lines  which  join  the 
extremities  of  a  pair  of  conjugate  diameters  of  an  ellipse  is  a 
similar  ellipse. 

19.  Show  that  if  PM,  FN  be  perpendiculars  from  any  point 
P  of  the  curve  y  =  via?  upon  the  axes  the  envelope  of  MX'  is 

27j'  +  4ma;5  =  0. 

20.  Find  the  envelope  of  circles  described  on  the  radii  vectores 
of  an  ellipse  drawn  from  the  centre  as  diameters. 
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21.  Show  that  the  envelope  of  a.  circle  whose  centre  lies  on 
the  parabola  y*  =  iax  and  wKicIi  passes  through  its  vertex  is 

22.  Show  that  the  envelope  of  a  circle  whose  centre  lies  on 
the  parabola  y^=iax  and  whose  radius  =  the  abscissa  of  the 
centre  is  made  up  of  the  tangent  at  the  vertex  and  a  circle  with 
centre  at  the  focus. 

23.  If  a  lamina  rotate  in  its  own  plane  about  any  fixed  point 
in  that  plane,  show  that  the  directions  of  motion  at  any  instant 
of  any  given  curve  of  points  in  the  lamina  have  for  their 
envelope  the  first  negative  pedal  of  that  curve  with  regard  to 
the  fixed  point. 

Examine  the  particular  cases  of  a  straight  line  and  a  circle. 

24.  Two  particles  move  along  parallel  straight  lines,  the  one 
with  uniform  velocity  and  the  other  with  the  same  initial 
velocity  but  with  uniforni  acceleration.  Show  that  the  iine 
joining  them  always  touches  a  fixed  hyperbola, 

25.  A  series  of  circles  is  described  having  their  centres  on  an 
equilateral  hyperbola  and  passing  through  its  centre.  Show  that 
the  locus  of  their  ultimate  points  of  intersection  is  a  lemniscate. 

26.  Prove  that  the  equation  of  the  normal  to  the  curve 

may  be  written  in  the  form 

Hence  show  that  the  evolute  of  the  curve  is 

27.  Show  that  the  envelope  of  the  lines 
where  «  is  the  arbitrary  parameter,  is 
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28.  If  0  be  the  pole  and  P  any  point  of  the  cui-ve 

and  if  with  0  for  pole  and  P  for  vertex  a  similar  curve  be 
described,  the  envelope  of  all  such  curves  is 
r!  =  ([5cos — . 

29.  If  0  be  the  pole  and  P  any  point  of  the  cui-ve 

and  if  with  0  for  pole  and  P  for  vertex  a  curve  similar  to 
be  described,  the  envelope  of  all  such  curves  is 

m  +  ii  ' 

30.  If  0  be  the  pole  and  Y  the  foot  of  tlie  perpendicular 
from  0  on  any  tangent  to  the  curve 

r"  =  ffi"'cosm^, 
and  if  with  0  for  pole  and  Y  for  vertex  a  curve  similar'  to 

be  described,  the  envelope  of  all  such  curves  is 

r''  =  a^  oosp6,  where  p  = — . 

31.  If  a  point  on  the  circumference  of  a  given  circle  betaken 
as  pole,  and  circles  be  described  on  i-adii  vectores  of  the  given 
circle  as  diameters,  the  envelope  of  these  circles  is  a  cardioide. 

32.  Show  that  the  envelope  of  all  cardioides  on  radii  vectores 
of  the  circle  r=acos  d  for  axes,  and  having  their  cusps  at  the 
pole,  is  ri  =  n.icos|6. 

33.  SIiow  that  the  envelope  of  all  cardioides  described  on 
radii  vectores  of  the  cardioide  r  =  «(l+cos^)  for  axes,  and 
having  their  cusps  at  the  pole,  is 
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34.  On  radii  veotores  of  r'"  =  a^''cos3M.9  aa  axes  curves 
similar  to  it  are  desei-ibed,  the  curves  being  all  concentric. 
Show  that  the  enyelope  of  all  these  is 

35.  Prove  that  the  pedal  equation,  of  the  envelope  of  the  line 

iccos29  +  2/Biii2£'  =  2»cos^ 
is  2fi  =  %{'>^-aP). 

36.  Prove  that  the  pedal  equation  of  the  envelope  of  the  line 

37.  Two  central  radii  veotores  of  a  circle  of  i-adius  a  rotate 
from  coincidence  in  a  given  initial  position  with  uniform  angular 
velocities  la  and  in'.  Show  that  the  pedal  equation  of  the 
envelope  of  a  line  joining  their  extremities  is 

((.  +  w')M  =  i<uo>'jya  +  {«.  -  <oya\ 

38.  The  envelope  of  polars  with  respect  to  the  circle 

of  points  which  lie  on  the  circle 

i.  {(o-6)a:  +  «6f-»'l(«^-«)'  +  rJ. 

39.  A  square  slides  with  two  of  its  adjacent  sides  passing 
through  fixed  points.  Show  that  its  remaining  sides  touch  a 
pair  of  flsed  circles,  one  diagonal  passes  through  a  fixed  point, 
and  that  the  envelope  of  the  other  is  a  circle. 

40.  An  equilateral  triangle  moves  so  that  two  of  its  sides 
pass  through  two  fixed  points.  Prove  that  the  envelope  of  the 
third  side  is  a  circle. 

41.  Prove  that  the  envelope  of  the  circles  obtained  by  vary- 
ing the  arbitrary  parameter  a  in  the  equation 

consists  of  a  straight  line  and  a  circle. 
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42.  Two  points  are  taken  on  an  ellipse  on  the  same  side  of 
the  major  axis  and  such  that  the  sum  of  their  abscissae  is  equal 
to  the  aemi-major  axis.  Siiow  that  the  line  joining  them 
envelojiea  a  parabola  which  goes  through  the  extremitios  of  the 
minor  axis  and   whose  latus  rectum  is  equal  to  that  of  the 


43.  Given  the  centre  and  directrices  of  an  ellipse,  eliow  that 
the  envelope  of  the  normals  at  the  ends  of  the  latera  leeta  is 

44.  Prove  that  the  envelope  of  a  circle  ■which  passes  through 
a  fixed  point  F  and  subtends  a  constant  angle  at  another  fixed 
point  ^  is  a  lima^on. 

45.  Find  the  envelope  of  a  jiarabola  of  which  the  directrix 
and  one  point  are  given. 

46.  Find  the  condition  between  a  and  h  that  the  envelope  of 
the  line  ?  +  ^=l 

may  be  the  curve  3fy''  =  k'^*''. 

47.  S  is  a  fixed  point,  and  with  any  point  T*  of  a  curve  for 
centre  and  with  I'adius  PS  +  k  a  circle  is  described.  Show  that 
the  envelopes  for  difierent  values  of  k  consist  of  two  sets  of 
parallel  curves,  one  set  beingicircles ;  and  find  what  the  original 
curve  must  be  that  both  sets  may  be  circles. 

48.  Rays  emanate  from  a  luminous  point  0  and  are  reflected 
at  a  plane  curve.  OF  is  the  perpendicular  from  0  on  the 
tangent  at  any  point  P,  and  OY  is  produced  to  a  point  Q,  such 
that  YQ~OY.  Show  that  the  caiiatic  curve  is  the  evolute  of 
the  locus  of  Q.  Show  that  the  caustic  curve  may  also  be 
regarded  as  the  evolute  of  the  envelope  of  a  circle  whose  centre 
is  P  and  radius  OP. 

[It  a  ray  of  light  in  the  pJaue  of  a.  given  bright  curve  be  ineiilent  upon 
the  curve  the  relieeted  ray  and  the  incident  ray  raaka  equal  ajigles  with 
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the  normal  to  the  carve  at  tlie  point  of  incidence,  and  the  reflected  ray 
lies  in  the  plane  of  the  ouiTe.  If  a  given  system  of  rays  be  incident 
upon  the  curve,  the  envelope  of  the  reflected  rays  is  called  the  cauatic  by 
reflection.] 

49.  Parallel  rajs  are  iacident  on  a  briglit  semicircular  wire 
(radius  a)  and  in  its  plane.  Show  that  the  caustic  curve  is  the 
epicycloid  formed  by  a  point  attached  to  a  circle  of  radius  -, 
rolling  upon  the  circumference  of  a  circle  of  radius  — - 

50.  Rays  emanate  from  a  point  on  the  circumference  of  a  re- 
flecting circular  arc.  Show  that  the  caustic  after  reflection  is  a 
cardioide. 

51.  Show  that  if  rays  emanate  from  the  pole  of  an  equi- 
angular spiral  and  are  reflected  by  the  curve  the  cauatic  is  a 
similar  equiangular  spiral. 
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CURVE  TRACING. 

315.  Natnre  of  the  Problem.     Cartesian  Equations. 

If,  in  the  Cartesian  equation  of  any  algebraic  curve, 
various  values  of  x  he  assigned,  we  obtain  a  number  of 
equations  whose  roots  give  the  corresponding  values  of 
the  ordinates.  The  real  roots  of  these  equations  can 
always  be  either  found  exactly  or  approximated  closely 
to  by  methods  explained  in  the  Theory  of  Equations. 
We  can  by  this  means,  laborious  though  it  will  in  most 
cases  be,  find  as  many  points  aa  we  like  which  satisfy  the 
given  equation  of  the  curve ;  and  by  joining  these  points 
by  a  curved  line  drawn  freely  through  them  we  can  form 
a  fairly  good  idea  as  to  its  shape.  The  experience,  how- 
ever, which  we  have  gained  in  previous  chapters  will  in 
general  obviate  any  necessity  of  resort  to  the  usually 
tedious  process  of  approximating  to  the  roots  of  equations 
of  high  degree ;  and  we  propose  to  give  a  list  of  sugges- 
tions for  guidance  in  curve  tracing  which  in  most  cases 
will  enable  us  to  form,  without  much  difficulty,  a 
sufficiently  exact  notion  of  the  character  of  the  curve 
represented  by  any  specified  equation. 
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316.  Order  of  Procedure. 

1.  A  glance  will  suffice  to  detect  symmetry  in  a  curve. 
If  no  odd  powci-3  of  y  occur,  the  curve  is  symmetrical 
with  respect  to  the  axis  of  x.  Similarly  for  symmetry 
about  the  axis  of  y.  If  all  the  powers  of  both  x  and  y 
which  occur  be  even,  the  curve  is  symmetrical  about  both. 

axes,  as,  for  instance,  in  the  case  of  the  ellipse  -2+p=l- 
Again,  if  on  changing  the  signs  of  x  and  y  the  equation 
of  the  curve  remain  unchanged,  there  is  symmetry  in 
opposite  quadi-ants,  as  in  the  case  of  the  hyperbola  a!!/=/i^- 
The  origin  is  then  said  to  be  a  centre  of  the  curve. 

If  the  curve  be  not  symmetrical  with  regard  to  either 
axis,  consider  whether  any  obvious  transformation  of 
co-ordinates  could  make  it  so. 

2.  Notice  whether  the  curve  passes  through  the  origin; 
also  the  points  wkare,  it  crosses  the  co-ordvtiate  axes;  or, 
in  fact,  any  points  whose  co-ordinates  present  themselves 
as  obviously  satisfying  the  equation  to  the  curve. 

3.  What  asymptotes  are  there  ?  First  find  those 
parallel  to  the  co-ordinate  axes ;  next,  the  oblique  ones- 
(Art.  210).  These  results  point  out  in  what  directions 
the  curve  extends  to  infinity. 

Find  also  on  which  side  of  each  asymptote  ike  curve 
lies  (Art.  232). 

4.  If  the  curve  pass  through  the  origin,  equate  to  zero 
the  terms  of  lowest  degree.  These  terms  will  give  the 
tangent  or  tangents  at  the  origin  (Art.  254),  and  thus  tell 
the  direction  in  which  the  curve  passes  through  the 
origin.  -A  more  complete  method  of  finding  the  shape  of 
the  curve  near  to  and  at  a  great  distance  from,  th& 
origi/n  is  to  follow  in  Art.  320. 
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5.  If  tbere  be  a  node,  cusp,  or  conjugate  point  at  the 
origin,  or  a  multiple  point  of  higher  order  than  the 
second,  fcalie  note  of  the  fact.  If  there  be  a  cusp,  test  its 
species  (Art.  258). 

6.  find  what  other  multiple  points  the  curve  has  (Art. 
257),  and  ascertain  the  position  and  character  of  each. 

7.  Find  -r',  and  for  what  points  it  vanishes  or  becorixes 

infinite.  These  results  will  indicate  the  points  at  which 
the  tangent  is  parallel  or  perpendicular  to  the  axis  of  x. 
The  direction  of  the  tangent  at  other  points  may  also  be 
ascertained  if  desirable. 

8.  Find,  if  convenient,  'ih^  "points  of  inflexion. 

9.  A  straight  line  will  cut  a  curve  of  the  ti*"^  degree  in 
n  points  real  or  imaginary,  and  imaginary  intersections 
occur  m  pairs.  These  facts  are  often  useful  in  detecting 
a  false  notion  of  the  shape  of  a  curve. 

10.  If  we  can  solve  the  equation  for  one  of  the  vari- 
ables, say  y,  in  terms  of  the  other,  x,  it  will  be  frequently 
found  that  radicals  occur  in  the  solution,  and  that  the 
range  of  admissible  values  of  x  which  give  real  values  for 
y  is  thereby  limited.  The  existence  of  loops  upon  a  curve 
is  frequently  detected  thus. 

11.  It  sometimes  happens  that  the  equation  is  much 
simplified  upon  reduction  to  the  polar  form.  This  is 
especially  the  case  when  the  origin  is  a  multiple  point  on 
the  curve. 

317.  It  is  not  necessary  of  course  in  every  case  to  take 
all  the  steps  indicated  above,  ov  to  keep  to  the  order  laid 
down,  but  the  student  is  advised  in  any  curve  he  may 
attempt  to  trace  to  note  down  the  result  of  each  inve3- 
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tigation  he  may  make.  For  instance,  he  should  remark 
the  absence  just  as  much  as  the  existence  of  symmetry, 
asymptotes,  or  singular  points,  and  the  total  information 
gained  will  generally  be  sufficient  to  give  a  tolerably  good 
diagram  of  the  curve. 

318.  We  add  a  few  examples  to  illustrate  the  points 
enumerated. 


I.  To  trace  the  curve        !/-^(a^-l){a^-2)(:c~3). 
(o)  This  curve  is  not  sjmmetrieal  about  either  axis  ;  hut  if  the 
origin  be  transferred  to  the  point  (2,  0)  the  equation  beeoroes 

showing  symmetry  in  opposite  quadrants  when  referred  to  the  new 
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axes,  and  that  the  tangent  at  the  new  origin  is  indined  a 
135' to  the  axis  of  *. 

(3)  Eeenrring  to  the  original  equation, 
If  i/  =  0,  3^  =  1,2,  orS; 


2/=a> 


"When  ;r  is  >  3   y  is  positive, 

j;  <  3  but  >  3   y  is  negative, 

X  <2  but  >- 1    y  is  positive, 

!)!  <\  y'm  negative. 

(t)  The  curve  does  not  go  through  the  origin,  and,  although 

extending  to  infinity,  it  has  no  rectilineal  asymptote. 

(3)  Since  y-;j;9-6,j^  +  ll:r-6 

-we  have  ^^^.v^-i^x+ll, 


•which  vanishes  when 


K=2± 


),  which  shows  that  there  is  a  point  of  ii 


flexion  at  the  point  where  ir  =  2. 

The  shape  of  the  curve  is  therefore  that  shown 


II.   To  trace  the  curve  

Case  1.  Suppose  a>h  ("Fig  67). 
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{a)  The  curve  is  symmetrical  with  regard  to  the  axia  of  x. 
(p)  While  K  <  6,  y  is  imaginary, 

;eal  for  all  values  of  x  from  6  to  as,  and  the  curve  m 

when.  ^=aaJid  when  ^=6. 


^sthe 


D  when  x=b, 


D  that  t 


(y)  ^=0  when  ^=a., 
touches  the  axia  x  at  the  point  {a,  0),  and  cuts  it  at  right  angles  at 
(b,  0). 

(S)  There  is  no  asymptote;  but,  when  «  =  to,y  and  -^-  are  both 
CO  in  the  limit,  the  curve  ultimately  taking  the  shape  of 


Fig.  68. 
Case  S.  Next  consider  a<  6  (Fig.  68). 

(a)  There  is  in  this  case  also  symmetry  about  the  axia  of  x. 

(^)  The  equation  to  the  curve  is  satisfied  by  the  point  {a,  0),  but 
by  no  other  point  in  its  vicinity,  for  if  ic  be  <  6,  ^  ia  imaginary 
except  when  x  =  a.     The  point  (a,  0)  is  therefore  a  conjugate  point. 

(7')  Moreover  — ■5^  =  ra  when  x  =  b,  and  the  curve  cuts  the  axia  of 
i»  at  right  angles  at  thia  point. 

(J")  Also,  when  «=<», ^=50;  so  the  curve  ia  departing  from 
(6,  0)  (the  poiat  Jl  in  Fig.  68)  must  bend  towards  the  positive  direc- 
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tion  of  the  axis  of  m,  and,  fiuaJIy,  ^  again  becomes  infinite,  stowing 

that  there  muat  be  a.  point  of  inflexion  at  aome  point  G  between  B 
and  CO ,     Its  exact  position  is  of  course  given  by  the  equation 

2=»- 

ax' 
The  shapes  of  the  curves  in  the  two  eases  are  given  in  Figs.  67 
ajld  68  respectively. 

Examples. 

1.  Trace  the  curve  y=x\3:-l), 

showing  that  its  tangent  is  parallel  to  the  axis  of  *■  at  tlie  origin 
and  at  the  point  x=^. 

2.  Trace  y=^: 

and  show  that  there  is  a  point  of  inflexion  at  the  origin.     This  curve 
is  called  the  cvbical  parabola, 

3.  Trace  the  curve  S^=^, 

showing  that  there  is  a  cusp  of  the  first  kind  at  the  origin.     Tiiia 
curve  is  called  a  a^micuMoal  parabola. 

4.  Trace  the  curve     ay''=(^3;-a)(3:-b){x-c), 

where  a,b,c  are  in  descending  order  of  magnitude,  and  examine  the 

(S)     6=c, 
(3)     a  =  b  =  c. 
III.  To  trace  the  owve 

a  being  positive. 

a.  There  is  no  symmetry  about  either  axis  and  the  curve  does  not 
pass  through  the  origin. 

p.  The  curve  cuts  the  axis  of  y  at  the  point  (0,  -a)  and  the  axis 
of  X  at  the  point  given  by  the  real  root  of 
x^  +  a:i^  +  a'  =  0. 
(It  is  clear  that  two  roots  of  this  equation  are  imaginary,  for  the 
sum  of  the  squares  of  the  reciprocals  of  its  roots  is  negative.)     Also, 
the  real  root  is  obviously  negative  and  numerically  greater  than  a. 

y.  When    a;  is  >  a,  j  is  positive. 

When    X  lies  between  a  and  -a,  y  is  negative. 
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When  a:  is  •c-a,  y  is  positive  until  j;  passes  the  negative  root 
above  referred  to,  and  then  ia  negative  afterwards. 

S.  The  asymptotes  parallel  to  the  axes  are  ie=  ±a.  To  find  the 
oblique  asymptote 


y=^+a+^ 


Heucey  =  a!+a] 
ordinate  of  the 
tote,  and  the  c 
negative,  the  cu: 


Fig.  69. 

i  the  obliq^ue  asymptote,  and,  if  ^  be  positive,  the 
iurve  is  obviously  greater  than  that  of  the  asyiup- 
irve  lies  above  the  oblique  asymptote.  If  x  be 
ve  lies  below  it. 
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which  gives  -r-=0,  when  ^  =  0  or  when 
clearly  has  a  positive  root  lying  betwei 
which  can  be  shown  bo  have  only  this  one 


^-3M.%-4a3  =  0,  which 
n  3)  =  2a  and  ic~Sa,  and 
real  root. 


Also,* 


only  when  x=  ±a. 

f.  A  point  of  inflexion  lies  between  a^=  -5a  and  ;it=  — Ca  (Ex.  ^6, 
Chap.  X). 

The  shape  is  therefore  that  given  in  Fig.  69. 

IV.  To  trace  the  curve    y^+%a^+x''=(}. 

a.  The  curve  is  not  symmetrical  about  either  axis  and  there  are 
no  asymptotes, 

|9.  The  curve  paasesthrough  the  origin,  but  cuts  neither  axis  again. 

7.  There  is  a  cusp  at  the  origin,  the  equation  of  the  tangent  being 


Fig.  70. 
Proceeding  according  to  Art.  258  the  quadratic  for  p  ia 

an  equation  whose  roots  are  real  if  x  be  very  small,  positive 
negative;  for  the  criterionfor  real  roots  is  that  3^~a^  should  be  > 
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This  condition  is  fulfilled  until  x  is  >  1,  when   P   or  y  becomes 
imaginary. 

Moreover,  the  product  of  the  roots=ii;'  and  ia  positive  or  negative 
according  as  if  ia  positive  or  negative.  There  is  therefore  a  double 
cuspattteorigin,aiid  on  the  positive  side  of  the  axis  of  y  it  is  of  the 
second  speciea,  while  on  the  negative  side  it  is  of  the  first  species. 
The  point  is  therefore  a  point  of  oaeul-inflcxion  (Fig.  47). 

S.  )/=  —  j^±jj^  vl  — «, 

so  that  J^=co  if  a:=l.  Also,  one  value  of  -;i  isaerowheii«=  — , 
The  shape  of  the  curve  is  now  readily  seen  to  be  that  shown  in  Fig.  70. 
319.  The  following  curve  illustrates  a  particular  artifice 
which  may  be  oceaaionally  employed,  namely  to  express 
the  ordinate  of  the  curve  as  the  sum  or  difference  of  the 
ordinates  of  two  known  or  easily  traceable  curves. 


Fig.  71. 
Y.   To  trace         {^+y^-2eu:f=4M(^(2a-x). 
Here  )y^=2(U!-,E^±2»/ai«y2oj!-a^+£fj 

therefore  i/=  ±  •/do.r— a^±  \/oj:. 
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where  J,  and  y^  are  corresponding  ordinatea  of  the  cii'cle  a;^+y^=2ax 
and  o£  the  parabola  ^^=(ra'.  Hence  the  ordinate  of  the  curve  is  the 
aiun  or  difference  of  the  correaponding  ordinatea  of  these  curves. 
The  circle  »nd  the  parabola  are  shown  by  dotted  lines  in  the  accom- 
panying figure,  and  the  resultant  curve  by  the  continuous  line. 

Examples. 

1.  Tra<<e  the  curve        (.v-^y+\y=(\--xf, 

showing  that  there  is  a  cusp  of  the  first  species  at  (I,  -  3) ;  also 
that  all  chords  parallel  to  the  asis  of  y  are  bisected  by  the  line 
^+^+1=0- 

2.  Trace  the  curve  r=amc,9-taaas8, 

the  radius  vector  being  the  sum  or  difierence  of  the  radii  vectores 
of  a  straight  line  and  a  circle. 

320.  Newton's  Diagram  of  Squares. 

When  a  curve  whose  ecjaation  is  algebraic  and  rational 
passes  through  the  origin  it  is  frequently  desirable  to 
ascertain  the  shape  of  the  curve  in  the  immediate  neigh- 
bourhood of  the  origin  more  accurately  than  can  be  pre- 
dicted from  a  mere  knowledge  of  the  direction  of  the 
tangents,  and  also  to  form  some  idea  of  the  limiting  form 
of  the  curve  at  a  great  distance  from  the  origin. 

The  following  is  a  graphical  method  of  determining 
what  terms  of  an  equation  are  to  be  retained  or  rejected 
in  such  cases : — 

Let  Ax^y"^,  Bx^'if  be  any  two  terms  of  the  equation  of 
the  curve ;  and  let  us  suppose  them  to  be  such  that  they 
are  of  the  same  order  of  magnitude.  Take  a  pair  of 
co-ordinate  axes  and  mark  down  the  positions  of  the 
points  (p,  5)  (r,  s),  which  we  shall  call  P  and  R  respec- 
tively. Then,  since  x^y^  and  x^'y'  are  of  the  same  order 
of  magnitude,  x^^''  and  ^-^  are  also  of  the  same  order, 

and  therefore  the  order  of  x  is  that  of  y'f^' 
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Now    -  — ^  =  tan  Q,  where  6  is  the  angle  whieh  the  line 

PR  makes  with  OX.  So  that  the  order  of  x  is  that  of 
y-taae^  and  therefore  the  order  of  the  term  Ax^y''  is  that 
of  ^-ptsnff     Now  q~pta.n9  =  the  intercept  OA  made 


Y 

K^_^ 

TO  X 


by  the  line  PR  upon  OY,  so  that  the  order  of  the  terms 
Ax^lp  and  Bx^if  is  that  of  y"*'^  and  is  measured  by  the 
intercept  OA. 

Consider  next  any  other  term  CV";/"  in  the  equation. 
Let  its  gi-aphical  point  (m,  n)  be  denoted  by  M  in  the 
ligure.     Then  the  order  of  thia  term  is  that  of 

the  line  MB  being  drawn  parallel  to  RP,  cutting  off  the 
intercept  OB  on  the  axis  of  y.  OB  therefore  graphically 
marks  the  order  of  this  term,  whieh  may  therefore  be 
rejected  in  tracing  near  the  origin  in  comparison  with 
the  terms  denoted  by  the  points  P  and  R  if  OB  be  greater 
than  OA ;  and  in  tracing  the  curve  at  a  great  distance 
from  the  origin  it  may  be  rejected  if  OB  be_  less  than  OA. 
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Thus  if  all  the  terms  of  the  equation  be  represented 
graphically  by  the  aeries  of  points  P,  Q,  R,  S  ...  in  the 
manner  above  described,  and  if  when  any  two,  say  P  and 
R,  are  chosen  all  the  other  points  lie  on  the  side  of  the 
line  PR,  remote  from  the  oi'igin,  they  may  all  be  rejected 
in  tracing  the  portion  of  the  curve  in  the  immediate 
proximity  of  the  origin;  but  if  they  all  lie  on  the  origiu 
side  of  the  line  PR  they  may  all  be  rejected  in  tracing 
the  curve  at  an  infinite  distance  from  the  origin. 

Ex.  If  the  equation  l>e 

the  points  A,  B,  G,  D,  E  repreaent  the  lat,  2iid,  etc,  tevms  respect- 


aud  the 

are  groups  wliicli 
whilst  the 
and  the 


Kg.  7a. 

vely,  and  a  glance  at  the  diagram  will  show  that  the 
second  and  third  \ 
second  and  fifth  J 
be  taken  together  in  tracing  near  the  origin 
first  and  third  ) 
first  and  fifth    / 
are  groups  which  may  be  taken  together  in  appro ximatiug 
form  of  the  curve  at  an  infinite  distance  from  the  origin. 

321.  The  above  method  is  a  modification  of  the  one 
adopted  in  such  cases  by  Newton,  and  is  known  as 
Newtoa's  Parallelogram.  A  further  slight  variation  on 
the  same  method  is  due  to  De  Gua,  and  is  known  as  De 


the 
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Gua's   "Analytical    Triangle."      [De   Gua's   "Usage   de 
1' Analyse  de  Descartes,"  Paris,  1740.] 

VI.  To  trace  a^+,y5-5*Vy=0. 

a.  Newton's  diagram  shows  at  once  that  near  the  origin  the  firat 
and  third  of  these  terms,  or  tiie  second  aiid  third,  may  be  taken 
together,  whilst  at  a  great  distance  from  the  origin  the  first  and 


Fig.  74. 

second  may  bo  taken  together.    This  indicates  that  at  tha  origin 
the  curve  assnmes  the  parabolic  forms 
y^=  ±a^5x, 

and  that  at  infinity  it  approximates  to  the  straiglit  line  ,v+^  =  0, 
which  ia  obvionsly  the  only  asymptote. 
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fi.  Moreover,  the  equation  may  be  written 


^if 


=  -^+^+ 


=  -j[T--+.. 


when  in  the  limit  //=  -x=a,  very  large  quantity. 

Hence  again  i/—  —x  is  an  asymptote,  but  we  gain  the  additional 
information  that  if  3:  be  negative  and  very  large  the  ordinate  of  the 
curve  is  greater  than  the  ordinate  of  the  asymptote, 

7.  Since  when  the  signs  of  x  and  y  are  both  changed  the  equation 
remains  of  the  same  form  there  is  symmetry'  in  opposite  quadrants. 

S.  Smce  ^-   y-a^^   ' 

we  have  ~^~^ 

at  the  points  where  the  curve  is  intersected  by  the  cubical  parabola 
2a^=;*^  (which  is  easily  traced),  and  by  the  axis  of  y  ;  and 

where  tbe  cui've  is  eut  by  either  of  the  parabolas  y=  ia^.  The 
form  of  the  equation  is  therefore  that  shown  in  Fig.  74. 

EXAUPLSS. 

1.  Trace  3fi+^=5MPj/% 

showiag  that  at  the  origin  there  are  two  cusps  of  tlie  first  species, 
an  asymptote  a;-¥y=a,  two  infinite  branches  below  the  asymptote, 
and  a  loop  tii  the  first  quadrant. 

3.  Show  that  the  curve  /-a^a^^  +  ^^o 
consists  of  four  equal  loops,  one  in  each  of  the  four  quadrants  and 
lying  entirely  within  the  circle  j-=a. 

322.  Polar  Equations.     Order  of  Procedure. 

In  tracing  a  curve  from  its  polar  equation  it  ia  advis- 
able to  follow  some  auch  routine  as  the  following: — 

1.  If  possible  foTfth  a  table  of  corresponding  values  of 
r  and  0  which  satisfy  the  equation  of  the  curve.  Con- 
sider both  positive  and  negative  values  of  9. 
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2.  Obtain  the  value  of  tamji,  Art.  17S.  This  will 
indicate  the  direction  of  the  tangent  at  any  point.  Tlie 
length  of  the  polar  subtangent  is  often  useful,  Art.  179. 

3.  Examine  whether  any  values  of  0  oxist  which  give 
an  infinite  value  of  r.  If  so,  find  whether  the  curve  has 
asyTtiptofes  in  such  directions  (Art.  234)  and  find  their 
equations. 

4.  Examine  whether  there  be  an  asymptotic  circle 
(Art.  23G). 

5.  Find  the  positions  of  the  points  of  inflexion  (Art. 
248). 

Q.  It  will  frequently  be  obvious  from  the  equation  of 
the  curve  that  the  values  of  r  or  $  are  confined  between 
certain  limits.     If  such  exist  they  should  be  ascertained. 

S.ff.,  if  r=  asinrafl  it  is  clear  that  r  must  lie  in  magnitude  between 
tlie  limits  0  and  «,  and  the  curve  lie  wholly  within  the  circte  r^a. 

323,  Curves  of  the  Classes  r  =  asiTLnd,  raiand  =  a. 

Til.  Totrace  r  =  aBm5e. 

a.   We  have  the  foOowiug  table  of  corresponding  values  of  r  and  S  : 


Values  of  d 

" 

Ii 

as 

2jr 
10 

Ii 

Weg. 

3ir 
10 

N"cg- 

4jr 
10 

0 

Ii 

Correapond- 

ingVahies 

of  r 

0 

Pos.   1 
and  1    a 
Incr.  [ 

and   :   0 
Deer.  ' 

Po3. 

Values  of  e 

Correspond- 
ing Values 

Stt 

6w 

Pos.      0 

i 

10 

i  ^° 

etc, 
etc. 

- 

Neg. 

Neg. 

0 
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p.  r  is  never  greater  than  a,  and  there  is  ao  aaymptote, 
y.  tan^=^tan5S,  and  therefore  vanishes  whenever  r  vanishes 
and  =ro  wheneyer  r~  ±.a.  The  curve  therefore  eonsiata  of  a,  series 
of  similar  loops  as  shown  in  Fig.  75,  all  being  airanged  symmetri- 
cally  about  the  origia  and  lying  entirely  within  a  circle  whose 
centre  is  at  the  pole  and  radius  a. 


Fig.  75. 

324.  Any  other  curve  of  the  class 
T  —  aain  n6 
may  be  traced  iu  a  similar  manner. 

We  annex  a  figure  of  the  curve 

r  =  ([8in6e(Fig.  76). 
It  will  be  noticed  for  fchia  class  of  curves  that  if  "ft  fee  odd 
there  are  n  loops,  whilst  i£  n  be  even  there  are  2n  loops. 
This  will  be  easily  seen  from  the  ord&r  of  desoription  of 
the  loops,  which  we  have  denoted  by  the  numerals  1,  2, 
3  ...  in  the  figures. 
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325.  Curves  of  the  class 

r  sin  71.0  =  a 
are  mmrse  to  the  above  species,  and  their  forms  are 


Fig.  76. 
therefore  ohvious,  going  to  co  along  a  radial  asymptote 
whenever  the  radius  of  the  companion  curve  r=aiim.iiQ 
vanishes,  and  touching  r  =  aain?iQ  at  the  extremity  of 
each  loop.    We  give  in  illustration  a  tracing  of  the  curves 

r  =  «sin401 
and  i'sini0  =  a  J  ' 

with  the  asymptotes  of  the  latter,  in  one  figure  (Fig.  77). 

326.  Class  r"  =  a"cos«9. 

The  class  of  curves  of  which 

r^^a^cosne 
is  the  type  embraces,  as  has  been  pveviously  noticed, 
several  important  and  well  known  curves.     For  instance. 
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we  get  Bernoulli's  lemniseate  (u=2),  the  circle  (n^l), 
the  cardioide  (11  =  ^),  the  parabola  (n=  —  ^),  the  straight 
line  {n=  —1),  the  rectangular  hyperbola  (n~  —2). 


Fig,  77. 
VIII.  To  trace  i^  =  a^osS6     {BernoyJM's  Lemniseate). 

a.  Negative  values  of  coaSS  give  imaginary  values  of  r.     Hence 
the   only   real   portions    of   the   curve  lie   in   the  two   quadrants 

Ijotnided  hy  8=  --  and  0—+'^.  and  by  e  =  —  and  fi  =  ^- 

■'4  4'  •'  4  4 

3.  r=(i  when  (?=  ±-  or  ?-  or  -., 

''  4         4  4 

and  =  ±a  wlien  e  =  0  or  ir. 

y.  Since  the  only  power  of  r  occurring  is  even,  the  curve  is  sjm- 

nietrical  about  the  origin.     Again,  since  the  equation  is  unaltered 

by  writing  -  S  tor  fl  the  curve  is  obviously  symmetrical  about  the 

initial  line. 
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•Am 


Also,  r  increases  from.  9=  — '^  to  0  and  decreases  again  from  9  =  0 
to  2  '"id  is  nowhere  mflnite  or  in  fact  greater  than  a. 

Tte  curve  therefore  consists  of  two  similar  loops  <ik  sIiowu  iii. 
fig.  78. 


Other  ounes  <t  thi-i  species  »n>  be  tiexted  in  a  similar  n 
It  will  he  easily  seen  that  if  n  be  fn,ctiocal  (=-)i  the  cur 
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e  have  the  following  scheme  of  values  for  r  and  6: 


0 

b-w 

IOjt 

15^ 

SOir 

25"- 

30ir 

^ 

*^ 

6 

6 

6 

« 

6 

r 

' 

0 

-a 

0 

' 

0 

-. 

etc. 

whence  we  obtain  a  figure  with  three  equal  loops,  the  whole 
lying  within  a,  circle  whose  radiua  is  a  and  centre  at  the  origin 
<Fig.  79). 


!-3  =  a5co33i?,        r'&is3B  =  a', 

?■*-  aicOB  \e,      Aos  ^e = a\ 

»-5=ffi*coa|fl,      f*cos|fl=a*. 

urve         2/^(^+<.=)  =  fl.-=(tt^-^). 

[T,  C.  S.,  1885.] 

3.  'ria< 

Show  tiiat  the  abscissa  corresponding  to  any  given  central  radius 
vector  is  equal  to  the  corresponding  radius  vector  in  Bernoulli's 
Lenmiscate,  and  hence  that  the  curve  consists  of  two  loops  passing 
through  the  origin  and  resembling  those  of  the  Lemniscate. 

IX.  To  trace  ''^T^fl- 

a.  By  giving  a  set  of  values  to  9  we  liave  the  following  table  : 


Values  of  B  in 
Circular  Measure 

. 

4 
5 

3 

3.1 
4 

2a 
3 

1 
2 

1 
2 

1 
4 

I 

Values  of  r 

« 
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Values  of  a  in 
Circular  Measure 

3 

4 

-1 

5       4 
4      3 

-1;- 

-3 

-4 

-10  -» 

Values  of  r 

-3a 

, 

1 
5a  i  4a 

1 

! 

3ct     2re 

3« 
-2 

3 

10a 
9 

0.  Since  we  may  write  tiie  equation 


when  e  becomes  very  large,  either  positively  or  negatively,  the  for»i 
of  the  curve  approximates  to  that  of  an  asymptotic  circle  r=a, 
which  it  approaches  both  from  within  and  without 

7.  Art,  234 shows  that        rsin(fl  +  l)  +  o-=0 
ia  an  asymptote  to  the  curve.    This  line  touches  the  asymptotic 
circle  and  is  shown  hy  the  dotted  straight  line  in  the  figure. 


S.  The  points  of  inflexion  (Art. 
an  equation ' 


given  by  the  equation 


one  real  root  which  lies  between  8~  — 
therefore  that  shown  in  Kg.  80. 
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1.  Trace  r=- — , 

showing  tliat  it  lies  entirely  within  the  circle  r  —  a,  which  is  an 
asymptotic  circle  ;  also,  that  tliere  is  a  cusp  of  the  first  ajjecies  at 
the  origin. 

2.  True  r-^j. 

Show  that  there  are  two  linear  asymptotes  and  an  asymptotic 
circle ;  also  a  cusp  of  the  first  species  at  the  origin  and  a  point  of 
inflexion  when  8'^~Z. 

EXAMPLES. 
1.  Show  that  the  curve 


consists  of  two  branches  each  passing  through  the  origin  and 
extending  to  infinity,  and  that  the  whole  curve  is  contained 
between  two  asymptotes  parallel  to  the  axis  of  y. 

2.  Show  that  the  cni've 

has  two  infinite  branches  passing  through  the  origin  and  lying 
between  the  asymptotes  x=  i.a,  and  that  there"are  in  addition 
two  other  infinite  branches  resembling  those  of  the  hyperbola 

3.  Show  that  the  cttrve 

a?  +  y'  =  d'- 
consbts  of    one    infinite  branch   running    to   the    asymptote 
u;  +  y  =  0  at  each  end  and  cutting  the  axes  at  right  angles  at 
the  points  (a,  0),  (0,  a)  at  which  there  are  points  of  inflexion. 

4.  Show  that  the  curve 

«"?  -Vy'  —  ^axy 
consists    of    one   infinite    branch   I'unning   to   the    asymptote 
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!>;  +  */ +  «  =  0  at  each  end  a,iid  lying  on  the  uppei  side  of  thdt 
line.  Also,  thit  the  aji.es  of  co-ordiiia,tes  are  tangents  at  the 
origin,  and  that  theie  is  a  loop  in  the  hiafc  quadiatit  This 
curve  is  called  the  Folium  of  Desc  ii  tes 

f).  Trace  the  curves 

(a)  x'  +  ^  =  a^x. 
(13)  a?Ary^^2ax\ 
iy)  (^  =  x{a^-x').    [RM.  A.,  Nov.,  1883.] 

6.  Show  that  the  curve 

af^o^y  +  x^  [KM.  A.,  July,  1880.] 

has  a  cusp  of  the  first  species  at  the  origin  and  an  asymptote 
x  +  2/  =  a  cutting  the  cuvve  at  /-,  -1.     Trace  the  curve. 

7.  Trace  the  curves 

(a)   a.f-2axy  +  x^^0.     [E.  M.  A.,  Nov., 1880.] 
(13)      y^  +  axy  +  b3?  =  0.     [E.  M.  A,,  Nov,,  1881.] 
a  and  h  both  being  positive  quantities. 

8.  Trace  xy' =  iaF{2a  ~  x). 

Show  that  this  curve  may  be  constructed  thus ;  take  a  semi- 
circle AF£  whose  diameter  is  A£,  produce  MP  the  ordinate  of 
P  so  that  MP:MQ  =  AM  :  AB, 

then  the  given  curve  is  the  locus  of  Q.  [This  curve  is  called 
the  Witch  and  was  discussed  by  Maria  Gaetana  Agnesi,  Pro- 
fessor of  Mathematics  at  Bologna,  1748.] 

9.  Trace  the  curve  y\ia-3:)  =  a?.  [Cissoid  of  Diodes.] 
Show  that  this  curve  arises  from  the  following  geometrical 
construction.  AB  is  the  diameter  of  a  semicircle  APB,  BT  the 
tangent  at  B,  APT  a  straight  line  through  A  cutting  the  semi- 
circle and  the  straight  line  in  P  and  T ;  then,  if  Q  be  taken  on 
this  line  so  that  AQ  =  PT,  the  locus  of  Q  is  the  Cisaoid. 
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10.  Trace  /'_.?'_Y  =  _^ '^  , 


and  show  that  the  oblique  asymptote  cuts  the  curve  at  an  angle 
tan -'8.  [R.  M.  A.,  Nov.,  1882,] 

11.  Trace  2x{x^-i-^)  =  a(2x'  +  y^) 

and  find  by  ]x>lara  the  co-ordinates  of  the  points  of  inflexion. 

[R.  M.  A.,  June,  1883.] 

12.  Trace  */(a' +  *=)  =  a'a;, 

showing  that  there  are  points  of  conti-ary  flexure  where  a;  =  0 
oc  ±a  ^3,  that  the  tangent  is  parallel  to  the  axis  of  x  where 
x=  ±a,  and  that  the  axis  of  a;  is  an  asymptote. 

13.  Trace  xY  =  a^x^-y% 

showing  that  the  curve  liea  entirely  between  its  asymptotes 
y=  +a,  and  that  its  tangents  at  the  origio  are  y=  +x. 

14.  Trace  tte  oEirve 

15.  Trace  i«*  =  «%^^-^). 

l(i.  Trace  {y^  -  a-f  =  x\x^  - 'ia^). 

17.  Trace  uaiy  =  ^-a\     {The  Trident) 

18.  Trace  the  curve 

when  m,  is  respectively  greater  than,  equal  to,  and  less  than 
unity,  and  also  when  m,  is  zero.  [London,  1880.] 


21.  Trace  K{x^yf  =  a{x~yY.  [I,  C.  S.,  1879.] 

22.  Trace  ^''=y{x-ayK  [Oxroao,  1876,]   , 
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23.  Trace  f'^!L-Y  =  ^.7J?.  [H.  C.  S.,  1881.1 

\3)-<*}      y  +  a 

24.  Find  the  multiple  points  on  the  curve 

2(9:4  +  yi^  +  g^^^a  +  4^*  ^  g^^^iJ;^  +  y'^) 
and  the  directions  of  the  tangents  at  those  points. 

[H.  0.  a,  188].] 
Also  trace  the  curve. 

25.  Trace  the  curve     3-?  -'ry^  +  ^ex>j  ~  d', 

and  prove  tliat  as  c  diminishes  to  a  the  ultimate  form  of  tlic 
loo])  is  that  of  an  ellipse  whose  eccentricity  =  ^f . 

[Math.  Tripos.] 

26.  Trace  {x-yY-{x.>ry){'ix  +  y)  =  ah/.      [Caub.,  1879.] 

27.  Trace  tlie  curve     r  =  a{\  +  nos  9).     (Oai'dioide.) 

•la.  Trace  /=^a  +  6cos^.      (Tlie  Lima^on  of  Pascal.) 

29.  Trace  r  =  a(2  cos  f  ±  1 ).     (The  Trisectrix.) 

30.  Trace  the  following  spirals : — 

(a)      r  =  aO.     (Spiral  of  Archimedes.) 

(^)    rd  —  a.     (The  Hyperbolic  or  Reciprocal  Spii-al.) 

(j)  r^e  =  al     (TheLituus.) 

(S)  r  =  ae"^.  (The  Logarithmic  or  Equiangular  Spii'al.) 
yhow  that  in  each  ease  there  is  an  infinite  number  of  convolu- 
tions round  the  pole,  and  that  rsin  d~«  is  an  asymptote  to  (Jij 
and  the  initial  line  an  asymptote  to  (7). 


31.  Trace  the  curves 

r  =  «cos5^,     rcosb6  =  a, 

^■  =  «cosi£'. 

32.  Trace  the  curves 

ri  =  a'cos^d,     T'=a^seop, 

ri^aico^iO. 

'^hat  is  the  relation  hetween  them  ? 

[Camb., 

,  1876.] 
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showing  tliat  a  line  parallel  to  the  initial  line  at  a  distance  a 
above  it  is  an  asymptote.  Show  also  that  there  is  an 
asymptotic  circle  r  =  «, 

34.  I.,oe  '-ly^^f 

Show  that  this  curve  Las  an  asymptotic  circle  ;  also  that  as  each 
branch  of  the  curve  comes  from  infinity  it  approaches  the  asymp- 
totic circle  from  the  outside  on  one  side  of  the  initial  line  and 
from  the  inside  upon  the  other. 


35.  Trace 

r=2a^?^ 

^     (TheCissoid) 

from  the  pola! 

;  equation. 

36.  Trace 

[R.  M.  A.,  July,  1880.] 

37.  Trace 

rd-^  =  time,  fron 

1  e  =  0  to  e  =  27r. 

[Ospoac,  1876.] 

38.  Trace 

T^sm^^-a)  =  sin 

0-sina.         [Camb.,1879.] 

39.  Trace  the  "curve  of  sines" 

y  =  6sin^. 

40.  Trace 

y  =  e-'^'iA( 

1  IMC. 

41.  Trace 
for  positive  v, 

aluea  Of  d. 

[Trin.  Coll.  Camb.,  1873.] 

43.  Trace 

*■     l-s,na6- 

[OSFOHD.] 

43.  Trace 

{^^a,f{.j^a)  +  {y 

[Oxford.] 
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44. 

Trace 

45. 

Trace 

{The  companioQ  to  the  Cycloid.) 

46. 

Trace 

*/  =  a  coak  - .     (The  Catenary. ) 

47, 

Tra«e 

3/  =  *^  +  cosh^. 

48. 

Trace 

(The  Conchoid  of  Wicomedes). 

49. 

Trace 
ining  the 

(1)  «<6. 

(2)  a  =  6.     (Leumiscate  of  Bernoulli.) 

(3)  a>6.     (Caasini's  Ovals.) 

50. 

Trace 

y4-«V=  +  3j/>  +  ar>  =  0.                    [Or/ 

51.  Trace 

r  =  rt(cos  a  cos  ^  -  J  ei 


52.  Trace 

53.  Trace  the  c 


54.  Trace 

55.  Trace 


EK.] 

cos3e  +  icos5aeoa5f-..,), 

[Math.  Teipos,  1878.J 
(The  ProbabUity  Curve.) 


(a)  /-«^y  +  ^^  =  0. 

(/3)  a?f--2abt^y-3?  =  Q. 
(y)       /  +  aai^~6-a.y  =  0. 

(a)   fl*  +  /=2fl'«y. 

ifi)  a^  +  y''  =  ay(a.^x  +  b''y). 


[Chameh.] 
[De  Gua.] 


[Frost.] 
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CHAPTER   XIII. 

UNDETEEMINED  FORMS. 

327.  In  Chap.  I.  it  was  explained  that  a  function  may 
involve  an  independent  variable-  in  such  a  manner  that 
its  value  for  a  certain  assigned  value  of  the  variable 
cannot  be  found  by  a  direct  substitution  of  that  value. 
And  in  such  cases  the  function  is  said  to  assume  a 
"  Singular,"  "  UndeterwAned,"  "  Illusory,"  or  "  Indeter- 
minaie  "  form. 

328.  It  is  proposed  in  the^present  chapter  to  consider 
more  fully  the  method  of  evaluation  of  the  true  limiting 
values  of  such  quantities  when  the  independent  variable 
is  made  to  approach  indefinitely  near  its  assigned  value. 

329.  List  of  Forms  occurring'. 

Several  cases  are  to  be  considered,  viz.,  when,  upon 
substitution  of  the  assigned  value  of  the  independent 
variable,  the  function  reduces  to  one  of  the  forms 

^,       0  X  00  ,       — ,       ao  -  -»  ,       0",       x",      or  r. 

Ifc  is  frequently  easy  to  treat  these  cases  by  algebraical 
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or  trigoDOmetrica]  methods  withonfc  having  recourse  to 
the  Differential  Calculus,  though  the  latter  is  required  for 
a  general  discussion  of  such  forms. 

By  far  the  most  important  case  to  consider  is  that  in 

which  the  function  takes  the  form  ^r;  for,  in  the  first 

pkee,  it  is  the  one  which  most  frequently  oeeura;  and, 
secondly,  anj'  of  the  other  forms  may  be  made  to  depend 
upon  this  one  by. some  special  artifice. 

330.  Algebraical  Treatment. 

Suppose  the  function  to  take  the  form    r  when  the 

independent  variable  x  ultimately  coincides  with  its 
assigned  value  a.  Put  .x  —  a+h  and  expand  both 
nume^atoi  find  dtnofninator  of  the  function.  It  "will 
now  become  appaient  that  the  reason  why  both 
numeritoi  and  denonnnatoi  vanish  is  that  some  power 
of  ft,  is  a  common  factor  of  each.  This  should  now  be 
divided  out  Fmallj  put  A  =  0  so  that  x  becomes  =a, 
and  the  true  limiting  value  of  the  function  wiU  be 
apparent. 

In  the  particular  case  in  which  a;  is  to  become  zero 
the  expansion  of  numerator  and  denominator  in  powers 
of  X  should  be  at  once  proceeded  with  without  any  pre- 
liminary substitution  for  x. 

In  the  ease  in  which  a;  is  to  become  iniiuite,  put  ic  =  -, 
so  that  when  x  becomes  =  oo  1/  becomes  ==0. 

The  method  thus  explained  will  he  better  understood 
by  examining  the  mode  of  solution  of  the  following 
examples. 
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Here  numei'ator  and  denominator  both  vanish,  if  x  be  put  equal  to  0. 
We  therefoie  expand  a'  and  &"  by  the  esponential  theo7-ein.    Hence 

|l  +  a:log^  +  |-'(log,a)^+...|-|l  +  :Flog^+|-^(log,6)24-...| 
=  Z(^=o  I  log^a  -  log.i' +  ^(log^=  -  iog^^)  + . . .  j- 

=  logflQ  -  log(6  =  logeT- 

Ex.  2.  Fiiid  /.ix^i—"-^*!"'"'. 

This  is  of  the  foiin  "  if  we  put  x^l.     Therefore  we  put  x=l  +  k 
and  expand.    We  thus  obtain 
,   ^ ^-2^+1  ^  ,      {l+hy-2(i  +  />f+l 

_j-      (l  +  7t+2U^+...)-S(l+5A+10A'+...)+l 
'""       (l+3A+3A2+...)-3(I+aA+A^)+2 

.,      -3A+A2+... 


It  will  be  seen  from  these  examples  that  in  the  process  of  expan- 
sion it  is  only  necessary  in  general  to  relain,  a  few  of  the  loviest 
ooi.v&'s  ofh. 
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Ex,  3.  Find  Lt^^^i^^^y. 


we  have     i(„i^ 


Hence  the  form  aasnmed  by  (■ ^  W  is  1"  when  we  put  s!=0. 

ExpaJid  sin  x  aiid  cos  x  in  powers  of  -c.     Tliis  gives 


=  Lt^-d  1  +  ^4-  higher  powers  of  xy 

where  I  ia  a.  series  in  ascending  powers  of  iK  whose  first  teiin  (and 
therefore  wli(«e  limit  when  ;i;=0)  is  imity.    Hence 

Z(^^^):'=i<„o{(l+f  )^}'==A  by  Art.  31. 

Ex.  4  Find  Lt^.^x^^. 

This  expression  is  of  tlie  form  1".     Put 

;ind  therefore,  if  J^=l,  ^  =  0; 

therefore  Limit  required  =  Z(j=o(l-3')*  =  *~^  (Art.  21). 

Ex.  5.  Zr:,=„j;(a^- 1).    This  is  of  the  form  cc  x  0. 

Put  «=-, 

y 

therefore,  if  j-  =  oi ,  ^  =  0,  and 

Limit  required  =  i(j=n^^ =log,a  (Art,  22). 
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ESAMPLBS. 

Find  tlie  values  of  the  following  limits  : 
1.  Lt^,^-^  \o.  U^ -^ 

i-^-l  16.  i!i=o 


.i^+a^log(l-*) 


a^ 

, 

:e'+3!*-a^-5*+4 

■'      ^-^-^+1      ■ 

^-2^-4;cH9:k-4 

^^~     :^-2^+2*-l     ■ 

„ 

e*-e-' 

°      a^ 

6^+6-^-2 

■"           ^           ■ 

^coaa:-log(l+») 

:EB'-kga+;;^) 

■°   ,        a^ 

11. 

i<^ 

'"'^ 

sin-'a^-ar 

aH^coaa; 

coah«-eoaa^ 

20.  Lt^^Ji^^-f. 

21.  i(„„(^)^. 
33.  i;„o(^^)'- 
23.  Lt^^^^^^y. 

25.   ii«<,( covers^)'. 


331.  Application  of  the  Diffeeemtial  Calculus. 
John  Bernoulli  *  was  tlie  first  to  make  use  of  the  pro- 
leasea  of  the  Differential  Oalevilus  in  the  determination  of 
*  "Acta  Eruiiitoruin,"  1704. 
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the  true  values  of  functions  assuming   singula.r   forms. 
We  propose  now  to  discuss  each  singularity  in  order. 

332.  I.  Form  ^. 

Consider   a  curve   passing    through    the   origin    and 
defined  by  the  equations 

Let  X,  y  be  the  co-ordinates  of  a  point  P  on  the  curve 
very  near  the  origin,  and  suppose  d  to  be  the  value  of  t 


corresponding  to  the  origin,  so  that^(a)  =  0  and  i//-(«)  =  (), 
Then  ultimately  we  have 

Lt-  —  Lt  tan  POK=  the  value  of  -,-   at  the  origi  n ; 
dy 


£').- 


■&) . 


and  if  ? ,, ,,  be  not  of  the  form  ,-;  when  (takes  its  assigned 
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value  a,  we  therefore  obtain 

r,        0(O_.0'(«) 

But,  if  -yrA  be  also  of  undetermined  form,  we  may 
repeat  the  process  and  say 

proceeding  in  this  manner  until  we  arrive  at  a  fraction 
Kuch  that  when  the  value  a  is  substituted  for  t  its 
numerator  and  denominator  do  not  both  vanish,  and  thus 
obtaining  an  intelligible  result — zero,  finite,  or  infinite. 

333.  Another  Proof  of  the  Method. 
We  may  arrive  at  the  same  result  in  another  way, 
thus : — 

Let    V,  (   take  the  form   ,-    when  x  approaches  and 
i{^{x)  0  ' ' 

ultimately  coincides   with  the  value  a.      Let  x  =  a+h. 

Then  by  Taylor's  Theorem 

j>(pl^  <p{a)  +  h,p'(a+ek}  ^  <l>'(a+ek) 
■iPix)     \lr{a)  +  h\l^'{a  +  eji)     ir'ia+eji,)' 

for  0(0.)  =  0  and  ■\p-{a)  =  0  by  supposition.     Hence  in  the 

limit  when  x  —  a  (and  therefore  h  =  0),  we  have 
0(ic)  _  4,'{a+eK)  _  <l>\a) 

If  it  should  happen  that  ip'{a)  and  ■*lr'{a)  are  both  zeio, 
we  can,  as  before,  repeat  the  process  of  differentiating  the 
numerator  and  denominator  before  substitution  for  x. 

Ex.  1.  Z(„   '^.zl. 

9-0     flJ 
Here  0(e)=3iiie-fl,  and  'j/{e)=8^, 

which  both  vwiiah  when  8  vanishes. 
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^'(e)=cose-l,  and  f(e)=3e^, 
and  both  of  these  espreaaions  vaniah  witli  6. 
Differentiating  again 

^"(ei=  -sine,  and  ^"(fl)=(W, 
and   atill   botii   expreaaiona  vaniab  with  e.      We  must  therefore 
differentiate  again 

0"'(fl)=  -cosfl,  and  f"'(e)^li, 
whence  0"'(O)= -1,  and  ^"{0)  =  6  ; 

therefore  Lt^   ? — ^^ — =  -  ^.. 

Ex.  3.  Lt. 


e^-e-^  +  ^dnB- 

4e 

f 

.1,     ••  + 

-^  +  aeo9e 

58* 

-I,.    •■- 

-S-SamS 

rFoL-m 

°1 

1  Form 

^J 

[Form 

'n 

Form 

:i 

[r„™ 

a 

334.  The  proposition  of  Art.  332  may  also  be  treated 
as  follows. 

Let  ^((x)  =  0  and  i^(a)  =  0,  and  let  the  p*^  differential 
coefficient  of  ^{x)  and  the  5*^  of  i^(ic)  be  the  first  which 
do  not  vanish  when  x  is  put  equal  to  a.  Then  by  Taylor's 
Theorem,  putting  x  —  a+h, 


hP 


-0a-\-ek). 
Similarly 


^0^-1)!'' 
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Hence      B„.#>  =  '--A=.'.'-.#?±S\ 

Now,  if  jj>q,     LU^af>^-i^(). 

If  P<i,    Ltji^JiP-''=M . 

HO  that  the  limit  ia  0,    ,  „,  (.  or  ao ,  according  &s  p  is  >  , 
=  ,or  <  9. 

335.    II.  Form  Ox  «o. 

Let  0(c()  =  O  and  \fr(a)  =  xi,  so  that  <{>{x)y(f(x)  takes 
the  form  0  x  gc  when  x  approaches  and  ultimately  co- 
incides with  the  value  a. 

Then  Lt^^a^{x)^l,(a>)  =  Lt^^i^, 

^x) 
..ddnce  ,;,--  =  ». 

the  limit  may  he  supposed  to  take  the  form  ■ -,  and  may 
be  treated  like  Foi'm  I. 

Ex.  L  LC-    8ootB  =  Lt-     -J-.^Lt.     --^-  =  1. 

ti=ii  f-u  tan  B         "=0  sec^O 

Es,  a.  U^^x&\a--Lt„^—^=  Lta  ,« — -  =  a. 


336.   HI.   FOEM— . 

Let  ^(a)  =  'X,  i/'(«)  =  co,  so  that  y^  takes  the  form 
—  when  X  approaches  indefinitely  near  the  value  a. 
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The  artifice  adopted  in  this  case  is  to  write 
1 

1      , 

e  may  con- 
sider this  as  taking  the  form  ~    and  therefore  we  may 

apply  the  preceding  rule. 

J.  i^'jx) 

0(1)        [#(»)]> 

"V'(,T)     L        >(a!)J  V(«) 

Hence,  UTl^ess  J^tz=a?-  -  ^e  sero  or  infinite,  we  have 
Via!) 


■V(- 


0(a!)  . 


^^  _  j.(a;)+i^(a;)_j 

and  therefore,  by  the  former  ciise  (the  limit  being  neither 

.  ^   .,   ,              J-.      <*'(»!) +V''(^) 
zero  nor  mnnite),         ~Ltx=a  - — -,-,v7 ■ 
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Hence,  subtracting  unity  from  each  side, 

Finally,  in  the  case  in  which 

"rl^ix)  4,(X) 

and  therefore  by  the  last  ease 

therefore     Lt,-M  =  Lt^-.^, 

This  result  is  therefore  proved  true  in  all  Ci 


337.  If  amy  function  become  infinite  for  any  fimite 
value  of  the  vndependent  variable,  then  all  its  differential 
coeffijiients  mil  also  become  i/rbfinite  for  the  same  value. 
An  algebraical  function  only  becomea  infinite  by  the 
vanishing  of  some  factor  in  the  denominator.  Now,  the 
process  of  differentiating  never  removes  such  a  factor, 
but  raises  it  to  a  higher  power  in  the  denominator.  Hence 
all  differential  coefficients  of  the  given  function  will  eon- 
tain  that  vanishing  factor  in  the  denominator,  and  will 
therefore  become  infinite  when  such  a  value  is  given  to 
the  independent  variable  as  will  maiie  that  factor  vanish. 

It  is  obvious  too  that  the  circular  functions  which 
admit  of  infinite  values,  viz.,  tana;,  cotic,  secic,  cosecic,  are 
really  fractional  forms,  and  become  infinite  by  the  vanish- 
ing of  a  sine  or  cosine  in  tlis  denominator,  and  therefore 
these  follow  the  same  rule  as  the  above. 

The   i-ule   is   also   true   for  the   logarithmic  function 
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log(a;  — »)  when  x^a,ov  for  the  exponential  function  h^-'' 
when  x  =  a,  b  being  supposed  greater  than  unity* 

338.  From  the  above  remarks  it  will  appear  that  if  tj>{a) 
and  i/r{a)  become  infinite  so  also  vn  general  wiU  ^'{a) 
and  !/''(«).     Hence  at  first  sight  it  would  appeal-  that  the 

formula  Ltx^J',,,  .  is  no  better  than  the  original  form 
Ltx^a,f\-  But  it  generally  happens  that  the  limit  of 
the  expression  irr,,  when  x^a,  can  be  more  easily 
evaluated. 

Ex.  1.  Find  Itg^T — ——/-  «'^ic^  is  of  the  fo^m    ^. 

Following  the  rule  of  differentiatiag  numemtor  for  uew  numera- 
tor, and  deuominator  for  new  denominator,  we  may  write  the  aliove 
limit  1 


which  ia  still  of  the  fuim      .     But  it  c 


=  JJ„  ,— --- 


(  which  is  of  the  form     1 


,  uAWf  IS  cf  the  J-jint 


*¥oi  turther  disi-iiBSioii  ff  this  point  the  a 
feBsor  Dp  Mor^iH  s  '  Difl    111.1  Int    (_al(,ulu6 
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Lt      ^~Lt      "^~^  — 

It  ia  obvious  that  the  same  result  is  tme  when  n  is  fractional, 
Ex.  3.  Evaluate  Ltr=i,x'"(toff  m)",  m  and  n.  being  positive. 
Tliis  JB  of  the  fomi  0  X  w ,  but  may  be  written 


ii„,f'«?£r  [r, 


and  by  putting  3:«~e~''  this  expression  is  reduced  to 
i(,„„1_^.  C  =0  as  in  Es.  3. 

339.  IV.  FoJiM  00  -  «) . 

Next,  suppose  <p{a)  —  x  and  ^(a)  —  <^,SQ  that  ^(a:)-i/'(a;) 
takes  the  Jbrm  qo  —  od  ,  when  x  approaches  and  ultimately 
coincides  with  the  value  a. 

Let  »  =  *M-,Ka:)=«x)|*|-l}. 

From  this  method  of  writing  the  expression  it  is  obvious 
that  unless  £4^o^^  =  l  the  limit  of  u  becomes 
i^(«)  X  (a  quantity  which  does  not  vanish) ;  and  therefore 
the  limit  sought  is  oo . 

But  if  ZL^oi^--!  =1,  the  problem  is  reduced  to  the 
evaluation  of  an  expression  which  takes  the  foi'm  ao  x  0, 
a  form  which  has  been  already  discussed  (II.). 

Kx.  if,=„(.^  -  cot  a  J  :=  i(^ol<  1  -  a^  cot  a^) 

=  Ll^^^^L^f^S^  (which  is  of  the  fonii  ^) 

_  ,,  afsin^K        /which  is  of  the  samei 

ain^'+TCoaa!  *  form  still  ' 
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340.  V.  FOKMSO",  ^",  r. 
Let  y^W",  u  and  v  being  funetions  ofx;  then 
\ogcy  =  V  iogeM. 
Now  logel  =  0,  logs30  =  50,  logjO=— CO;   and  tberefore 
when  the  expression  it"  takes  one  of  the  forms  0",  oo  ",  1", 
logy  takes  the  undetermined  form  0  x  «  .     The  rale  is 
therefore   to   talce   the   logarithm,    and    'proceed    as    in 
Art.  335. 

Ex.  1.  Find  Ltx=ii3f,  which  lakes  the  wndetermined  fonn  0". 
\ 


whence  Ltx=i,xr'^^^l. 

Ex.  2.  Find  Lt^^-^(nn  x)'^.     This  tales  the  form  l". 

and  Zi^rtaua;Iegainjj=Z<!^ir '^£!°"^=-Zij^?r_^^°  ^^ 

whence  required  Iimit  =  e''  =  l. 

A  slightly  diiferent  arrangement  of  the  work  is  exempKfied  iiere. 

341.  The  following  example  is  worthy  of  uofciee,  viz., 

gvven  that      <j>{a)  =  0,     i//{«)  =  go  ,     Ltx=afl>{x)\p^{x)  =  m. 
We  can  write  the  ahove  in  the  form 

Lt^^X_{l  +  >j>{x)\<Pi':)\ 
which  is  clearly  e™  by  Art.  21,  Chap.  I. 

It  will  be  observed  that  many  examples  take  this  fortii, 

such,  for  example,  as  Ltx=<A—_ — 1'   on  p.  304,  and  Exs. 
20  to  26  on  p.  365. 
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Since  ^  =  0  an'i  ^  =  0  at  any  multiple  point  on  tKe 

curve  ii  =  0,  it  will  be  apparent  that  at  such  a  point  the 

value  of  T^  as  derived  from  the  formula 
ax 

dy  _      cix 
dx        d(fi 

w 

will  be  of  the  undetermined  form  tj. 

The  rule  of  Art.  332  may  he  applied  to  find  the  true 
limiting  values  of  -p  for  euch  cases,  hut  it  is  generally 

better  to  proceed  otherwise. 

If  the  multiple  point  be  at  the  origin,  the  equations  of 
the  tangents  at  that  point  can  be  at  once  written  down 

by  inspection  and  the  required  values  of  -,—  thus  found. 

If  the  multiple  point  be  not  at  the  origin,  the  equation 
of  the  curve  should  be  transformed  to  parallel  axes 
through  the  multiple  point  and  the  problem  is  then 
solved  as  before. 

Ex.  Consider  the  value  of  J-  at  the  origin  for  the  curve 
^+ax^  +  hxy^  +y*  =  Q. 

The  tangents  at  the  origin  are  obviously 

it;=0,        ^  =  0,         a3:  +  bf/=0, 
making  with  the  axis  of  a:  angles  whose  tangents  are  respectively 


wliioh  are  therefore  the  required  values  of 
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EXAMPLES. 

the  foll<>wing  limiting  forras  r — 

1.  X.J-g  (!-"'). 
log  COS  a; 


2.  U^-. 

3.  Zi^=: 


'3ct*  -  s^^^+a" 

l-tatiic 


°*1  -  ^2  si 
4.  LlS 


,  ii^^^log  (2  -  -^  cot  (3!  ~  a). 


cot  6  tan~^(m  tan  $ 


8.  Zi,^„(co8a;)='*X 

9.  Lt^-lX-x^y^). 
10.  Z(^(loga!)'°="-". 

11  i(      ^a;"  +  ^'B""'  +  g^""'+--. 

12.  Lt^^^x~^,  m  being  positive. 

13.  U„(°S±^. 

14.  i'-iG-^)"- 
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15.  if^o{cot(45°-a;)}'"'^ 

16.  ^f^^  /«L'  +  'V  +  ^+...+t^„y- 


19.   i(_«'.inl         |(*')    If«be>l. 
«^  t  (ii.)  If«be<l. 


20.  Zi.^*^"^^^^-^*^. 

,- — 

V«^  +  a,^  +  x'^-,(Jl+'^ 

log  COS '^ 

22.  £C.„ T~^ — -. ?^->-- 

■3' 

23.  Z(^ 


24.  U^ 


v^m' 


,».+«? 


26.  £,  ^^Hii!ELi;^iri^'. 


27,   i(. 


(1 +»)•-« 
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28.  Lt^^—...   - 


30    ^(  _  _  ix-i/)a''  +  (:>,-a)af  +  {a-x}!/'' 

{x-y){y-a){a-x) 
[Put  a!  =  B4-A,  j^  =  a  +  A,  and  expand  in  powers  of  h  and  A, 
and  finally,  after  reduction,  put  76  =  0,  A  =  0.] 


31.  Lt^ 


""   x  +  y-2   ■ 

33.  Show  that  generally,  if  a  function  of  two  independent 
variables  take  one  of  the  singular  forms  -,  etc.,  for  certain 
vaJues  of  the  variables,  its  value  is  truly  indeterminate. 

33.  Given  x'  +  if  +  a^^Saxy, 

find  the  values  of    ^  when  x  =  y  =  a. 

dx 

34.  Find  the  values  of  -^  at  the  origin  foi-  the  curve 

a?  +  y'^  =  3axy. 

35.  For  the  curve         x^y^  =  (a^  -  y%b  +  y)^ 
iind  the  values  of  ^  at  the  point  (0,  -  6). 


36.  For  the  curve         a.-*  +  aa^y  =  ajf 
find  the  valuea  of  -^  when  x  =  0. 


S)"=6)"'- 
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38.  ftov.                /.,„^.„.^„., 

i— 

cosy 

39.  Kndil,^^,  whore  j.-j^-^and  «- 

cos-(l-a;). 

[I.  0.  S.,  1S84.] 

40,  If^  =  (sm-\c}^,  prove  that 

41.  Prove  that  LL--, —  is  zero  or  infinite  accordio"  as  n  ii 
greater  or  less  than  in,  a  and  h  being  both  greater  than  uiiitj. 

42.  Prove  Lt^=,h  -  -^""^  =  e^. 

43.  Prove  X(^„„V^^^^cot|^J'^:i^|  =  *". 

44.  Find  -£(^=„(coa  axf"^^'-'. 

^5_^^^^^^in|^^6W..  |(l)lf.  =  0. 

tan  OiB  —  tan  (m;  (  (2)  u '.',  =  !>. 

46.  Find  &_."'-'+<''-"'■ 
48.  Find  Lt^^n{hm  x)'^'. 
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49.  Prove  that  if,  when  x  is  infinite,  ^(a;)  =  oo  ,  then  will 

Lt^J^^  =  Lt{<!>{x+l)-<f.(x)}, 

and  rtJaothat  Lt,^^^{'j.(x)}~"=  U'^—^^ 

[ToDHUNTBu's  DiFF.  Cam;.] 

50.  Prove  that  Li„=„/^V 


[Todkuntee's  Difp.  Calc] 
51.  Prove       £(„=,-' 


1  being  positive. 


52.  Prove  iij^„A{a™  +ir+h]"'  +  a+Yk\'"  +...  +  a+{n-  l)h"'} 
vhere  A  =  — ~'",  and  a,  b  are  any  given  quantitiea. 
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MAXIMA  AND  MINIMA— ONE  INDEPENDENT 
VARIABLE. 

343.  Elementary  Algebraical  Methods. 

Examples  frequently  occur  in  elemeiitaty  algebra  and 
geometry  in  which  it  is  required  to  find  whether  anj' 
limitations  exist  to  the  admiasihle  values  of  certain  func- 
tions for  real  values  of  tlio  variable  or  variables  upon 
which  they  depend. 

For  example,  the  function  a;^  — 4x-f  9  may  he  written 
in  the  form  {sc  —  2)^  +  5, 

from  which  it  is  at  once  apparent  that  the  least  admis- 
sible value  of  the  expression  is  5,  the  value  which  it 
assumes  when  x  —  '2.  For  the  square  of  a  real  quantity 
is  essentially  positive,  and  therefore  any  value  of  x  other 
than  2  will  give  a  greater  value  than  5  to  the  expression 
considered. 

As  a  second  illimtration  let  us  investigate  whether  any 
limitation  exists  to  the  values  of  the  expression 

a-/-+x  +  l 
for  real  values  of  x. 
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Putting  ^-^-t-Sy- 

we  ha,ve  '^i^  —  y)—x{).;\-y)-\-\~y  =  Q, 

ill!  equation  whose  roots  are  real  only  when 

(l+S)»>4(l-s)>, 
i.e.,  when  (3^  —  1) (3  —  ^)  is  positive; 

■i.e.,  when  y  lies  between  the  values  3  and  \.  It  appears 
therefore  that  the  given  expression  always  lies  in  value 
between  3  and  I.  Its  maximum  value  is  therefore  3  and 
its  minimum  ^. 

344.  Hethod  of  Projection, 

Ex.  Suppose  it  be  required  to  determine  geometricaUy 
the  greatest  tnangle  inseribed  in  a  given  ellipse. 

It  ia  obvious  from  elementary  considerations  that  if 
the  ellipse  be  projected  orthogonally  into  a  circle  the 
greatest  triangle  inseribed  in  the  given  ellipse  must  pro- 
ject into  the  greatest  triangle  inscribed  in  a  circle;  and 
such  a  triangle  is  equilateral  and  the  tangent  to  the 
circle  at  each  angular  point  is  parallel  to  the  opposite 
side.  This  property  of  parallelism  i.9  a  projective  pro- 
perty, and  therefore  holds  for  the  greatest  triangle  in- 
scribed in  the  givon  ellipse. 
Moreover 

Area  of  greatest  triangle  inscribed  in  the  ellipse 

Area  of  ellipse 

_  Area  of  equilateral  triangle  inscribed  in  a  circle 

Area  of  the  circle 

Hence  the  area  of  the  greatest  triangle  inscribed  in  an 
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emiaxes  are  a,  h  is 

V5„,, 


I.  Show  algebraically  that  tlie  expression  x-{--  cannot  lie  be- 
tween 2  and  -  2  for  real  values  of  x.  liluatrate  this  geonj,etriciilly 
by  tracixig  the  hyperbola         xy-^=\. 


2.  Prove  that,  if  x  be  real,  ^     ^  +  "  i^^gt  lie  between  G  and  i. 

3.  Show  that,  if  x  be  real,  ?  — .£jl.  cannot  lie  between  the 
value.  -(f+V,^yand  -(^f-^V. 

4.  Show  tliat  the  triangle  of  greatest  area  with  given  base  and 
vertical  angle  is  isosceles. 

5.  Show  that  the  greateaPchoi'd  passing  through  a  point  of  inter- 
section ot  two  givea  circles  is  that  which  is  drawn  parallel  to  the 
line  joining  the  centres. 

6.  \iA,B  be  two  given  points  on  the  same  side  of  a  given  straight 
line  and  /'  be  a  point  in  the  line,  then  AP+BP  will  be  least  when 
AP  and  BP  aie  equally  inclined  to  the  atniight  line. 

7>  Show  that  the  triangle  of  least  perimeter  inscribable  in  a  given 
triangle  is  the  pedal  triangle. 

8.  If  A,  jS,  G  be  the  aiiguhu"  points  of  a  triangle  and  F  any  other 
point,  then  AP  +  BP-'rGl'  will  be  a  niinimum  when  each  of  the 
angles  at  P  is  120°.  [AP  is  a  normal  to  the  ellipse  with  foci  B,  C 
and  passing  through  P.] 

9.  The  diagonals  ot  a  masimum  parallelogram  iiisei'ibed  in  an 
ellipse  are  conjugate  diameters  of  the  ellipse. 

10.  If  the  sum  of  two  varying  positive  quantities  be  constant 
show  that  their  product  is  greatest  when  the  quantities  are  equal. 
Extend  this  to  the  case  of  any  number  of  positive  quantifies. 
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j^axima  aa'd  minima. 

The  General  Problem. 
ic  to  be  any  independent  variable  capable 
g  any  real  value  whatever,  and  let  <p{x)  be  any 
given  function  otx.  Let  the  curve  y  —  <p{x)  be  represented 
in  the  adjoining  figure,  and  let  A,  B,  C,  D,  ...  be  those 
points  on  the  curve  at  which  the  tangent  is  paraliel  to 
one  of  the  co-ordinate  axes. 


Fig.ii'S 


Suppose  an  ordinate  to'  travel  from  left  to  right 
along  the  axis  of  x.  Then  it  will  be  seen  that  aa  the 
ordinate  passes  such  points  as  A,  G.  or  E  it  ceases  io 
increase  and  begins  to  decrease;  whilst  when  it  passes 
through  B,  D,  or  F  it  ceases  to  decrease  and  begins  to 
increase.  At  each  of  the  former  set  of  points  the  ordinate 
is  said  to  have  a  maximum  value,  whilst  at  the  lattei'  it  is 
said  to  have  a  minimum  value. 

346.  Points  of  Inflexion. 

On  inspection  of  Fig.  83  it  will  be  at  once  obvious  that 
at  such  points  of  inflexion  as  G  or  K,  where  the  tangent 
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385 


is  parallel  to  one  of  the  co-ordinate  axes,  there  is  neither 
a  maximum  nor  a  minimum  ordinate.  Near  G,  for 
instance,  the  ordinate  increaaea  up  to  a  certain  value  IfG, 
and  then  as  it  passes  through  (?  it  continues  to  increase 
without  any  prior  sevnblf.  decrease. 


This  point  may  however  be  considered  as  a  combination 
of  two  such  points  as  A  and  B  in  Fig.  82,  the  ordinate 


increasing  up  to  a  certain  value  iV,G,,  then  decreasing 
through  an  indefinitely  small  and  negligible  interval  to 
Ifjjf^,  and  then  increasing  again  as  shown  in  the  magnified 
figure  (Fig.  84),  the  points  G^,  0^  being  ultimately  co- 
incident. 
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347.  We  are  thus  led  to  the  following  definition : — 
Def.   //.  while  the  independent  variable  x  mcreoses 

contin/uously,  a  function  dependent  upon  it,  say  ^(x), 
increases  through  any  finite  interval  however  small  wntil 
x=a  and  then  decreases,  ^(a)  is  said  to  be  a  maximum 
value  of  <p{x).  And  if  ^(x)  decrease  to  <p{a)  and  then  in- 
crease, both  decrease  and  increase  being  through  a  fimte 
interval,  then  0(a)  is  said  to  he  a  minimum  value  of  ^(a;). 

348.  Properties  of  Uaxiuia  and  Minima  Values.     Criteria. 
The  following  statenjents  will  now  be  obvioua  from  the 

figures  82  and  83  :— 

(«)  According  to  the  definition  given,  the  term  maximum 
value  doe.9  not  mean  the  absolutely  greatest  nor  minimum 
the  absolutely  least  va]ue  of  the  function  discussed. 
Moreover  there  may  be  several  maxima  values  and 
several  minima  values  of  the  same  function,  some  greatei' 
and  some  less  than  others,  as  in  the  case  of  the  ordinates 
&tA,B,G,...  (Fig.  82). 

{/3)  Between  two  equal  values  of  a  function  at  least 
one  liiaxirtw/m  or  one  minimv/m,  must  lie ;  for  whether 
the  function  be  increasing  or  decreasing  as  it  passes  the 
value  [-Afii*!  in  Fig.  82]  it  must,  if  continuous,  respectively 
decrease  .or  increase  again  at  least  once  before  it  attains 
its  original  value,  and  therefore  must  pass  through  at 
least  one  maximum  or  minimum  value  in  the  interval. 

(y)  For  a  similar  reason  it  is  clear  that  between  two 
maxima  at  least  one  minimum  must  lie;  and  between 
two  minima  at  least  one  maximum  must  lie.  In  other 
words,  maxima  and  minima  values  must  occur  alternately. 
Thus  we  have  a  maximum  at  A,  a  minimum  at  B,  a 
maximum  at  G,  etc. 
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(5)  In  the  immediate  neighbourhood  of  a  maximum  or 
minimum  ordinate  two  contiguous  ordinates  are  equal, 
one  on  each  side  of  the  maximum  or  minimum  ordinate ; 
and  these  may  be  considered  as  ultimately  coincident 
with  the  maximum  or  minimum  ordinate.  Moreover  as 
the  ordinate  is  ceasing  to  increase  and  heginning  to 
decrease  its  rate  of  variation  is  itself  in  general  an  infini- 
tesimal, This  is  expressed  by  saying  that  at  a  maximum 
or  minimum  the  function  discussed  has  a  stationary  value. 
This  principle  is  of  much  use  in  the  geometrical  treatment 
of  maxima  and  minima  problems, 

(e)  At  all  points,  such  as  A,  S,  0, 1),  E,  ...,  at  which 
maxima  and  minima  ordinates  occur  the  tangent  is 
parallel  to  one  or  other  of  the  co-ordivjite  axea.     At 


positions  of  maxima  and  minima  ordinates  are  therefore 
given  by  the  roots  of  the  equations 
f(x)-l)    ) 

#■(«).»  )■ 

(f)  That  T^  =  *^.   or  -~  =  OT,   are   not  in   themselves 

sufficient  conditions  for  the  existence  of  a  maximum  or 
minimum  value  is  clear  from  observing  the  points  0,  H 
of  i^ig.  83,  at  which  the  tangent  is  parallel  to  one  of  the 
co-ordinate  axes,  but  at  which  the  ordinate  has  not  a 
maximum  or  minimum  value.  But  in  passing  a  maxi- 
mum, value  of  the  ordinate  the  angle  \jr  which  the 
tangent  makes  with  OX  changes  from  acute  to  obtuse  (Fig. 
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.•^  , 


85),  and  therefore  tan  i/r,  or  -^,  changes  from  positive  to 
negative ;  while  in  passing  a  mimmum  value  -^  changes 
from  obtuse  to  acute  (Fig,  86),  and  therefore  -y  changes 
from  negative  to  % 


for    what    values    of   x   it   varnishes;    also    observe    if 
any  values  of  x  will  make  it  become  infinite.      Then 


test  for  each  of  these  values  whether   the   sign  of 


d^ 


changes  from  +  to  —  or  from  ~  to  +  a.s  x  increases 
through  that  value.  If  the  former  be  the  case  y  has  a 
maximum  value  for  that  value  of  x;  hut  if  the  latter,  a 
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miaimum.  If  no  change  of  sign  take  place  the  point  is  a 
point  of  iiifiexion  at  which  the  tangent  ia  parallel  to  one 
of  the  co-ordinate  axes. 

349.  Criteria  for  tie  discrimination  of  Maxima  and  Minima 
Values.    Another  Method  of  Investigation. 

The  same  criteria  may  be  deduced  at  once  from  tlie 

aspect  of  -J-  as  a  rate-meastirer-    For  -.'-  is  positive  or 

negative  according  as  y  is  an  increasing  or  a  decreasing 
function.     Now,  if  y  have  a  maximuTn  value  it  ia  ceasing 

to  increase  and  beginning  to  decrease,  and  therefore  -S- 

must  be  changing  from  positive  to  negative;  and  if  y 
have  a  minimv/m  value  it  is  ceasing  to  decrease  and 

beginning  to  increase,  and  therefore  y-  must  be  changing 

from  negative  to  positive.  Moreover,  since  a  change  from 
positive  to  negative,  or  vice  versa,  can  only  occur  by 
passing  through  one  of  the  values  zero  or  infinity,  we 
must  search  for  the  maximum  and  minimum  valuea 
among  those  corresponding  to  the  values  of  x  given  by 

Further,  since  y-  must  be  increasing  when  it  changes 
from  negative  to  positive,  -y^  must  then  be  positive ;  and 
similarly,  when  -j-  changes  from  positive  to  negative  -^ 

must  be  negative,  so  we  arrive  at  anothei'  form  of  the 
criterion  for  maxima  and  minima  values,  viz.,  that  there 
will  be  a  maximum  or  minimum  according  as  the  value 
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of  X  which  makes  -^  zero  or  infinite  gives  -t\  a  negative 
or  a  positive  sign. 

Examples. 
1.  Find  the  maximum  and  minimum  values  of  y  wbere 
j.(«-l)(.-2)'. 
Here  ^=(,j^-2)2+a(;i:-l)(;c,-3) 

.(»-2)(3»-4). 
Putting  this  espression  =0  we  obtain  for  tbe  values  of  *  which 
give  poaaible  masima  or  minima  values 
w=^  anda;-|. 
To  test  these  :  we  li^ve, 

if  :b  be  a  little  less  than  2,        f^=(-  X  +)=negativ«, 
if  a^be  a  little  greater  than  S,  ^=(  +  )(  +  )  =  positive. 

Hence  there  is  a  change  of  sign,  viz.,  from  negative  to  positive  as  X 
passes  through  the  value  a,  and  therefore  a!  =  2  gives  ^  a  mininiMm 

Again,  if  j:  be  a  little  less  than  -,        -^=(-)(-)=poaitive, 
and  if  «  be  a  little  greater  than  -,  ■^^=(— )(+)'=negative, 

showing  tliat  there  is  . 
negative,  and  therefore  x=-  gives  a  tnaanrnMrn  value  for  y. 

Otherwise :  -^=  {x  -  2)(3>b  -  4), 

so  that  when  -ji-  is  put  =0  we  obtain  a:  =  2  or    . 
And  ^=fe-10, 

so  that,  when  3:  =  %       -^  =  % 
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a  positive  qQantity,showing  that,  when  x=%y 

value,  whilst,  when        x=-,     -tK=  —2,' 

which  is  negative,  showing  that,  for  this  value  of 


positive  integers,  show  that  ^^i 
valuesofy,  but  that  a;=6  gi 
It  mil  be  clear  from  this  eaiam^le  that  neither 
■eahteg  can  arise  from,  the  vanishing  of  sueh  factors  of  -r-  as  have  even 
imdiots. 
3.  Siiow  that  ^-'^^■^.^  has  a  maximum  value  when  a^=4 and  a 


..  If  f-A'-m^ 


show  that  x=0  gives  a  maiimum  v  xlue  to  y 

and  x=S  gives  a  mjninnun, 

5.  To  show  that  a  triangle  of  Tiiaxi/nvm  area  insciibed  m  any 
o/eal  cwve  is  simA  that  the  tangent  at  each  a-agvia/r  point  is  paroltd  to 
the  o^osite  side. 

If  PQR  be  a  masimnm  triangle  inscribed  in  the  oval,  its  vertex 
P  lies  between  the  vertices  L,  M  of  two  equal  triangles  LQR,  MQS 
inscribed  in  the  ovaL    Now,  the  chord  LM  is  parallel  to  QR  and 


the  tangent  at  P  is  the  hmiiing  position  of  the  chord  £M,  which 
proves  the  proposition 

It  follows  thatj  if  the  oval  be  an  ellipse,  the  medians  of  the 
triangle  are  diametcia  of  the  curve,  and  theiefnie  the  centre  of 
gravity  ot  the  tnaogle  i''  at  the  centre  of  the  elhp'ie 
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6.  Show  that  the  sides  of  a  triangle  of  n 
aeribing  any  oval  curve  are  bisected  at  the  points  of  contact ;  and 
hence  that,  if  the  oval  be  an  ellipse,  the  centre  of  gravity  of  such  a, 
triangle  coincides  "with  the  centre  of  the  ellipse. 

7,  To  find  the  path,  of  a  ray  of  light  from  a  point  A  in  one  inediwm 
to  a  point  B  in  another  medium  sofpommg  the  path  to  he  suck  that  the 
least  possOiie  time  ie  ocavpted  in  passing  from  A  to  B,  and  that  the 
velocity  of  pn^gation  of  light  changes  from  v  to  -v'  on  passing  the 
bountdary  separating  the  media.  [Tbrmat's  Problem,] 

We  shifcll,  for  simplicity,  consider  A  and  B  to  lie  in  the  plane  of 
the  paper,  and  the  separating  surface  of  the  media  to  be  cylindrical 
with  its  generators  perpendicidar  to  the  place  of  the  paper. 

Let  OPf  be  the  section  of  the  separating  surface  by  the  plane  of 
the  paper,  and  let  APB,  AF'B  be  two  contiguous  paths  from  A  to  B. 


Then,  if  the  times  in  these  two  paths  be  equal,  the  quickest  path 
lies  between  them.    Let  fall  perpendiculars  F'n,  P'n'  from  P'  upon 
AP  and  BP,  and  draw  the  normal  ZPZ'  at  the  point  P. 
Then,  since  the  time  in  APB=iiai&  in  AP'B, 


and  therefore,  if  in  the  limit  the  incident  ray  AP  and  the  refracted 
ray  PB  make  angles  i,  i  respectively  with  the  normal  at  P,  we  obtain 

thus  proving  Snell's  well  known  law  of  refraction. 
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350.  Analytical  Investigation. 

We  now  proceed  to  investigate  the  conditions  for  the 
existence  of  maxima  and  minima  valuea  from  a  purely 
analytical  point  of  view. 

It  appears  from  the  definition  given  of  maxima  and 
mitiima  values  that  as  x  increases  or  decreases  from  the 
value  a  through  any  small  but  finite  interval  h,  if  ^(a;)  be 
always  less  than  <p{a),  then  0(a)  is  a  maximum  value  of 
<l>{x) ;  and  that  if  ^(ic)  he  always  greater  than  ^(a),  then 
if,{a)  is  a  minimum  value  of  ^(a!). 

We  shall  assume  in  the  present  article  that  nono  of  the 
derived  functions  we  find  it  necessary  to  employ  become 
infinite  or  discontinuous  for  the  particular  values  dis- 
cussed of  the  independent  variable.  We  then  have  by 
Lagrange's  modification  of  Taylor's  Theorem 

0(;c -I-/0  -  0(«)  =  ^'(a^)  +  ^,0"(^+ ^'i*- 

and       (}>{x  —  h)  -  <l>{x)  =  -  hifix)  +  j-^4>"{x  —  0k 

And  when  h  is  made  suificiently  small  the  sign  of  the 
right-hand  side  of  each  equation,  and  therefore  also  of 
the  left-hand  side,  is  ultimately  dependent  upon  that  of 
h<p'{x),  that  being  the  term  of  lowest  degree  in  k. 

Hence  '^(x+h)  —  <p{x)  \ 

and  </)(x  —  h)  —  <p{x)  J 

have  in  general  opposite  signs. 

For  a  maximum  or  minimum  value,  however,  it  has 
been  explained  above  that  these  expressions  must,  when 
h  is  taken  small  enough,  have  the  same  sign.  It  is 
therefore  necessary  that  ^'(x)  should  vanish,  so  that  the 
lowest  terms  of  the  right-hand  sides  of  the  equations  (a) 


.(A) 
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should  depend  upon  an  even  power  of  h.  ^'{ic)  =  0  is 
therefore  an  essential  condition  for  the  occurrence  of  a 
maximum  or  minimum  value.  Let  the  roots  of  this 
equation  be  a,  b,  c,  .... 

Consider  the  root  x  —  a. 

We  may  now  replace  equations  (a)  by  the  two  equations 


b{a-li)  ~  </,{a)  =  |-0"(«)  -  '^f'(a  -  0,A) 


(B) 


It  is  obvious  now  as  before  that  the  term  -a-.i>" {a),  being 

that  of  lowest  degree,  governs  the  sign  of  the  right  and 
therefore  also  of  the  left  side  of  each  of  equations  (b)  ; 
i.e.,  in  general  the  signs  of 

i>(a  +  h)-4.(a)~l 
and  (/,((£  —  /()  —  0((i)  ) 

are  the  same  as  that  of  ip"(a).  Hence  if  ^"(a)  be  negative 
^(a+h)  and  <p(a~k)  are  both  <  <p{a),  and  therefore  ^(a) 
is  a  moicimum  value  of  <p{x) ;  while  if  i^'Xa)  be  positive  , 
both  0(a4-fe)  and  ^{a—li)  are  >ip(a),  and  therefore  ^(a) 
is  a  minimuirh  value  of  iplx).  But  if  it  should  happen 
that  ^"(rt)  vanishes,  equations  (b)  are  replaced  by 

^(a+h)  -  0(a)  =  ^'^'"(a)  +~<p""i(i+e.Ji)     ] 

'\.  \. <«> 

and  therefore  when  h  is  sufficiently  small 

<p{a+}i)-4,{a)\ 

tji{a  —  h)  —  0(a)  J 
are  of  opposite  signs,  and  therefore  there  cannot  be  a 
maximum  or  minimum  value  of  0(a;)  when  x~a  unless 
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<p"'(a)  also  vanish,  in  which  case  the  sign  of  the  right  side 
of  each  equation  depends  upon  that  of  <p""{a).  And,  as 
hefore,  if  this  be  negative  we  have  a  maximum  value  and 
if  positive  a  minimum. 

Similarly,  if  several  successive  differential  coefficients 
vanish  when  m  is  put  equal  to  a,  it  appears  that  for  a 
maximum  or  minimum  value  it  is  essential  that  the  first 
not  vanishing  should  be  of  an  even  order,  and  that  if  that 
differential  coefficient  be  negative  when  x  =  as.  Tnaadmum 
value  of  ^(x)  is  indicated,  but  if  positive  a  mi/niin'mn. 

Examples. 
1.  Determine  for  wliat  values  of  x  the  faaction 

Here  <p'(^)^S0iar^-3a!'+2ai^. 

Putting  this  =0  we  obtain  a;=0,  x^l,  x=2. 

Again  ■{<"  {j!)  =  60(43^  ~f9x^  +  4x). 

If  a:=l,  i>"{x)  is  negative  and  therefore  we  have  a  maxinmm  value; 
if  a^=2,  ^"(^)  ia  positive  and  therefoi-e  this  value  of  x  gives  a 
minimum  value  for  ^(a').  If  3)  =  0,  ip''.{a:)  vanishes,  ao  ■we  must  pro- 
ceed further. 

Now  0"'{a!)  =  6O(ias2- 18«  +  4), 

which  does  not  vanish  when  a;  =  0,  ao  «=0  givea  neither  a  rn 


2.  Show  that  a:=  0  givea  a  maximum  value,  and  : 
for  the  function  ~^~~9' 

3.  Show  that  x=(l  gives  a  i 


4.  Show  that    the  expression    sin'OcoaO  attains 
value  when  8 = 60°. 

I).  Blnstrate  geoiaetncallj  the  statement   of  Art  350   that  in 
general  4i(x+h)—4'(a:)  and  ^^-A)—0(c)  are  of  opposite  sign. 
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Imi'Licit  Functions. 

351.  In  the  case  in  which  the  quantity  y,  whose 
maximum  and  raiaimum  values  are  the  subject  of  in- 
vestigation, appears  as  au  implicit  function  of  x,  and 
cannot  readily  he  expressed  explicitly,  we  may  proceed 
as  follows ; — 

Let  the  connecting  relation  between  x  and  y  be 

<Hx.-a)-o (1) 

n+li-" -^ <^> 

But  for  a  maximum  or  minimum  value  of  y,-^  =  0,  and 
ctx 

therefore—  =  "■ 

The  values  of  y  deduced  from  the  equations 

i,ix,y)  =  0] 

30_,J (3) 


therefore  include  the  required  maxima  and  minima. 
Differentiating  equation  (2)  we  have 

dx^     dxdy'dx    Xdxdy     dy^'dx/dx     -dy'dx^      '"'  ^  ' 
and,  remembering  that  -j=^>  ^^^^  reduces  to 

tjV^„^ (5) 


Substituting  the  values  of  x  and  y  derived  from  equa- 
tions (3)  we  can  test  the  sign  of  ^,  and  thus  dis- 
criminate between  the  maxima  and  minima  values. 
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The  case  in  which  this  test  fails,  viz,,. when  -,-'3  =  0  for 

the  values  of  x  and  y  deduced  by  equations  (3),  is  com- 
plicated owing  to  the  complex  nature   of  the   genera! 

formulae  for  ^  ^  and  -r^- 
dx'^         dx* 

Ex,  Find  the  inaximiira  and  minimum  ordinates  of  the  curve 
Here  (^-a;,)  +  (2^*-«^)^  =  0, (1) 


and  4-=0  gives  ,7^  =  ai/. 

CorabiDing  this  with  the  equation  to  tlie  curve  we  obtain 

i.e.,  y  — 0  or  y^  =  2itE. 

^  =  0  gives  ii:=0, 

and      x^=aif    t®  !>  H' 

which  presents  the  additional  solution 

S-«V4, 

»-.V2. 
Hence  the  points  at  which  maxima  or  miaima  ordinates  may  e 
have  for  their  eo-ordinates  (0,  0)  and  {cilJ2,  a%J4}. 

and  therefore  at  the  point  x=a%/^, 

3^ 

and  is  negative,  and  therefore  at  this  point  3/  has  a 

At  the  point  x~0,  w  =  0,  the  formulae  for  ^  and  --4,   both 

become   indeterminate,   and   we   have   to   investigate    their    true 
values. 


No,  -".<i.-dS.3&.-«), 
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Differentiating  equation  (1)  we  have 

And  when  x  and  y  both  vanish  these  give 
ahowiiig  that  tte  ordinate  5/  haa  for  this  point  s 

Seveeal  Dependent  Vaiuables. 
352.  Suppose  the  quantity  u,  whose  maxima  and 
minima  values  are  the  subject  of  investigation,  to  be  a 
function  of  n  variables  x,  y,  z,  etc.,  but  that  by  virtue  of 
TO  — 1  relations  between  them  there  ia  but  one  variable 
independent,  say  x.  We  may  now,  from  the  ?i  — 1  equa- 
tions, theoretically  find  the  ti  — 1  dependent  variables  y, 
s,  ...  in  tei-ras  of  x,  and  suppose  that  by  substitution  u  is 
expressed  as  a  function  of  the  one  independent  variable 
X.  The  methods  of  the  preceding  articles  can  now  be 
applied.  It  is  often,  however,  inconvenient,  even  if 
possible,  actually  to  eliminate  the  n-—\  dependent  vari- 
ables y,  s,  etc,  and  it  is  not  necessary  that  this  should  be 
immediately  done. 

Suppose,  for  instance,        u  —  ip(x,  y,  z) 
a  function  such  as  the  one  discussed,  x  the  independent 
variable,  y  and  z  dependent  variables  connected  with  x 
and  y  by  the  relations 

F-Sx,  y,  z)  =  0, 

F4,x,y,z)  =  Q. 

Then,  puttin  " 
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dx     Zx     dy'  dx     Zs'  < 


Z^ 


■dF^  dy    ZF^  dz___ 
■^     33  '  dx 

as  '  dx 


'dx      "dy  '  dx 


..(2) 
..(3) 


and  eliminating  -=^  and 


=  0,  . 


..(*) 


an  equation  in  ; 


dt^ 

a^   3^ 

^'   Zy 
3J\  dF^  3^1 
"dx'  djj' 
-dF^  3^2  ZF^ 
3a:'  dy' 
■■  which,  with  u  =  i^{x,y,s),  F'^  =  0, 
and  ^3=0,  will  serve  to  find  x,  y,  s  and  u. 

Again,  by  differentiating  equations  (1),  (2),  (3),  and 

eliminating  -r^,  -.— ,  t-^,  -f—^  we  may  deduce  the  value  of 

°  ax  ax  ax^  dx^ 
dhh 
j-j  and  teat  its  sign  for  the  values  of  x,  y,  z  found. 

Ex.  A  Norman  wiDdow  consists  of  a  rectangle  surmounted  by  a 
semicircle.  Given  the  perimeter,  show  that,  when  the  quantity  of 
light  admitted  is  a  maximum,  the  radius  of  the  semicircle  must 
equal  the  height  of  the  rectjmgle. 

[Todhuster's  Dit-f.  Calc.,  p,  214,  Ex.  30.] 
Let  y  be  the  Iieight  and  2a;  the  breadth  of  the  rectangle,  thea  the 
area  of  the  window  ia  given  hy 

A=\Tr^^tX!J, 
and  this  is  to  be  a  maxim.um, 
For  the  perimeter  we  have 

P  =  2i/+2«+!r.'(;= constant. 
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0  be  tlie  indepeiiiient  variable.     Thei 


A  i.  a  iiixii. 

inm, 

S' 

=0= 

.,i  +  i!j  +  2x; 

and  since  1' 

is  constant 

dP 
■fc" 

=  0  = 

■^^l^^- 

Eliminating 

d^ 

ve  have 

,«  +  -2j. 

-,l.(x  +  S), 

"'"  ^     ir  +  4' 

and  therefore  the  radius  of  the  seraioirele  is  equal  to  the  height  of 

the  rectangle. 

To  test  whether  this  result  gives  a  majcimtiin  value  to  A  we  have 
d^A        ,  .dv  ,i,  d^ 

and  t4=0  =  2^- 


,B>- 

dx'^' 

^,        .                              d^A 
ttarsfor.                         ^. 

=  Jr  +  2(-2-7f)==-7r-4, 

and  is  therefore  negative. 

Hence  the  relation  found 
of  the  area. 

,  viz.,  x—^,  indicates  a 

S53.  In  the  solution  of  such  questions  as  the  foregoing 
it  is  frequently  unnecessary  to  employ  any  test  for  the 
discrimination  between  the  maxima  and  minima,  since  it 
is  often  sufficiently  obvious  from  geometrical  considera- 
tions ■which  results  give  the  maxima  values  and  which 
give  the  minima, 

354.  Fuaotion  of  a  Fnnction. 

Suppose  z=f{x],  where  x  is  capable  of  assuming  all 
":e  values,  and  let  y  =  F{z);   then  it  appears  that 
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the   vanishing  of  either  of  the   factors  f(x)   or  F'{z) 

will  give  j^  — Oi  and  therefore  y  may  have  maxima  or 

minima  either  for  solutions  of  ^'(s)  =  0  or  for  sneh  values 
of  X  as  make  /'(ai)  =  0,  and  which  therefore  make  s  a 
maximum  or  minimum.  Moreover,  if  s  he  not  capable  of 
assuming  all  possible  values,  it  may  happen  that  some  of 
the  roots  of  F'{z)  =  Q  are  excluded  by  reason  of  their  not 
lying  within  the  limits  to  which  s  is  restricted.  Several 
such  problems  have  been  discussed  at  length  in  the 
"  Cambridge  Mathematical  Journal,"  Vol.  III.,  p.  237. 

Ex,  1.  Tofind  the  masima  and  minima  values  of  the  perpendicular 
from  the  centre  of  an  ellipse  upon  a  tangent. 

If  r  and  t'  be  conjugate  aemi-diameters,  a  and  h  the  semi-axes, 
and  p  the  perpendicular  from  the  centre  on  the  tangent  at  the  point 
whose  radius  vector  is  r,  we  have 


Differentiating  with  respect  to  r 

and  putting  -£-  =  0, 

we  ohtain  r  =  0, 

a  result  which  is  inadmissible,  since  r  is  restricted  to  lie  between 
the  limits  a  and  6.  It  appears  therefore  at  first  sight  as  if  the 
ordinary  criteria  had  failed  to  determine  the  true  maxima  and 
minima  values  of  r.  We  should  remember,  however,  that  since  r  is 
restricted  to  lie  between  certain  values  it  will  not  do  for  an  inde- 
pendent variable,  and  we  should  therefore  have  substituted  the 
value  of  )■  from  the  equation  of  the  curve  in  terms  of  9,  which  is 
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e  of  all  Talues  and  therefore  suitable  for  a 
variable.     We  sbouH  ttua  have 

0,%^  dp  _  dr 
'^  d6~^de' 

and  the  vanishing  of  -^  indicates  that  the 
values  of  p 


e  to  be  sought  at  the  same  valuea  of  e  for  which  the 
.  minimum  values  of  r  occur;  i-a^  obviously  when  r=a 
and  when  r—b.  This  result  was  of  conrse  apparent  a  priori  from 
the  form  of  the  relation  between  y  and  r. 

Ex,  2.  The  orbits  of  the  earth  and  Venus  being  assumed  circular 
ajid  co-planai,  to  investigate  in  what  position  Venus  appears 
brightest. 

The  brightness  of  a  planet  varies  direetly  as  the  area  of  its 
phase,  and  inversely  as  the  square  of  the  distance  of  the  planet 
from  the  earth. 

Let  E  and  S  be  the  earth  and  the  sun  and  V  the  centre  of  Venus, 
the  plane  of  the  paper  being  the  plane  of  motion. 

Let  P  Vt",  Q  F^  be  diametral  planes  of  the  planet,  perpendicular 
to  the  lines  MV  ajid  S  V,  and  let  ZVZ'  be  the  diameter  perpendicu- 
lar to  the  plane  of  motion.  Draw  QN  at  right  angles  to  PP".  Let 
0  be  the  planet's  radius  and  ^,  a,  r  the  lengths  of  EV,  ES,  and  SV 


respectively.  The  hemispherical  portion  QPIj!  is  illuminated  by 
the  aun's  raya,  whilst  P^P'  is  the  portion  exposed  to  view  from  the 
earth.  The  illuminated  portion  visible  is  therefore  bounded  by  the 
line  ZQZ'PZ,  whose  projection  upon  the  plane  PZP'Z'  ia  a  crescent- 
shaped  area  bounded  by  a  semicircle  and  a  semi-ellipse,  the  greatest 
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breadth  being  FN.    The  area  of  this  crescent  is 

and  therefore  cc  1  -  cos  NVQ. 

l-C03iVF$  1+cc 

EV^  R 

Now  cos^F>S'='^  +  '"^^""— , 


The  briglitnesa  therefore  o 


This  expression  has  its  n" 

(1)  when  asms,  masimum  a. 

i.e.,  when  m=a'^r; 

,2)  .ten  Jj+J+IM.o.' 

This  second  relation  gives 

a^+4TO  +  3(?^-a5)=0, 
or  «=\/3^+i^-2r, 

the  negative  root  being  inadmisaible. 

We  have  now  to  inquire  whether  this  value  of  x  lies  between  the 
greatest  and  least  of  the  admissible  ■values  of  x,  via,,  mi^. 

Now  V3a^+r^-2»->a-)- 

if  t<a, 

and  V3aM^-2r-<a+i- 


for  the  mfenoi  plineta  Venus  and  Meieury  who^e  mean  dia 
tances  from  the  siu  are  lesj-ettiiely  la  »nl  39i  rougMy,  r 
obviously  lies  within  the  pie'Jorilod  liroits  Tr.  difltiiiguish.  he 
tween  the  maxima  ind  minima,  we  observe  that  when  the  earth 
•md  pianet  jre  m  (.jnjunction  le  whenj=a  ;■  the  bn^htne6a=0, 
ind  IS  obnnualj  a  mmimiim  Hence  x=slSci.^-^r^  2r  gnea  a 
masimiim  md  x=a-\-r  a  mimmnm  It  is  easy  to  deduce  hence 
thit,  for  the  po  ition  of  maximum  hiightneaa 
2tAiiff=tani, 
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n  et[uatioi 


n  due  to  Halley,  and 

.?acosS£+4rcos  £^-4a  =  0, 
which  (letewnines  the  angle  E. 

[See  Godfray's  Astronomy,  2nd  Ed,,  p,  SST.J 

3SS.  Other  Maxima  and  Minima;  Singularities. 

The  aecompanying  figure  (Fig.  90)  is  intended  to 
illustrate  some  points  with  regard  to  niaxima  and  minima 
which  we  have  not  at  present  considered. 


At  jS  there  is  an  asymptote  parallel  to  the  y-axis. 
The  curve  i/  =  ^(a;)  approaches  the  asymptote  at  each 
side   towards  the   same   extremity.      Here    i/  =  x    and 

-^=oo,but-^  changes  sign  in  crossing  the  asymptote, 

and  there  is  an  inJiTdte  maximutn,  ordinate  at  8. 

At  T  there  is  another  asymptote  parallel  to  the  j/-axis, 
but  in  crossing  the  asymptote  the  curve  reappears  at  the 

opposite  extremity  and  -Jj  does  not  change  sign ;  there  is 


therefore  neither  a 


nor  a  minimum  at  T. 
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At  M  there  is  a  "'point  saillant "  giving  a  discontinuity 

in  the  value  of  -^.     The  ordinate  at  such  a  point  is  a 

maximum  or  a  minimum.  In  the  ease  in  the  figure  we 
have  a  maximum  ordinate. 

At  R  the  curve  haa  a  "point  d'arret"  and  a  maximum 

ordinate,  though  -7-  does  not  Vimish  or  become  infinite. 

°    ax 

At  N  there  is  a  <Msp,  but  -j^  is  neither  zero  nor  infinite. 

Yet  the  ordinate  at  N  is  the  smallest  in  its  immediate 
neighbourhood,  and  therefore  a  minimum.  It  is  to  be 
noticed,  however,  that  in  travelling  along  the  branch  MJf 
the  value  of  x  does  not  pass  through  OW,  and  therefore 
the  ordinary  thcoiy  does  not  apply. 

At  such  points  asQ,--^  =  'x>  and  changes  sign,  and  yet 

obviously  the  value  of  y  is  not  a  maximum  or  minimum. 

As  in  the  last  ease,  it  should  be  observed  that  in  travel- 
ling along  the  branch  N'QR  the  value  of  x  does  not^ass 
through  the  value  OV,  but  recedes  to  it  from  W  to  Y  and 
then   increases   again.     We   notice,   however,   that   this 


'  dy 

sign  at  Q,  indicating  a  maxi/mum  or  minimum  value 
of  the  abscissa  x. 

For  further  information  upon  this  subject  the  student 
is  referred  to  Professor  De  Morgan's  "  DifE  and  Int. 
Calculus." 
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1.  Find  the  maxiramn  and  minimum  values  of 

2.  Show  that  the  expression 

has  a  maximum  value  when  «  =  „,  and  a  minimum  value  ^ 


3.  Show  algebraically  that  the  greatest  value  of 
is  —,  and  illustrate  the  result  geometrically. 

4.  Show  that  the  expression 

has  neither  a  maximiim  nor  a  minimum  value. 


5.  Investigate  the  maximum   and  minimum  values  of  the 
expression  Sw?  -  2^3?  +  60(k. 

6.  For  a  certain  curve 

dlscnsB  the  character  of  the  curve  at  the  points  a:=l,  it;  =  2, 

7.  Find  the  positions  of  the  maximum    and 
dinates  of  the  curve  for  which 

8.  Find  for  what  values  of  x  the  expression 
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9.  Find  algebraically  tlie  limits  between  ■which  the  expression 

"+; 

must  or  must  not  lie  for  real  values  of  x.     lilusirate  your 
result  by  a  sketch  of  the  curve 

10.  Investigate  algebraically  tbe  maximum  and  minimum 
values  of  the  expression     — ^ -— 

for  real  values  of  x.     Illustrate  your  acswer  geometrically. 

11.  Investigate  the  maximum  and  minimum  values  of  the 


12.  Find  the  minimum  ordinate  and  the  point  of  inflexion 
the  curve       .  9?  —  axy  +  6°  =  0. 

IS.  Find  the  maximum  and  minimum  ordinates  of  the  cm 

14.  Show  tiiat  the  curve         y=xe' 
has  a  minimum  ordinate  where  x=  -  1. 

15.  Show  that  the  values  of  a:  for  which  e"""'  ] 
or  minimum  values   may  be   determined   graphically  i 
abscissae  of  the  points  of  intersection  of  the  straigSit  line 

y=  -«, 
with  the  curve  of  tangents     j/  =  tan  ic 

16.  Show  that  the  expression 

»+(»-*)»+(»-s)S 

has  a  minimum  value  when  «=h. 
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18. 

Show  that 

m  value  when 

■■VI 

IS).  Sliow  that  the  function 
continually  diminishes  as  a;  incre 

lases  from  0  to 

20. 

Sho^ 

rthat 

^e  is  a  maxim 

um  value  of  (l 

21.  Show  trigonometiically  that  the  greatest  and  least  values 
of  the  expression  a  sin  a;  +  6  cos  x 

22.  Stow  by  trigonometry  that  the  greatest  and  least  values 
of  the  function     a  cos^S  +  2h  sin  6cag.6  +  h  sin=9 


are  respectively         "-i-i  J/^-_\  ^h?. 

23.  Find  in  an   elementary   manner   t 
TOiaimum  values  of  the  expression 

{aw\e  +  b  cos  d){a  cos  ^  +  6  sin  6). 

24.  If      .     j/  =  2a:-taii-^iE-log{ic+  ^/T+^}. 

show  that  y  continually  increases  as  x  changes  from  s 
positive  infinity. 

25.  If  s  =  «%*-, 

X      y 
where  x  +  y  =  a, 

show  that  z  has  a  minimum  value  when 


"-JTS' 
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26 

.  Giveu  that 

M^^- 

that  the  maxii 

a  value  of 

value  of  a;^  +  j,= 

is 

Ttrm 

-  and  that  the  mini- 


27.  Show  that  the  area  of  the  greatest  rectangle  inscribed  in 
a  given  ellipse  and  having  its  sides  parallel  to  the  axes  of  the 
ellipse  is  to  that  of  the  ellipse  as  2  :  tt. 

28.  Show  that  the  maximum  and  minimum  values  of 

^■'  +  y\ 
where  aa^  +  2hx^  +  by^  =  1 

are  given  by  the  roots  of  the  quadratic 


-^(-i)- 


Hence    find    the    area    of    the    conic    denoted    by    the    first 
equation. 

29.  PSr,  QSQ'  are  focal  chords  of  a  conic  intersecting  at 
right  angles.     Find  the  positions  of  the  chords  when  PF  +  QQ' 

30.  Divide  a  given  mimher  a  into  two  parts,  such  that  the 
product  of  the  p^  power  of  one  and  the  j"'  power  of  the  other 
shai!  be  aa  great  as  possible. 

31.  Show  that  if  a  number  be  divided  into  two  factors,  such 
that  the  sum  of  their  squares  is  a  minimum,  the  factors  are  each 
equal  to  the  square  root  of  the  given  number. 

32.  Into  how  many  equal  parts  must  the  number  ne  be 
divided  so  that  their  continued  product  may  be  a  majiimum ;  «. 
being  a  positive  integer  and  e  the  base  of  the  Napierian 
Logarithntel 

33.  What  fraction  exceeds  its  p"'  power  by  the  greatest 
number  possible  ? 
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34.  Given  the  length  of  an  arc  of  a  circle,  find  the  radius  of 
the  circle  when  the  corresponding  segment  has  a  maximum  or 
minimum  area,  [Pappus  Ai*)XAMDEimjs.] 

35.  The  centres  of  two  spheres,  radii  ri,  r^  are  at  the  ex- 
tremities of  a  straight  line  of  lengtli  la,  on  which  a  circle  is 

Find  a  point  in  the  circumference  from  which  the 
:t  amount  of  spherical  surface  is  visible, 

36.  In  the  line  joining  the  centres  of  two  spheres  find  a  point 
such  that  the  sum  of  the  spherical  surfaces  visible  therefrom 
may  be  a  maximum.  [Educational  Times,] 

37.  AC  and  BH  are  parallel  straight  lines,  and  AD  is  drawn. 
Show  how  to  draw  a  straight  line  COE,  cutting  jli)  and  BD  in 
0  and  E  respectively,  so  that  the  sum  of  the  triangles  EOD, 
OOA  may  be  a  minimum.  [Viviaki.] 

38.  A  person  wi3i.es  to  divide  a  triangular  field  into  two 
equal  parts  by  a  straight  fence.  Show  how  it  is  to  be  done 
so  that  the  fence  may  be  of  the  least  expense. 

39.  If  four  straight  rods  be  freely  hinged  at  their  extremities 
the  greatest  quadrilateral  they  can  form  is  inscribable  in  a 
circle. 

40.  A  tree  in  the  form  of  a  frustum  of  a  cone  is  n  feet  long, 
and  its  greater  and  less  diameters  are  a  and  h  feet  respectively. 
Show  that  the  greatest  beam  of  square  section  that  can  be  cut 

out  of  it  is  ^, j-  feet  long. 

3(a  -  b) 

41.  If  the  polar  diam.eter  of  the  earth  be  to  the  equatorial 
as  229 :  230,  show  that  the  greatest  angle  made  by  a  body 
falling  to  the  earth  with  a  perpendicular  to  the  surface  is  about 
14'  59",  and  that  the  latitude  is  45°  T  29". 

42.  The  resistance  to  a  steamer's  motion  in  still  water  varies 
as  the  ji.""  power  of  the  velocity.     Find  the  rate  at  which  the 
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steamer  must  be  propelled  against  a  tide  running  at  a  tnots  an 
hour  80  as  to  consume  the  least  amount  of  fuel  in  a  given 
journey. 

43.  Show  that  the  volume  of  the  greatest  cylinder  which  can 
be  inscribed  in  a  cone  of  height  h  and  semiyertical  angle  a  is 


44.  Show  that  the  height  of  the  cone  of  greatest  convex 
surface  which  can  be  inscribed  in  a  given  sphere  is  to  the  radius 
of  the  sphere  as  4  :  3. 

45.  Show  that  the  chord  of  a  given  curve  which  passes, 
through  a  given  point  and  cuts  off  a  maximum  or  minimum 
area  is  bisected  at  the  point. 

46.  Two  particles  move  uniformly  along  the  axes  of  x  and  y 
with  velocities  m  and  v  respectively.  They  are  initially  at 
distances  a  and  h  respectively  from  the  origin,  and  the  axes  are 
inclined  at  an  angle  ta.  Show  tjiat  the  least  distance  between 
the  particles  is  — ^ '- ,  . 

'  («=  +  1!'-2m11C08<ii)4 

47.  Find  the  area  of  the  greatest  triangle  which  can  be 
inscribed  in  a  given  parabolic  segment  having  for  its  base  the 
bounding  chord  of  the  segment. 

48.  For  a  maximum  or  minimum  parabola  circumscribing  a 
given  triangle  ABC,  show  that  the  sum  of  the  perpendiculars 
from  ABC  upon  the  axis  is  algebraically  zero. 

1    .'\ 

49.  In  a  submarine  telegraph  pble  the  speed  of  signalling 

varies  as  ic^log  —  where  x  is  the  ratio  of  the  radius  of  the  core 

to  that  of  the  covering.      Show  that    the  greatest   speed  is 
attained  when  this  ratio  is  1  ;  Je. 
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50.  S  is  the  focus  of  an  ellipse  of  eccentricity  «,  and  E  ii 
fixed  point  on  the  major  axis,  and  P  is  any  point  on  the  cur 

Show  that  when  PE  is  a  minimum  SP=~. 


51.  Find  tbe  maximum  value  of 

^  "-  ''  t  (2)  when  . 
What  happens  if  a  =  b^  Ilhistrato  jonr 
«f  the  curve  y^{x-a)\x-h) 

in  the  three  different  cases. 

52.  An  open  tank  ia  to  be  constructed  with  a  square  base 
and  vertical  sides  so  as  to  contain  a  given  quantity  of  water. 
Show  that  the  expense  of  lining  it  with  lead  will  be  least  if  the 
depth  is  made  half  of  the  width. 

53.  If  two  variables  x  and  y  are  connected  by  the  relation 
■ax^-^b^  =  aii,  show  that  the  maximum  and  minimum  values  of 
the  function  a?-\-^-^xy  will  be  the  values  of  u  given  by  the 
equation  i{u  -  a){u  -  b)  =  ab. 

54.  If  SP  and  SQ  be  two  focal  distances  in  an  ellipse  in- 
<Jined  to  each  other  at  the  given  angle  2a,  find  the  greatest  and 
least  values  of  the  area  of  the  triangle  FSQ. 

55.  SQ  13  a  focal  radius  vector  in  a  given  ellipse  inclined  at 
a  given  angle  a  to  SA,  whore  A  ia  the  vertex  neai-est  to  the 
focus  S.  Find  the  angle  ASP,  where  SP  is  another  focal  radius, 
such  that  the  area  of  the  triangle  PSQ  may  be  a  maximum. 

5G.  Find  the  point  P  on  the  parabola  y^  =  iaa:  such  that  the 
perpendicular  on  the  tangent  at  P  fi-om  a  given  point  on  the  axis 
■distant  h  from  the  vertex  may  be  the  least  possible.  What  is 
the  geometrical  meaning  of  the  result  1 

57.  Find  the  area  and  position  of  the  maximum  triangle 
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having  a  given  angle  wliich  can  be  inscribed  in  a  given  circle, 
and  prove  that  tlie  fu-ea  cannot  have  a  minimum  value. 

58.  From  a  fixed  point  A  on  the  circumference  of  a  circle  of 
radiQS  c  the  perpendicular  AY  is  let  fall  on  the  tangent  at  P. 
Prove  that  the  maximum  area  of  the  triangle  APT  is 

69.  If  a  parallelogram  be  inscribed  in  an  ellipse  the  greatest 
possible  value  of  its  perimeter  is  equal  to  twice  the  diagonal  of 
the  rectangle  described  on  the  axes. 

60.  0  is  a  fixed  point  without  a  circle,  A  one  of  the  extremi- 
ties of  the  diameter  through  0,  OQQ'  a  chord  through  0.  Find 
its  position  when  the  area  of  the  triangle  QAQ'  is  i 


61.  Describe  the  equilateral  triangle  of 
whose  sides  passes  through  a  given  fixed  point. 

62.  A  length  I  of  wire  is  cut  into  two  portions  which  are 
bent  into  the  shapes  of  a  circle  and  a  square  respectively. 
Show  that  if  the  sum  of  the  areas  be  the  least  possible  the  side 
of  the  square  is  double  the  radius  of  the  circle. 

63.  Find  the  least  isosceles  triangle  which  can  be  described 
about  an  ellipse  with  its  base  paraUel  to  one  of  the  axes,  and 
show  that  its  sides  are  parallel  to  those  of  the  greatest  isosceles 
triangle  which  can  be  inscribed  is  the  same  ellipse  with  its 
vertex  at  one  extremity  of  the  other  axis. 

64.  Obtain  the  maximum  and  minimum  values  of  the  volume 
of  a  right  circular  cone  whose  vertex  is  at  a  given  point  and 
whose  base  is  a  plane  section  of  a  given  sphere  ;  and  point  out 
the  difference  of  the  cases  of  the  point  being  within  or  without 
the  sphere. 

65.  Prove  that  a  chord  of  constant  inclination  to  the  arc  of 
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a  closed  curve  divides  the  area  most  unequally  when  it  is  a 
«hord  of  curvature. 

66.  Show  that  the  normal  chord  to  the  parabola  y''=iax 
which  cuts  off  the  least  arc  is  normal  where  y— — '—r- '-  and 

is  inclined  to  the  axis  at  an  angle  tan~^ — -y, 
Jo 

67.  When  the  product  of  two  perpendicular  radii  veotores  of 
a  curve  is  a  maximum  or  a  raininmni,  show  that  they  make 
supplementary  angles  with  the  tangents  at  their  extremities. 

68.  Two  perpendicular  lines  intersect  on  a  pai-abola,  one 
passing  through  the  focus.  Show  that  tlie  triangle  formed  by 
them  with  the  directrix  has  its  least  values  when  the  focal 
distances  of  the  right  angle  and  the  vertex  of  the  parahola 
include  an  angle  of  36°  or  of  108°. 

69.  Show  that  when  the  angle  between  the  tangent  to  a 
■curve  and  the  radius  vector  of  the  point  of  contact  has  a 

Q  value  the  radius  of  curvature  at  that 


point  is  given  by  p  =  —. 

70.  Show  how  to  find  the  co-ordinates  of  the  points 
curve  given  in  Cartesians  at  which  the  curvature  . 
■or  a  minimum. 
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Geometrical  Peoperties  of  the  Cycloid. 


356.  Def.  When  a  m-cle  rolls  in  a  plane  cdortg  a 
given  straight  line,  the  locvs  traced  out  by  any  poi/nt 
on  the  dreumference  of  the  rolling  circle  is  caZled   a 

CYCLOID. 

357.  Description  of  the  Curve. 

The  nature  or  the  motion  shows  that  there  is  an  infinite 
number  of  cusps  arranged  at  equal  distances  along  the 
given  straight  line.      It  is  usual  to  confine  the  name 


cycloid  to  the  portion  of  the  ( 
consecutive  cusps. 

2d 


;  lying  between  two 
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Let  A,  B  be  two  consecutive  cusps,  ACB  the  arc 
of  the  cycloid  lying  between  them.  The  line  AB 
along  which  the  circle  rolls  ia  called  the  hose.  Let 
QPT  be  the  rolling  circle,  G  the  point  of  contact,  OT 
the  diameter  through  G,  and  P  the  point  attached 
to  the  circumference,  which  by  its  motion  traces 
the  cycloid.  The  circle  GPT  is  called  the  generating 
circle.  Let  G  be  the  point  of  the  curve  at  greatest 
distance  from  AB ;  this  point  is  called  the  vertex.  Let 
OX  be  the  tangent  at  G,  and  GT  the  normal,  obviously 
bisecting  the  base  AB  in  the  point  D.  We  shall  take 
these  lines  as  co-ordinate  axes.  It  is  clear  that  the  curve 
is  aymmetrical  about  CT. 

358.  Tangent  and  Normal. 

Since  a  circle  may  be  considered  as  the  limit  of  an 
inscribed  regular  polygon  with  an  indefinitely  large 
number  of  sides,  the  circle  GPT  may  be  supposed  to  be 
for  the  instant  turning  about  an  angular  point  of  this 
polygon  situated  at  G.  Hence  the  motion  of  the  point  P 
is  instantaneously  perpendicular  to  the  line  PG,  which  is 
therefore  the  direction  of  the  normal  at  P.  Moreover, 
since  this  motion  is  in  the  direction  of  PT,  PT  is  the 
tangent  at  P  to  the  locus  of  P. 

359.  Equations  of  the  Cycloid. 

Let  BQG  be  the  circle  described  upon  DO  for  diameter 
and  let  0  be  its  centre.  Draw  PM,  PN  perpendicular  to 
GX  and  GY  respectively,  the  latter  cutting  the  circle 
DQGinQ.     3omDQ,0Q.-GQ. 

Now,  since  the  circle  rolls  without  diiUng  along  the 
line  AB,  every  point  of  the  circle  comes  successively  into 
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contact  witli  the  straight  line,  so  that  the  length  of  AD 
is  half  of  the  circumference  of  the  circle,  and  the  portion 
GA—sxa  GP  =  avcDQ.  Hence  the  remainder  i)G  =  arc  CQ. 
Now,  PQOT,  PQDG  are  parallelograms ;  whence,  if  a 
be  the  radius  of  the  generating  circle  and  6  the  angle 
COQ,  PQ  =  BO  =  arc  GQ  =  aO. 

Hence,  if  x,  y  he  co-ordinates  of  P, 

y^CN^CO-NO  =  ail-Go?,e)i ^  ' 

From  these  equations  the  Cartesian  equation  may  be 
at  once  obtained  by  eliminating  Q;  the  result  being 

a;  =  avers-i^-(-v'2a3/— 1/^ (b) 

but  from  the  form  of  the  result  the  equation  is  not  so 
useful  as  the  two  equations  marked  (A). 

360.  Length  of  the  arc  CP. 
Since  a:  =  a(0+sine)\ 

^  =  0.(1  — cos  0)/' 
we  obtain  dx^<i{l  +  CQii0)dQ\ 

dy  —  a  sin  6d$         J ' 
squaring  and  adding 

da'^  =  da^  +  dy^^2a\l  +  co^e)de^ 

or  (?8  =  2acos-d0, 

and  upon  integration 

8  =  4«sin--,  ■. (c) 

the  constant  of  integration  vanishing  if  s  he  measured 
from  G,  so  that  s  and  Q  vanish  together. 
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Again,  since  chord  OQ  =  2a  sin  ^, 

we  have  arc  (7P  =  2chord  OQ (d) 

Further,  since  y  =  2a  sin^^, 


s  =  ia^l^^  =  ^8ay (E) 


361.  Geometrical  Proofs. 

These  results  may  be  established  by  geometry  as 
follows ; — 

Let  TFG  be  any  position  of  the  generating  circle,  G 
being  the  point  of  contact,  GT  the  diameter  through  G, 
and  P  the  tracing  point.  Let  the  circle  roll  through  an 
infinitesimal  distance  till  the  point  of  contact  comes  to 
G'.  Let  the  circle  in  rolling  turn  through  an  infinitesimal 
angle  equal  to  POQ,  OQ  being  a  radius  of  the  circle,  and 
let  P  come  to  P'.  Then  QP'  is  parallel  and  equal  to  GG', 
and   therefore  to  the  arc  QP.     PP'  is  ultimately  the 


tangent  at  P  and  therefore  ultimately  in  a  straight  line 
with  TP.  Draw  Q«  at  right  angles  to  PP';  then  Tn  and 
TQ  are  ultimately  equal  and  Pn  ia  therefore  the  " 
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in  the  chord  TP  in  rolling  from  G  to  (?'.  Moreover  PP' 
ia  ultimately  the  increase  of  are,  and  since  in  the  limit 
QP'—a.\cQP—ahori\QP,  and  Qn  is  drawn  perpendicu- 
larly to  PP',  li  is  the  middle  point  of  PP',  and  therefore 
the  rate  of  growth  of  the  arc  CP  is  double  that  of  the 
chord  TP,  and  they  hegin  their  growth  together  at  0. 
Hence  arc  CP  =  2  chord  TP. 

362.  IntrJasic  Equation. 

If  in  Fig.  91  PTX  —  ilr,  we  have  ■\lf—    ;   whence  the 
intrinsic  equation  of  the  cycloid  is  8  =  4asim|^. 

363.  Radius  of  Curvature. 
The  formula  of  Art.  270  gives 

ds 


i.e.,  radius  of  curvature  ~  2 .  normal. 

364.  Evolute. 

By  Art.  292  the  intrinaic  equation  of  the  evolute  of 
the  curve  s=f(}p-)  is         s—fiyjr). 

Applying  this,  we  have  for  the  evolute  of  the  above 
cycloid  s  =  4acosi^, 

which  clearly  represent.s  an  equal  cycloid  (see  Art.  294i). 

365.  Geometrical  Proofs. 

These  results  may  also  be  established  geometrically  as 
follows : — 

Let  AD  be  half  the  base  and  OD  the  axis  of  a  given 
cycloid  A  PC.  Produce  CD  to  F,  making  DF  equal  to 
OD,  and  through  F  draw  FE  parallel  to  DA.     Through 
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any  point  G  on  the  base  draw  TGG'  parallel  to  GD  and 
cutting  the  tangent  at  C  in  T  and  the  line  FB  in  Q'. 


c  T  X 


On  GT  and  G'G  aa  diameters  describe  circles,  the  former 
cutting  the  cycloid  in  the  tracing  point  P.  Join  PT,  P6 
and  produce  PG  to  meet  the  circle  GP'G'  in  P'  and  join 
P'G'.  Then  obviously  the  arc  G'P'  =  9.tc  PT=I>G  =  FG', 
and  therefore  the  point  P'  lies  on  a  cycloid,  equal  to  the 
original  cycloid,  with  cusp  at  F  and  vertex  at  A.  More- 
over P'6  is  a  tangent  to  this  cycloid  and  P'G'  a  normal. 
The  cycloid  FA  is  therefore  the  envelope  of  the  normals 
of  the  cycloid  AC  and  therefore  its  evolute ;  and  P'  is  the 
centre  of  cwvatiire  corresponding  to  the  point  P  on  the 
.original  cycloid. 

If,  therefore,  a  string  of  length  equal  to  the  arc 
FP'A  have  one  extremity  attached  to  a  fixed  point  at  F 
the  other  end,  when  the  string  is  unwound   from  the 
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curve  FP'A,  will  trace  out  the  cycloidal  ace  APC.  Thus 
a  heavy  particle  may  be  made  to  oscillate  along  a 
cyeloidal  arc,  by  allowing  the  suspending  string  to  wrap 
alternately  upon  two  rigid  cycloidal  cheeks  such  as 
FA,  FB. 

Moreover,  since  PP'  is  obviously  by  its  construction 
bisected  at  (?,  the  radius  of  curvature  at  any  point  of  a 
cycloid  is  double  the  length  of  the  viormal. 


366,  Area  bounded  by  the  Cycloid  and  its  Base. 

Let  PGP',  QQ'Q'  be  two  contiguous  normals.  Then 
Q,  G'  are  their  middle  points,  and  therefore  ultimately 
the  elementary  area  GPQG'  is  treble  the  elementary  area 
P'QG'Q'.    Hence,  summing  all  such  elements,  the  area 


Fig.  04. 

APOD  is  treble  the  area  ADFP' ;  i.e.,  the  area  of  the 
cycloid  is  three-fourths  of  the  circumscribing  rectangle, 
for  the  area  oi  ABFP'  is  equal  to  the  area  CXAP. 
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Now  the  length  of-AD  —  haXi  the  circumference  of  the 
circle 

Hence  the 

rectangle  AXCD  =  -wa  .2a=^2wa\ 
and  therefore  the 

seinicycloidaIa.rea^PCD=^.  27ra.^  =  |-7ra^ 
and  tlie  area  bounded  by  the  whole  cycloid  and  its  base 
=  3xa^,   and   is   therefore   three   ti/mes   the  a/rea  of  the 
generating  circle. 
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^. 

r^'igV- 

2^^ 

..-;,l^..Mf 

^+lj^-l+^ 

'.rioe«+*™"iog* 

.  dn?,-M?3,'«« 

•i-ir- 

1^ 

f^ 

"""  (ir-a)""' 
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CHAPTER  VII. 
Page  163. 
Ex.  1,  Tamgents. 

(2)  ¥y=2a(^*x).  i  '         s  ^y         i 

,0,  3r^Y   ^  (5)  X{2xii^s')*y{!i?->2xy)  =  Sa 

(7)  XK-a3')*I'(j'=-'ra)-<Ki:y. 

(8}  J'{23:(3i'*!(=)-«'3;}  +  r{%(icS  +  /)  +  »^}=aV-!f')- 

(1)    f  =  J.  .(2)    ^^.lz_S  =  0,.t.. 

ITai«entBac9  y=+?i^X-?. 

perbola,  !■'■ 
Page  192. 

f  Parallel  at  points  of  intersection  with  OiH-J 

L  Perpendicnlar  at  points  of  interseotion  with  &c  + . 

~V2 

(  Parallel  at  (—,   '^a). 

[  PerpendiGular  at  (0,  0),  (2o,  0). 
,  (a)  a«  =  ±6y.  ^ 

(  (t)  K  =  0liid2/-0.  Va»*/ 

10.   Area  =  iVa^.  H.   n= -2;    fl  =  3. 
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CHAPTER  Vni. 

Page  224, 

■    '^■'^"""s'  7.   K  +  ;,  +  o  =  0. 

2.  i(*s  =  0.  8.  a  =  0,     i;-0,     K*?/-.0.  14. 

4.  y-0.  10.  x=±a. 

p.  x  =  0.  11.  x  =  a,    y  =  a,    «  =  y. 

17.  3i  +  2!»-0,    x*y-\,  x-s-'l.  21,  3!  +  y-±2V3. 

18.  i!.0,  ie-y  =  0,  !»;-!;  +  l-0.  22.  j;  =  3j:-2(ii,  3:4 

19.  ji-O,  z  =  j,   i<;  =  i/±i.  23,   9  =  0. 

20.  a-2i/  =  0,  x  +  2!i  =  ±2.  Si.  rsine  =  <i 


ft»=±{.-|). 


,   nrsm(e-*"^^  =  aeeotT,  ? 


29,  1'  sin  (s  -  ^-)  =  -,  where  t  is  any  integer, 

30,  ije  =  i?r,  wheie  t  is  any  integer. 

.■  =  i.  35.    3!-±a,    ^-K.      Above. 


le  second, 
.  :s'-ti!^s-i-llscf-W=x.  42.   ^1+^  =  1 

45.  6a^(!)?-!)')-a(a'-6')(^'+/-''1- 
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4S.   (.^-^y^A..orr^^^^^^. 
47.   ^{x'-f)-'3<i'x. 

CHAPTBE  IX, 

Faok  258. 

14.   K-ottndK-aa. 
27.    a..7anda,«l. 

38.    A  atraiglit  line  and  a  yoint. 

40.  A  straight  line  and  a  conic. 

|-AMO,«),      t.n^-±-^^. 

*«■    iAt(a,  0),      teni/'  =  +  ^| 

[At(3«,  a],    tAaf=±-^- 

(Taiigenta  at  origin,  s/*0  and  ;/- +3;. 
50.    ]  Single  oiisp  of  first  species  at  origin. 
lE  +  siisafactor. 

OHAFEBE  X. 

Page  279, 

1.   p  =  « 

;   p..»cosi^;  p  =  aseoV. 

,.    ,.3(-_^}*..    ,.n 

2^^ 

1     ,    {«%in=S  +  5iicos-^0f 

(ff'*lf 

b.   p    a  -^^     . 

CHAJPTER  XI. 

Paub  323. 

L   256j;>  + 27x^-0. 

6.   Two  BkEiigiit  lines. 

,    a'    ft'    c* 

7.  -1  (3)  ^^ii^  =  l^. 

(3)    ,0^.^,   '""""      i^4-. 

5.  s'-i-4a(x-2a)''0. 

8,  A  parabola  touciiing  the  axes. 

9.  Ahjperbola. 
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10.  27oj(^-»4(a-2™|'. 
'(1)   x^*y^-k\ 
(2)   a^  +  Z-S*. 


17.  I 


(3)  a?«+2  +  3i»i+!  =  &"+2, 

(4)  'ixy  =  e.  30.  rs-ffl^coH'e  +  i 


CHAPTBE  XIII. 
TAftE  365. 


_«(7J-l).,.,j 

""2!" 
1. 
r,(l±V-3). 


.   Oorc 


I,  (-"^-'Iftcoste-sintejeoi 
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CHAPTER  XIV. 

.  Maxinrom  Value  =  34,    Minimiun  -  33, 

X--2,     -1,    1,    2,    giys  Maxima  and  MiTiima  alternately. 

fAtx  =  -i,   y  =  Maximmn. 

<       a:  =  3,   y-  Minimum. 

',AtiE'=2  anda  =  4  there  are  points  of  contrary  fissure. 
.   AtE-3,    ji  -  Minimum.      At  a;  =  l  ji-Masimiiin. 
-  jj  gives  a  Maximum,   a  =  1  givoB  a  Minimum, 
nmot  lie  between  ±3  ijab. 
.   a:  =  2  gives  a  Maximum,    !C  =  6  a  Minimum. 

Minimum  Ordinate  at  ai=  ^  .     A  point  of  inflexion  at  (-i,  0). 

r  Ata;  =  a,   y-e. 

I  At  i.iit',   ,.,±e(^f.  .  lAt  .uppo.,J  „....,  l],.„  L 
.   («*S)". 

f  Maximum  Value  =  J(<t  +  i!))^. 

t  Minimum  Value  =  -^{it  -  bf. 

f  A  Maximum  when  the  chorda  coincide  with  the  transverse  axia 

I  A  Mimmum  when  the  chords  are  equally  inclined  to  the  transverse  i 
,    ^      _ag_ 
■  i>  +  ?'    P  +  ^' 
L   n,  parts.     Continued  product  =  £". 

(  A  Maximum  when  the  segment  is  a  semioirole. 

.   The  distances  of  the  point  from  the  extremities  of  the  line  arc 
2c[)-i__  2iwa 

.    The  point  divides  the  line  of  centres  in  the  ratio  )•/  ;  1-5^,  r,  and  r.j  b 
the  radii. 
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A  be  the  smalleat  angle  oiid  6,  c  the  adjacent  sides,  tlie  distance  of  each 
end  of  the  fence  from  A  =  ^  —,  and  tho  length  of  the  fence 

tla  knata  an  hour. 


a>b,  Maidmum  i(x~  — ^— . 

«<6,  MaKimumif  x  =  B. 

IS  =  6  gives  a  point  of  inflexion. 

If  cos  o.hs>e,  Greatest  =  iji^^^^^"  Least  =  '^■'^°°°^« 
If  COB  a  be  <  e,  the  above  Talaea  are  both  Miaims,  and  there  are  two 
Maxima  each  equal  to  - — ^-. 
Tile  tai^ent  at  P  must  be  paraJlei  to  SQ. 
J-  If  7i<  2o,  P  is  at  the  vertex. 

i  If  A  >  3a,  the  abaciaaa  of  P  is  7i  -  2ffl,  and  the  perpendicular  is  therefore 
(.  the  normal  at  P. 

Maximum  area  =  4r^in  a  oosV,  where  r  is  the  radius  of  the  circle  and 
2a  the  given  angle. 

sin  AOQ  =  ^^^,  0  being  the  centre. 

The  height  is  throe  times  the  semiasis  to  which  tlie  base  is  perpendioulai'. 
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3  30,  BEDFaKn  Stkuet,  Covei 
London,   W,C.,  J^imaiy, 


CLASSICS. 

ELEMENTARY    CLASSICS. 

iSmo,  Eighteenpence  each. 

This  Series  falls  into  two  Classes — 

(i)  First  Reading  Books  for  Beginners,  provided  not 
only  with  Introductions  and  Notes,  but  'with 
Vocabularies,  and  in  some  cases  witli  Exercises 
based  upon  the  Texc 

(2)  Stepping-stones  to  the  study  of  particular  authors, 
intended  ibr  more  advanced  students  who  are  beginning 
to  read  such  authors  as  Terence,  Plato,  the  Attic  Dramatists, 
and  the  harder  parts  of  Cicero,  Horace,  Virgil,  and 
Thucydides. 

These  are  provided  with  Introductions  and  Notes,  but 
no  Vocabulary.  The  Publishers  have  been  led  to  pro- 
vide the  more  strictly  Elementary  Books  with  Vocabularies 
by  the  representations  of  many  teachers,  who  hold  that  be- 
ginners do  not  understand  the  use  of  a  Dictionary,  and  of 
others  who,  in  the  case  of  middle-class  schools  where  the 
cost  of  books  is  a  serious  consideration,  advocate  the 
Vocabulary  system  on  grounds  of  economy.  It  is  hoped 
that  the  two  parts  of  the  Series,  fitting  into  one  another, 
may  together  fulfil  all  the  requirements  of  Elementary  and 
Preparatory  Schools,  and  the  Lower  Forms  of  Public 
Schools.  b  3 
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4  MACMILLAN'S  EDUCATIONAL  CATALOGUE. 

Tiie  following  Elementary  Books,  with  Introductions, 
Notes,  and  Vocabularies,  and  in  some  cases  with 
Exercises,  are  either  ready  or  in  preparation; — 

Accidence,  Latin,  and  Exercises  Arranged  for  Be- 

GINNEES.    By  William  Welch,  M.A.,  andC.  G.  Duffield, 

M.A.,  Assistant  Maslers  at  Surrey  County  School,  Cranleigh. 
Aeschylus.— PROMETHEUS  VINCTUS.     Edited  by  Rev.  H. 

M.  St£Phehson,  M  \ 
Arrian.— SELECTIONS       Ed  ted  fo    the  u  e  of  b  hool      «   h 

Introduction,  Notes    Vo  abuliiy   and  E  e     ses    by  Rev    John 

Bond,  M.A.,andA   "i   Walpole   MA 
Aulus    Gellius,    Stones    from       Ben^,    Seec  ons    and 

Adaptations  from  the  No  I      4t  Edi  ed    w  h  Exe  cues  for 

the  use  of  Lower  Fo  ms    bj   Rev  &   H   Nali    M  A     Ass  s  ant 

Master  in  Westmins  er  bchool 
CtCSar.— THE    HELVETIAN    WAR      Be  ng   Selec  ons    fom 

Book   I.  of   the       Dc  Bello  Gall  co        Adap  ed  for  the      e  of 

Beginnei-s.      With    Notes     Exercises    and  Vocabulary     by    W 

Welch,  M.A.,  and  C   G   Duff  eld   M  A 
THE  INVASION  Ot   BRITAIV       Be  n^  Selec   onsfon   Looks 

IV.  and  V.  of  the  "De  Beilo  Gallico."     Adapted  for  the  use  of 

Beginners.       With    Notes,    Vocabulary,    and    Exercises,  by    W. 

Welch,  M.A.,  and  C.  G.  Duffield,  M.A, 
THE   GALLIC  WAR.     BOOK  I.     Edited  by  A.  S.  Walfole, 

M.A. 
BOOKS  IL  and  III.    Edited  by  the  Rev,  W.  G.  RutHEaFORD, 

M.A.,  LL.D.,  Head-Master  of  Westminster, 
BOOK  IV.    Edited  by  Clement  Bryans,  M.A.,  Assistant -Master 

at  Dulwich  College. 
BOOK  V.     ByC.  Coleeck,  M.A.,  Assistant- Master  at  Harrow, 

formerly  Fellow  of  Trinity  College,  Cambridge. 
BOOK  VL     By  the  same  Editor, 

SCENES  FROM  BOOKS  V.  and  VI.     By  the  same  Editor. 
BOOK  VII,     Edited   by  Rev.   John   Bond,   M.A.,   and  A,   S. 

Walpole,  M.A. 
Cicero. — de   SENECTUTE,    Edited  by   E.  S.    SliucKEURGH, 

M.A.,  late  Fellow  of  Emmanuel  College,  Cambridge. 
DE  AMICITIA,      By  the  same  Editor. 
STORIES   OF   ROMAN  HISTORY.      Adapted  for  the  Use  of 

Beginners.     With  Notes,  Vocabulary,  and  Exercises,  by  the  Rev. 

G.  E.  Jeans,    M.A.,  Fellow  of  Hertford  College,  Oxford,  and 

A.  V.  Jones,  M.A. ;  Asiittant- Masters  at  Haileybury  College. 
Euripides. — HECUBA.     Edited  by  Rev.  John   Bond,   M.A 

and  A.  S.  Walpole,  M.A. 
Eutropius.— Adapted  for  the  Use  of  B^inners.     With  Notes, 

Vocabulary,  and  Exercises,  by  William  Welch,  M.A.,  and  C, 

G.  Duffield,  U.A.,  Assistant-Masters  at  Surrey  County  School. 

CjanleiBh. 
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Homer. — IUAD.    book  I.  Edited  by  Rev.  John  Bond,  M.A., 

and  A,  S.  Walpole,  M.A. 
ILTAD.    BOOKXVIII.    THE  ARMS  OF  ACHILLES.     Edited 

by  S.  1!.  James,  M.A.,  Assistant-Mas  lee  at  Eton  College. 
ODVSSEY.     BOOK  I.     Edited  by  Rev.  John  Bond,  M.A.,   and 
A.  S.  Walpole,  M.A. 
Horace.— ODES.  BOOKSL— IV.    EditedbyT.E.PAOE.M.A., 
kle  FelloH-  of  St.  John's  College,  Canjbridge ;  A^^sistant-Mastei 
at  the  Chatterliouse.    Each  is.  6d. 
Livy.—BOOK    I.      E<3ited   by  H.  M.  Stephensok,  M.A.,  late 
Head  Master  of  St.  Peter's  School,  York. 
BOOKS    XXI.    and    XXII.    (separate!);),   with    Notes    adapted 
from  Mr.  Capes'  Edition,  for  the  use  of  junior  student!,  and  with 
Vocabularies  by  J.  E.  Melhuish,  M.A.,  Assistant-Master  in  St. 
Paul's  School.  [Soak  XXI.  in  yanuary. 

THE  HANNIBALIAN  WAR.  Being  pact  of  the  XXL  and 
XXII.  BOOKS  OF  LIVy,  adapted  for  the  use  of  beginners, 
by  G.  C.  Magaulay,  M.A.,  late  Fellow  of  Trinity  College, 
Cambridge. 
THE  SIEGE  OF  SYRACUSE.  Being  fait  of  the  XXIV.  and 
XXV,  BOOKS  OF  LIVY,  adapted  for  the  use  of  beginners. 
With  Notes,  Vocabulary,  aud  Exercises,  by  George  Richaeds, 
M.A.,  and  A.  S.  Walpole,  M.A. 
STOUIES  OF  ANCIENT  ROME,  FROM  LIVY.  Adapted 
for  the  nse  of  beginners.  With  Notes,  Exercises,  and  Vocabulary, 
by  Herbert  Wilkinson,  M.A.,  formerly  Postmaster  of  Merton 
Collie,  Oxford.  \In  the  fnss. 

Lucian.^ — EXTRACTS  FROM  LUC!AN.     Edited,  with  Note.s, 
Exercises,  and  Vocabulary,  by  Rev,    John   Bond,   M.A.,    and 
A.  S.  Walpole,  M.A. 
NepOS.— SELECTIONS  ILLUSTRATIVE  OF  GREEK  AND 
ROMAN  HISTORY.      Edited  tor  the   use  of  beginners  with 
Notes,  Vocabulary  and  Exercises,  by  G.  S.  Karnell,  M.A. 
Ovid.— SELECTIONS.      Edited  by  E.  S.  Shuckburgh,  M.A, 
late  Fellow  and  As.tistant-Tutor  of  Emmanuel  College,  Cambridge. 
EASY  SELECTIONS  FROM  OVID  IN  ELEGIAC  VERSE. 
Arranged  for  the  use  of  Beginners  with  Notes,  Vocabulary,   and 
Esercises,  by  H erbert .Wii-KiNSON,  M.A. 
STORIES  FROM  THE  METAMORPHOSES.     Edited  for  the 
Use  of  Schools.     With  Notes,  Exercises,  and  Vocabulary.     By 
J.  Bond,  M.A. ,  and  A.  S.  Walpole,  M.A. 
PhsedruS.— SELECT  FABLES.     Adapted  for  the  Use  of  Be- 
ginners.     With   Notes,   Exercises,    and  Vocabularies,  by  A.   S. 
Walpole,  M.A. 
Thucydides.— THE  RISE  OF  THE  ATHENIAN  EMPIRE. 
BOOK    L     cc.    LXXXIX.  —  CXVII.      and    CXXVIIL  — 
CXXXVIII.  Edited  with  Notes,  Vocabulary  and  Exercises,  by  F. 
H.  Colson,  M.A.,  Head  Master  of  Plymouth  College;  Fellow 
of  St  John's  College,  Cambridge. 
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Virgil.— SELECTIONS.     Edited  by  E.  S.  Shuckbubgh,  M.A. 

GEGRGICS.     BOOK  I,     Edited  by  T.  E.  Page,  M.A. 

BOOK  II.  Edited  by  Rev.  J,  H.  Skrihe,  M.A.,  Warden  of 
Trinity. 

.^NEIU.     BOOK  1.     Edited  by  A.  S.  Walpole,  M.A. 

BOOK  II.  Edited  by  T.  E.  Page,  M.A.,  Assistant- Master  at  the 
Charterhouse. 

BOOK  III.     Edited  by  T.  E.  Page,  M.A.  \In p-ifaralion. 

BOOK  IV.      Edited  by  Rev.  H.  M.  Stephenson,  M.A. 

BOOK  V,  Edited  by  Rev.  A.  Calvert,  M.A,,  lite  Fellow  of 
■  St.  Tohn's  College,  Cambridge. 

BOOK  VL     Edited  by  T.  E.  Page,  M.A. 

BOOK  VII.     Edited  by  A.  Calvert,  M.A. 

BOOK  VIII.     Edited  by  A.  CALVEpr,  M.A.  ITn priparation. 

BOOK  IX.     Edited  by  Rev.  H.  M.  Stepuenson,  M.A. 

BOOK  X.    Edited  by  S.  G.  Owen,  M.A,  \_rn  fnparation. 

Xenophon.— ANABASIS.      BOOK    I.      Edited     by    A.     S. 
Walpole,  M.A. 

ANABASIS.  BOOK  I.  Chaps,  t— VIII.  fo.theuseofBeginne.s, 
with  Titles  to  the  Sections,  Notes,  Vocabulary,  and  Exercises,  by 
E.  A.  Wells,  M.A.,  Assistant  Master  in  Durham  School. 

ANABASIS.     BOOK  II.     Edited  by  A.  S.  Walpole.  M.A. 

ANABASIS.      BOOK  III.     Edited  by   Rev.   G.    h;   Nall. 

[/«  preparaHou. 

ANABASIS,  SELECTIONS  FROM.  BOOK  IV.  THE  RE- 
TREAT OF  THE  TEN  THOUSAND.  Edited,  with  Notes, 
Vocabulary,  and  Exercises,  by  Rev.  E.  D.  S'rONE,  M.A.,  formerly 
Assisl ant-Master  at  Eton. 

ANABASIS.     BOOK   IV.    Edited  by  Rev.   E.   D.    Stone. 

\In  pepsration. 

SELECTIONS  FROM  THE  CYROP^DIA.  Edited,  with 
Notes,  Vocabulary,  and  Exercises,  by  A,  H.  Cooke,  M.A.,  Fellow 
and  Lecturer  of  King'?  College,  Cambridse. 

The  following  more  advanced  Books,  with  Introductions 
and  Notes,  but  no  Vocabulary,  are  either  ready,  or  in 
preparation  :■ — 
Cicero.— SELECT  letters.     Edited  by  Rev.  G.  E.  Jeans, 

M.A.,  Fellow  of  Hertford  College,  Oxford,  and  Assistant- Master 

at  Haileybury  College, 
Herodotus.— SELECTIONS  FROM  BOOKS  VIL  AMD  VIIL 

THE  EXPEDITION  OF  XERXES.   Edited  by  A.  H.  Cooke, 

M.A.,  Fellow  and  Lecturer  of  King's  College,  Cambridge. 
Horace.  —  SELECTIONS     FROM     THE     SATIRES     AND 

EPISTLE.S.     Edited  by  Rev.  W.  J.  V.  Baker,  M.A.,  Fellow  of 

St.  John's  College,  Cambridge. 
SELECT  EPODES   AND  ARS  POETICA,     Edited  ty  H.  A. 

Dai-ton,  M.A.,  formerly  Senior  Student  of  Christcliurch;  Assistoiil- 

Master  in  Winchester  College, 
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Plato.— EUTHVPHRO  AND  MENEXENUS.     Edited  by  C.  E. 

Geaves,  M.A.,   Classical  Lecturer  and  late  Fellow  of  St.  John's 

College,  Cambridge. 
Terence. — SCENES  FROM  THE  ANDRIA.     Edited  by  F.  \V. 

COENlSH,  M.A.,  Assistant- Master  at  Eton  College. 
The  Greek  Elegiac  Poets. -^  from   CALLINUS   to 

CALLIMACHUS.       Selected  and  Edited  by  Rev.   Herbert 

Kynaston,  D.D,,  Principal  of  Cheltenham  College,  and  foimerly 

Fellow  of  St,  John's  College,  Cambridge. 

Thucydides.— BOOK  iv,  chs.  l— xli.    the-capture 

OF  SPHACTElilA.     Edited  by  C.  E.  Graves,  M.A, 
•,*  Other  Volmiiis  to  fellow. 


CLASSICAL    SERIES 
FOR    COLLEGES    AND    SCHOOLS. 

Fcap.  8vo. 
Being  select  portions  of  Greek  and  Latin  autliors,  edited 
with  Introductions  and  Notes,  for  the  use  of  Middle  and 
Upper   forms    of    Schools,   or    of    candidates    for    Public 
Examinations  at  the  Universities  and  elsewhere. 

.^SChines.— IN  CTESIPHONTEM.  Edited  by  Rev.  T. 
GVVATKIN,  M.A.,  late  Fellow  of  St.  John's  College,  Cambridge, 
and  E.  S.  Shuckbmgh,  M.A.  £/»  the  press. 

^schylus. — PERS^.    Edited  by  A.  O.  Prickard,   M.A. 

Fellow  and  Tutor  of  New  College,  Oxforii.      With  Map.     y.  6d. 
SEVEN  AGAINST  THEKES.     SCHOOL  EDITION.     Edited 

by    A.    W.    Versall,    Litl.D.,    Fellow    of   Trinity    College, 

Cambridge,  and  M.  A.  Bayfield,  M.A,,  Head- Master's  Assistant 

at  Malvem  College.     31.  dd. 
Andocides.— DE  MYSTERIIS.   EditedbyW.J.  Hickie.M.A., 

formerly  Assistant- Master  in  Denstone  College.    21.  6cl. 
Attic  Orators.— Sel^tions  from  ANTIPHON,  ANDOCIDES- 

LYSIAS,    ISOCRATES,  and  ISAEUS.     Edited,  by  R.  C, 

JEBB,   Litt.D.,   LL.D.,    Professor  of   Greek   in  the   University 

of  Cambridge.     Second  Edition.    6s. 
Caesar. — the   gallic    war.      Edited,  after  Kraiier,  by  Rev. 

John  Bond,  M.A.,  and  A,  S.  Walpole,  M.A.    With  Maps.  61. 
Catullus.— SELtCT  POEMS.     Edittd  by  t.  V.  Simpson,  B.A., 

late    Scholar    of    Balliol    College,    Oxford.       New  and    Revised 

Edition.     SJ-.     The  Text  of  this  Edition  is  carefully  adapted  to 

School  use. 
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Cicero. — THE  CATILINE  orations.  From  the  German 
of  Karl  Halm.  Edited,  with  Additions,  by  A.  S.  Wiikins, 
Lilt.D.,  LL.D.,  Professor  of  Latin  at  the  Owens  College,  Man- 
chester, Examiner  of  Classics  to  the  University  of  London.  New 
Edition.     31.  6J. 

PRO  LEGE  MANILIA.  Edited,  afiet  Halh,  by  Professor  A.  S, 
WiLKiNS,  Litt.D.,  LL.D.     31.  dd. 

THE  SECOND  PHILIPPIC  ORATION.  From  the  German 
of  Kakl  Halm.  Edited,  with  Corrections  and  Addition--, 
by  John  E,  B.  Mayor,  Professor  of  Latin  in  the  University  of 
Cambridge,  and  Fellow  of  St.  John's  Collie.  New  Ediuoii, 
revised.     51. 

PRO  ROSCIO  AMERINO.  Edited,  after  flALM,  by  E.  H. 
DoNKtN,  M.A.,  late  Scholar  of  Lincoln  College,  Oxford,  and 
Assistaat-Mastec  at  Sherborne  School.     41.  6d. 

PRO  P.  SESTIO.  Edited  by  Rev.  H.  A.  Holden,  M.A.,  LL.D., 
late  Fellow  of  Trinity  College,  Cambridge;  and  late  Classical 
Examiner  to  the  University  of  London.     51. 

Demosthenes. — DE  CORONA.  Edited  by  B.  Drake,  M.A., 
late  Fellow  of  Kina's  College,  Cambridge.  Seventh  and  revised 
Edition,  edited  by  E,  S.  SHUCKBUrgh,  M.A.     us.  6ii. 

AllVERSUS  LEPTINEM.  Edited  by  Rev,  J.  R.  King,  M.A., 
Fellow  and  Tutor  of  Oriel  College,  Oxford.     41.  6d. 

THE  FIRST  PHILIPPIC.  Edited,  after  C.  Rehdantz,  by  Rev. 
T.  GWATKIV,  M.A.,IateFellowofSt.  John's  College,  Cambridge. 
2s.  bd. 

IN  MIDIAM.  Edited  by  Prof.  A.  S.  Wilkins,  Litt.D.,  LL.D., 
and  Heeman  Hagek,  Ph.D.,  of  the  Owens  College,  Manchester, 

Euripides. — HIPPOLYTUS.    EdiiedbyJ.  p.  Mahaffy.M.A., 

Fellaw  and  Professor  of  Ancient  History  in  Trinity  Collie,  Dub- 
lin, and  J.  B.  Burv,  Fellow  of  Trinity  College,  Dnblin.   31.  6d. 

MEDEA.  Edited  by  A.  W.  Verkall,  Litt.D.,  Fellow  and 
Lecturer  of  Trinity  College,  Cambridge.     31.  dd. 

IPHIGENIA  IN  TAURIS.  Edited  by  E.  B.  England,  M.A., 
Lecturer  at  the  Owens  College,  Manchester.     41.  &d. 

ION.  Edited  by  M.  A.  Bavfielii,  M.A.,  Headmaster's  Assistant 
at  Malvern  College.     31.  6rf. 

BACCHAE.  EditedbyR.  Y.  Tyreeli.,  M.A,,  Professorof  Greek 
in  the  Univei'sity  of  Dublin.  {In  frefa'-ation. 

Herodotus.— BOOK  III.     Edited  by  G.  C.  MaCaulay,  M.A., 

formerly  Fellow  of  Trinity  College,  Cambridge.     \In  prefaration. 

BOOKS  V.  and  VI.     Edited  by  J.  Stbachan,  M.A.,  Professo! 

of  Greek  in   the  Owens;  College,   Manchester.   [/« preparation. 

BOOKS  VII.  AND  VIIL     Edited  by  Mrs.  Montagu  Butler. 

\In  the  press. 

Hesiod.— THE  WORKS  AND  DAYS.  Edited  by  W.  T. 
Lendrum,  Assistant  Master  in  Dulivich  College.  [In  preparalien. 
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Homer. — iliad.  BOOKS  I.,  IX.,  xi,,  xvr.— xxiv.  the 
STORY  OF  ACHILLES.  Edited  by  the  late  J,  H.  Pratt, 
M.A.,  and  Walter  Leaf,  Lilt.D.,  Fellows  of  Trinity  College, 
Camfcffidge.  61. 
ODYSSEY.  BOOKIX,  EditedbyP/of.JoHNE.B.  Mavor.  zs.6d. 
ODYSSEY,  BOOKS  XXL— XXIV.  THF,  TRIUMPH  OF 
ODYSSEUS.  Edited  by  S.  G.  Hamilton,  B.A.,  Fellow  of 
Hertford  College,  Oxford,     p.  (id. 

Horace. — the  odes.  Edited  byT.  E.  Page,  M.A.,  formerly 
Fellow  of  St.  John's  College,  Cambridge  ;  Assistant- Master  at 
the  Charterhouse.    6s.   (BOOKS  L,  IL,  IlL,  and  IV.  separately, 

THE  SATIRES,  Edited  by  Arthur  Palmer,  M.A.,  Fellow  of 
Trinity  College,  Dublin;  Professor  of  Latin  in  the  University  of 
Dublin.  6j. 
THE  EPISTLES  and  ARS  FOETICA.  Edited  by  A.  S. 
WiLKiNS,  LittD.,  LLD.,  Professor  of  Latin  in  Owens  College, 
Manchester ;  Examiner  in  Classics  to  the  University  of 
London.  6J. 
Isaeos.— THE  ORATIONS.  Edited  by  William  Ribc.ewav, 
M.A.,  Fellow  of  Cains  College,  Cambrictgei  and  Professor  of 
Greek  in  the  University  of  Cork.  [In  preparation. 

Juvenal,  thirteen  satires.  Edited,  for  the  Use  of 
Schools,  by  E.  G.  Hardy,  M.A.,  late  Fellow  of  Jesus  College, 
Oxford.     5J. 

The  Text  of  this  Edition  is  carefully  adapted  (o  School  use. 
SELECT  SATIRES.     Edited  by  Professor  John  E.  B.  Mavor. 
X.  AND  XL     31.6-/.     XII.— XVL     v^^- 

Livy BOOKS  II.  AND  III.   Edited  by  Rev.  H.  M.  Stei 

M.A.     Jj. 
BOOKS  XXL  AND  XXII,     Edited  by  the  Rev.  W.  W,  Capes, 

M.A.     With  Maps.    Sj. 
BOOKS  XXIIL  AND  XXIV.   Edited  by  G.  C.  Macaulay,  M.A. 

With  Maps.  51. 
THE  LAST  TWO  KINGS  OF  MACEDON.  EXTRACTS 
FROM  THE  FOURTH  AND  FIFTH  DECADES  OF 
LIVy.  Selected  and  Edited,  with  Introduction  and  Notes,  by 
F.H.Rawlins,  M.A. ,  Fellow  of  King's  College,  Cambridge;  and 
Assistant-Master  at  Eton.  With  Maps.  31.  td. 
THE  SUBJUGATION  OF  ITALY.  SELECTIONS  FROM 
THE  FIRST  DECADE.  Edited  by  G.  E.  Marindin,  M.A., 
formerly  Assistant  Master  at  Eton.  [/«  preparation. 

Lucretius,  books  I.— hi.  Edited  by  J.  H.  WARBitRTON 
Lee,  M.A.,  late  Scholar  of  Corpus  Christi  College,  Oxford,  and 
Assistant- Master  at  RossaD.  4^.  6rf. 
Lysias. — select  orations.  Edited  by  E.  S.  Shuckburgh, 
M.A.,  late  Assistant-Master  at  Eton  College,  forinerly  Fellow  and 
Assistant-Tutov  of  Emmanuel  College,  Cambridge.  New  Edition, 
revised,    fo. 
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Martial.  —  select    epigrams.      Edited    by  Rev.   H.    M. 

Stsphknson.M.A.  New  Edition,  Revised  and  Enlai^d,   6i.  6rf. 

Ovid.— FASTI.     Edited  by  G.  H.  Hallam,  M.A.,  Fellow  of  St. 

John's   College,   Cambridge,   and  Assistant-Master  at    Hartow. 

With  Maps.     Si- 

HEROIDUM  EPISTUL^  XIIL   Edited  by  E.  S,  Shuckbuegh, 

M.A.     4s.  6rf. 
TRISTIA.  fi  Edited  by  the  same.  [/a  p-eparation. 

METAMORPHOSES.    BOOIfS  I— IIL   Edited  by  C.  Simmons, 
M.A.  \tn  preparation. 

METAMORPHOSES.     BOOKS   XIII.   and   XIV.     Edited  by 
C.  Simmons,  M.A.    4J.  (>tl. 
Plato. — LACHES.  Edited,  witli  Introduction  and  Notes,  by  M.  T. 
Tatham,  M.A.,  formerly  Assistant  Master  at  West  minster.  2j.  6ii 
THE  REPUBLIC.     BOOKS  L~V.     Edited  by  T.  H.  Warren, 
M. A.,  President  of  St.  Mary  Magdalen  College,  Oxford,    dt. 
Plautus. — ^MILES  GLORIOSIIS.    Edited  by  R.  Y,  Tyrrell, 
M.  A.,  Fellow  of  Trinity  College,  and  R^ius  Professor  of  Greek  in 
the  University  of  Dublin.     Second  EdMon  Revised.     51. 
AMPHITRUO.     Edited  by  Arthur  Palmer,  M.A.,  Fellow  of 
Trinity  College  and  Regius  Professor  of  Latin  in  the  University 
of  Dublin.  \_Nsarly  nady. 

Pliny. — LETTERS.  BOOK  III.  Edited  by  Professor  John  E.  B, 
Mayor.     With  Life  of  Pliny  by  G.  H.  Rendall,  M.A,     V- 
LETTERS.     BOOKS  L  .tiid  II.      Edited  by  J.   Cowan,  M.A., 
Assistant- Master  in  the  Manchester  Grammar  School.     51. 
Plutarch.— LIFE    of    THEMISTOKLES.       Edited  by   Rev. 
H.  A.  HoLDEN,  M.A.,  LL.D.     Sj-. 
LIVES  OF  GALEA  AND  OTHO.  Edited  by  E.  G.  Hardy,  M.A. 
[In  the  prsss. 
Polybius.— THE  HISTORY  OF  THE  ACH^AN  LEAGUE 
AS   CONTAINED   IN   THE   REMAINS   OF   POLYBIUS. 
Edited  by  W.  W.  Capes,  M.A.     6j.  W. 
Propertius. — SELECT  POEMS.     Edited  by    Professor   J.    P. 
POSTGATE,  M.A.,  Fellow  of  Trinity  College,  Cambridge.     Second 
Edition,  revised.     6j. 
Sallust. — CATILINA  AND  JUGURTHA.     Edited  by  C.  Meri- 
VALE,  D.D.,  Dean  of  Ely.     New  Edition,  carefully  revised  and 
enlarged,  41.  dd.     Or  separately,  2J.  dd.  each. 
EELLUM  CATULINAE.     Edited  by  A.M.  Cook,  M.A.,  Assist- 
ant Master  at  St.  Paul's  School.     4J.  bd. 
JUGURTHA.     By  the  same  Editor.  \Ia preparation, 

Tacitus. — AGRICOLA   AND   GERMANIA.     Edited  by  A.   J. 
Church,   M.A.,   and  W.   J.   UrOdribb,   M.A.,  Traii^tors  of 
Tacitus.     New  Edition,  31.  dd.     Or  separately,  2r.  each. 
THE  ANNALS,     BOOK  VL     By  the  same  Editors,     21.  6d. 
THE    HTSTORIES.     BOOKS   I,   and   IL     Edited   by   A.   D. 
GoDLEV,  M.A.,  FeUow  of  Magdalen  College,  Oxford.     Sj. 
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Tacitus.— THE  HISTORIES,     BOOKS  HI.— V.     By  the  same 
Editor.      ^.,. 
THE  ANNALS.     BOOKS  I.  and  II.     Edited  by  J.   S.   Reid, 
M.L.,  Litl.D,  ^In preparation. 

Terence.— HAUTON    TIMORUMENOS.      Edited  by  E.    S, 
Shuckruegh,  M.A,     3j.     With  Ti-aiislation,  41.  (id. 
PHORMIO.     Edited   by  Rev.   J<jhn   Bond,    M,A.,   and   A.   S. 
Walpole,  M.A.    41.  M. 
Thucydides.      BOOK   IV.     EdUed  by  C.  E.   Graves.   M.A., 
Classical    Lecturer,   and    late    I'ellow    of    St.   Joliii's    College, 
Cambridge,     51. 
BOOK  V.      By  the  same  Editor.  \_In  tlte  press. 

BOOKS  L  AHi>  IIL     Edited  by  C.  Bryans,  M.A. 

[/«  preparation. 

BOOK  II.     Edited  by  E.  C.  Marchant,  M,  A.       [/«  prsparatisn. 

BOOKS  VL  AND  VIL   THE  SICILIAN  EXPEDITION.   Edited 

by  the  Rev.   PerciVal  Frost,  M.A.,  late  Fellow-  of  St.   John's 

College,  Cambridge.     New  Edition,  revised  and  enlarged,   with 

BOOK  Vili.     Edited  by  Professor  T.  G.Tucker.    [In  preparation. 
Tibulius.— SELECT    POEMS.        Edited   by    Professor   J.   P. 
POSTGATE,  M.A.  [Tn  preparation. 

Virgil.— ^NEID.      BOOKS  II.  and  III.     THE  NARRATIVE 
OF  jENEAS,   Edited  by  E.  W.  Howson,  M,A.,  Fellow  of  King's 
College,  Cambvidge,  and  Assislant- Master  at  Harrow.     3J. 
Xenophon. — HELLENICA,    books   L  and  11,      Edited  by 
H.  Hailstone,   B,A.,  late  Scholar  of  Peterhouse,   Cambridge. 
With  Map.     4J-.  6rf. 
CVR0Pi3iDIA.     BOOKS   VII.   and  VIIL   Edited  by  Alfred 
Goodwin,    M.A,,   Pi-oiessor  of  Greek   in   University   College, 
London.     51. 
MEMORABILIA  SOCRATIS.     Edited  by  A.  R.  Cluee,  B.A., 

Bdliol  College,  0>foi-d.     6s. 
THE  ANABASIS.     BOOKS  L— IV.   Edited  by  Professors  W   W 
Goodwin  and  J.  W.  White.     Adapted  to  Go^d   11s   Gieek 
GraiDmac.      With  a  Map.      Jj. 
HIERO.     With  Introduction,  Sam  manes   Critical  and  Explamfoiy 
Notes   and  Indices,  and  Critical   Ap]iendis        Edited  by  I  ev 
H.  A.  HoLDEN,   M.A.,  LL,D.     Thi  d  Edition  revised      31  (,d 
OECONOMICUS.      By    the    same     Elitor       With    Introduction 
Explanatory  Notes,  Critical   Appenli\    ani   Lexicoi      Fou  tli 
Edition,     is. 

•,*  Other  Volumes  1(111/ foUffw. 


CLASSICAL,    LIBRARY. 
.  (i)  Texts,  Edited  with  Introductions  and  Notes, 
for  the  use  of  Advanced  Students,     {2)  Commentaries 
and  Translations. 


y  Google 


li        MACMILLAN'S  EDUCATIONAL  CATALOGUE. 

.ffischylus,~THE  EUMENIDES.  The  Greek  Text,  mth 
Iiifroduction,  EnglisTi  Notes,  and  Verse  Translation,  By  BERNARD 
Drake,  M.A.,  late  Fellow  of  King's  College,  Cambridge. 
8vo.     SJ. 

AGAMEMNON.  Edited,  with  Inlroducfioii,  Commentary,  and 
Traa-ktion,  by  A.  W.  Verrall,  Lilt.D.     Svo.     xzs. 

AGAMEMNON,  CHOEPHORCE,  AND  EUMENIDES. 
Edited,  wilh  Introduction  and  Notes,  by  A.  O.  PfiiCKARU,  M.A., 
Fellow  and  Tutor  of  New  College,  Oxford.     Svo. 

[In  prtfiaraiitH, 

THE  "SEVEN  AGAINST  THEBES."  Edited,  with  Intro- 
duction,  Commentary,  and  Translation,  by  A.  W.  Veerall, 
Litt.D.,  Fellow  of  Trinity  College,  Cambri<lge.    Svo,  71.  dil. 

THE  SUPPLICES.  A  Revised  Text,  with  Introdnction,  Critical 
Notes,  Commentaiy  and  Translation.  By  T.  G.  Tcjcker,  M.A., 
Fellow  of  St.  JohnsCoIl^e,  Cambridge,  and  Professor  of  Classical 
Philology  in  the  Univer^ity  of  Melbourne.  Svo.  loi.  6il. 
Antoninus,  Marcus  Aurelius. — BOOK  IV.  OF  THE 
MEDITATIONS.  The  Text  Revised,  with  Translation  and 
Notes,  by  Hastings  Crossley,  M.A.,  Professor  of  Greek  in 
Queen's  Collie,  Belfast.     Sto.     61. 

Aristotle the  metaphysics,     book  I.     Translated  by 

a  Cambridge  Graduate.     Svo.     51. 

THE  POLITICS,  Edited,  after  Susemihl,  by  R.  D.  Hicks, 
M.A.,Fellowof  Trinity  College,  Cambridge.     Svo. 

[In  Ihi  firess. 

THE  POLITICS.  Translated,  with  Analysis  and  Critical  Notes, 
by  Kev.  J.  E.  C.  Wellwon,  M.A.,  Fellow  of  Kmg's  College, 
Cambridge,  and  Head- Master  of  Harrow  School.  Second  Edition, 
revised.     Crown  Svo.     lar.  dd. 

THE  RHETORIC.  Translated,  with  an  Analysis  and  Critical 
Notes,  by  the  same.     Crown  Svo.     Is.  6rf. 

THE  ETHICS.  Translated,  with  an  Analysis  and  Critical  Notes, 
by  the  same.     Crown  Svo.  [In  pi-epai-alion, 

AN  INTRODUCTION  TO  ARISTOTLE'S  RHETORIC. 
With  Analysis,  Notes,  and  Appendices.  By  E.  M.  Cops,  Fellow 
and  Tutor  of  Trinity  College,  Cambridge.     Svo.     14J. 

THE  SOPHISTICI  ELENCHI.  Vv'ilh  Translation  and  Notes 
by  E.  PosTE,  M.A,,  Fellow  of  Oriel  College,  Oxford.  Svo,  &s.  6d. 
AriStOphaneS.^THE  birds.  Translated  into  English  Verse, 
with  Introduction,  Notes,  and  Apijendices,  by  B.  H.  Kennedy, 
D.D.,  Regius  Professor  of  Greek  in  the  University  of  Cambridge. 
Crown  Svo.  fo.  Help  Notes  to  the  same,  for  the  nse  of 
Students,  li.  6d. 
Attic    Orators.— FROM   ANTIPHON    TO   ISAEOS.     By 

R.  C.  JEHD,  Litt.D,,  LL.D,,  Professor  of  Greek  in  the  University 
of  Cambridge.     2  vols.     Svo.     251. 
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BabriuS. — Ediled,  wilh  Introductory  Difsei-lations,  Critical  Notes, 
Commentary  and  Lexicon.  By  Rev.  W.  GuNlON  Rutherford, 
M.A.,LL.D.,Hea(l-Masterof  Westminster,    8vo.    121.61/. 

Cicero. — THE  ACADEMICA.  The  Text  revised  and  expl^iiiied 
'      '    ".  ReiD,  M.L.,  Litf.D.,  Fellow  of  Caius  College,  Cam- 


^y^s, 


THE  ACADEMICS.     Translated  by  J.  S.  Reid,  M.L.,  Litt.D. 

Svo,     Si.  6rf. 
SELECT  LETTERS.     After   the  Edition  of  Albert  Watson, 
M.A.     Translated  by  G.  E.  Jeans,   M.A.,  Fellow  of  Hertford 
College,  Orford,  and  late  Assistant-Master  at  Haileybury.     Second 
Edition.     Revised.     Crown  8vo,     loi,  M. 
(See  also  Classical  Series^i 
Euripides.— MEDEA.     Edited,  with  Intcoductioi!  and  Notes,  by 
A.  W.  VerrAll,   Lltt.D.     Svo.      ^s.  hi. 
IPHIGENIA  IN  AULIS.     Edited,  with  Introduction  and  Notes, 
by  E.  B.  England,  M.A.     Svo.  [/«  prtparatioa. 

INTRODUCTION   TO  THE  STUDY  OF  EURIPIDES,      By 
Professor  J.  P.  MahAfFY,   Fcap,  Svo.    ij.  W.   {Classical  Wriim.') 
(See  also  Classical  Sfries.] 

Herodotus.— BOOKS  i.— iii.   the  ancient  empires 

OF  THE  EAST.     Edited,  with  Notes,  Introductions,  and  Ap- 
pendices,  by  A.   H.   Sayce,   Deputy- Professor  of  Com^iarative 
Philology,  Oiford;  Honorary  LL.D.,  Dublin.    Demy  8to.    i6j. 
BOOKS   IV.— IX.       Edited  by  Reginald    W.  Macan,   M.A., 
Lecturer  in  Ancient  History  at  Brasenose  College,  Oxloid.     Svo. 
[/»  preparation, 
THE  HISTORY.     Translated  into  English  with  Notes  and  Indices. 
By  G.  C.  Macaulay,  M.A.,  formerly  Fellow  of  Trinity  College, 
Cambridge,     2  vols.     Crown  Svo.  \Ia  the  press. 

Homer. — ^THE  ILIAD.     Edited,  wilh  Introduction  and  English 
Notes,  by  Walter  Leaf,  Litt.D.,  late  Fellow  of  Trinity  College, 
Cambridge.    Svo.    In  Two  Volumes.   Vol  I.  Books  I.— XI!.  141. 
Vol.  IL  Books  XIIL— XIV,     141. 
THE   ILIAD.      Translated   into   English   Prose.      By   Andrew 
Lang,  M,A.,  Walter  Leaf,  Litt.D.,  and  Ernest  Myers, 
M.A.    CrownSvo.     \7j.ti. 
THE  ODYSSEY.     Done  into  English  by  S,  H.  Butcher,  M.A., 
Professor  of  Greek  in  the  University  of  Edinbui^b,  and  Andrew 
Lang,  M.A.,  late  Fellow  of  Merton  College,  Oxford.     Seventh 
and  Cheaper  Edition,  revised  and  correcled.    Crown  Svo.     6j. 
INTRODUCTION  TO  THE  STUDY  OF   HOMER.      By  the 
Right  Hon.  W.  E.  Gladstone,  M.P.     iSmo.     \s.     {Literalure 
Pmners.) 
HOMERIC  DICTIONARY.     For  Use  in  Schools  and  Colleges. 
Translated  fraro  the  German  of  Dr.  G.  Autenbieth,  with  Addi- 
tions and   Corrections,  by  R.  P,  Keep,  Ph.D.    With  numerous 
Illustrations.    Crown  Svo,     6s. 

(See  also  Classical  Siries.) 
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Horace. — the  works  of  horace  rendered  into 

ENGLISH  PROSE.  With  Introductions,  Running  Anolj^is, 
Notes,  &c.  By  J.  Lohsdale,  M.A.,  and  S.  Ler,  M.A.  {Globe 
Edition.)    y.  6d. 

STUDIES,  LITERARY  AND  HISTORICAL,  IN  THE 
ODES  OF  HORACE.  By  A.  W.  Verrall,  Litt.D.,  Fellow  of 
College,  Cambridge.  Demy  8vo.  8j.  6^. 
(See  also  CLujica!  Siries.) 
Juvenal. — thirteen  satires  of  JUVENAL.  With  a 
Commentary.  ByJOKfl  E.  B.  Mayor,  M.A,,  Professor  of  Latin 
in  the  University  of  Cambridge,     Crown  Svo. 

"»*  Vol.  I.  Fourth  Edition,  Revised  and  Enlarged,  ioj.  6il. 
Vol.  II.     Secotid  Edition,     iw.  6d. 

*,•  The  new  matter  consists  of  an  Introduction  (pp.  1—53),  Addi- 
tional Notes  (pp.  333 — 466)  and  Index  (pp.  467—5215),  It  is  also 
issued  separately,  as  a  Supplement  to  the  previous  edition,  at  51. 

THIRTEEN  SATIRES.  Translated  into  English  after  tlie  Text 
of  J.  E.  B.  Mayor  by  Alexander  Lieper,  M.A.,  Warden 
of  Trinity  CoIJ^e,  in  Ihe  University  of  Melbourne.     Crown  8vo. 

(See  also  Classical Ssriei.) 

Ktesias.— THE   fragments    of  the  persiica   of 

KTESIA3.       Edited   with    Introduction    and    Notes   by  John 
GiLMORE,  M.A.     8vo.     8r.  6d. 
Livy. — BOOKS  I.— IV.     Translated  by  Rev.  11.  M.  Stephenson, 
M.A„  late  Head-Master  of  St.  Peter's  School,  York. 

[/«  preparation. 
BOOKS  XXL— XXV.  ~  Translated  by  Alfred  John  Chusch, 
M.A.,  of  Lincoln  College,  Oiford,  Professor  of  Latin,  University 
College,  London,  and  William  Jackson  Brodribh,  M. A.,  late 
Fellow  of  St.  John's  College,  Cambridge.  Cr.  8vo.  y.  6ti. 
INTRODUCTION  TO  THE  STUDY  OF  LIVY.  By  Rev. 
W.  W,  Capes,  Reader  in  Ancient  History  at  Oxford.  Fcap,  8vo. 
IS.  6d.     {Classical  (Vriters  Series.) 

(See  also  Classical  Series.) 

Martial. — BOOKS  L  and  ii.  OF  the  epigrams.    Edited, 

with  Introduction  and  Notes,  by  Professor  J.  E.  B.  Mayor,  M.A. 

8vo,  [/» tkepress. 

(See  also  Classical  Series.) 

Pausanias. — description   of   GREECE.      Translated  by 

J.  G.  Frazer,  M.A.,  Fellow  of  Trinity  College,  Cambridge. 

\In  prifaratpn . 
Phrynichus.— THE  NEW  PHRYNICHUSj  being  a  Rerised 
Text  of  the  Eploga  of  the  Grammarian  Phrynichus.      With  Intro- 
duction and  Commentary  by  Rev.  W-   GUHION    RtTTHBRFORD, 
M.A.,  LL.D.,  Head-Master  of  Westminster.     8vo.     i8j. 
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Pindar. — the   extant  odes   of   PINDAR.      Translated 

into  EngliHh,  wiih  an  Introduction  and  short  Notes,  by  Ernest 

MvERS,  M.A„  lale  Fellow  of  Wadham  College,  Oxford.    Second 

Edition.     Crown  8vo.     5J. 

THE  NEMEAN  ODES.     Edited,  with   Introduction  and  Notes, 

by  JOHM  B.BuHY,  M.A.,  Fellow  of  Trinity  College,  Dublin.  8vo. 

{Classical  Liirary.)  [In  the  press, 

PJatO. — PII^DO.     Edited,  with  Introduction,  Note;;,  and  Appen- 

dices,  by  R.  D.  Archer-Hind,  M.A„  Fellow  of  Trinity  College. 

Cambridge.    Svo.     %s.  6d. 

TIMAEUS.— Edited,  with  Introduction,  Notes,  and  a  Translation, 

by  the  same  Editor.     8to.     r&t, 
PHjEDO.    Edited,  with  Introdnction  and  Notes,  by  W.  D.  Geddes, 
LL.D.,  Principal  of  the  University  of  Abei-deen.    Second  Edition. 
Demy  8vo.     81.  dd. 
THE  REPUBLIC  OF  PLATO.     Translated  into  English,  with  an 
AnalysisandNotes,  by  J.  Ll,  Davies,  M.A.,  andD.  J.  Vaughan, 
M.A.     iSmo,     4J.  64. 
EUTHYPHRO,  APOLOGY,  CRITO,   AND  PH,^DO.    Trans- 
lated by  F.  J.  Church.     iSmo.     4J.  6il. 
PH^DRUS,    LYSIS,    AND    PROTAGORAS.      A    New   and 
Literal    Translation,  mainly    from  the  text    of  Beldier.      By  J, 
Wright,  M.A.,  Trinity  College,  Cambridge.     iSmo.     4J.  64. 
(See  also  Classical  Series.) 
PlautUS. — THE  MOSTELLARIA  OF  PLAUTUS.  With  Notes. 
Prolegomena,   and    Excnrsus.      By   William   Ramsay,   M.A., 
formerly  Professor  of  Humanity  in  the  University  of  Gla^ow. 
Edited  by  Professor  George  G.  Ramsay,  M.A.,  of  the  University 
of  Gla^ow.     Svo.     14J. 

{See  also  Classical  Series.) 
Pliny.— CORRESPONDENCE    WITH    TRAJAN.      C.   Plinii 
Caecilii  Secundi  Epistulae  ad  Traianuia  Imperatorem  cum  Eiusdem 
Responsis.       Edited,    with    Notes    and   Introductory    Essays,    by 
E.  G.   Hardy,  M.A.,  Fellow  of  Jesus  College,  Oxford,  and  for- 
merly Head  Master  of  Grantham  SchooL     Svo.     los.  dd. 
(See  also   Classical  Series.) 
PolybiuS,— THE  HISTORIES   OF  FOLYBIUS.     Translated 
from  the  Text  of  F.    HULTSCH  by  E.   S.   ShuCKBURGH,  M.A., 
late  Fellow  of  Emmanuel  College,  Cambridge.     2  vols.     Crown 
Svo.     241. 

(See  also  Classical  Series.) 
SalluSt. — CATILINE    AND    JUGURTHA.      Translated,   with 
Introductory  Essays,  by  A.  W.  Pollard,  B.A.      Crown  Svo.     6s. 
THE  CATILINE  (separately).     Crown  Svo.     y. 
(See  also  Classical  Series. ) 
Sophocles. — CEDIPUS    THE    KING.      Translated    from    the 
Greek  of  Sophocles  into  English  Verse  by  E.  D.  A.  Moeshsad, 
M.A.,  lale  Fellow  of  Ne*  CoU^e,  Oxford;  Assistant  Master  at 
Winchester  Collie.     Taip.  Svo.     31.  Ad. 


y  Google 


l6         MACMILLAN'S  EDUCATIONAL  CATALOGUE. 

Tacitus. — THE  ANNALS;  Edited,  with  Introductions  and 
Notes,  bj-G.  O.Holbrooke,  M.A.,  Professor  of  Latin  in  Trinity 
College.  Hattfoi-d,  U.S.A.  With  Maps.  8vo.  i6j. 
THE  ANNALS.  Translated  by  A.  J.  Church,  M.A.,  and  W.  J. 
Erodribb,  M.A.  With  Notes  and  Maps.  New  Edition.  Ciown 
Svo.  71.  6J. 
THE  HISTORIES.  Edited,  wiiH  Introduction  and  Notes,  by 
Rev.  W.  A.  Spooner,  M.A.,  Fdlow  of  New  Coilege,  Oxford. 
Svo.  [lit  t!u  press. 

THE  HISTORY.  Translated  by  "A.  J.  Church,  M.A.,  and 
W.  J.  Brodribb,  M.A.  Willi  Notes  and  a  Map,  Croivii  Svo, 
6f. 
THE  AGRICOLA  AND  GERMANY,  WITH  THE  DIALOGUE 
ON  ORATORY.  Translated  by  A.  J.  Church,  M.A,,  and 
W.  J.  Brodribb,  M.A.  Witli  Notes  and  Maps.  New  ai\d 
Revised  Edition.  Crown  Si-o.  41.  dd. 
INTRODUCTION  TO  THE  STUDY  OF  TACITUS.  By 
A.  J.  Church,  M.A.  and  W.  J.  Brodribb,  M.A.  Fcap.  Svo. 
\s.  6d.     (Classical  Wriii^-s  Series.) 

(See  also  Classical Sei-ies.) 
Theocritus,  Bion,  and  Moschus-   Rendered  into  English 
Prose,  with  Introductory  Es-say,  by  A.  Lang,  M.A.    180-0.   4^.  dd. 
*,*  Also  an  EdiEion  on  Lai^e  Paper.     Crown  Svo.     gj. 
Thucydides.— BOOK  IV.     a  Revision  of  the  Text,  Illustrating 
the   Principal   Causes  of  Corruption  in    the  Manusciipts  of   this 
Author.      By  William  Gunion  Rutherford,  M.A.,  LL.D., 
Headmaster  of  Westminster.     Svo.     7J-.  6d. 
BOOK   VIII.      Edited  with    Introduction  and  Notes,  by  H.  C. 
GooDHART,  M.A.,  Fellow  of  Trinity  College,  Cambridge. 

(Sec  also  Classical  Series.)  {In  preparalion. 

Virgil.  — THE    WORKS    OF   VIRGIL    RENDERED    INTO 
ENGLISH  PROSE,  with  Notes,  Introductions,  Running  Analysis, 
and  an  Index,  by  James  Lonsdale,  M.A.,  and  Samuel  Lee, 
M.A.     New  Edition.     Globe  8vo.    y-  dd. 
THE  ^NEID.     Translated  by  J.  W.  MaCKAIL,  M.A.,  Fellow  of 
Balliol  College,  Oxford.    Cronn  Svo.     ^s.  6d. 
(See  also  Classical  Series.) 
Xcnophon. — the  works  OF.    Translated  into  English,  with 
Introduction  and  Notes,  by  H.  G.  Dakyns,  M.A.      In  four  vols. 
Vol.  I.,  containing  "Tlie  Anabasis;"  and  Books  I,  and  II.  of 
"  The  Hellenica."    Crown  Svo.  [y'l'si  ready. 

(See  also  Classical  Series.) 

GRAMMAR,  COMPOSITION,  &  PHILOLOGY. 

Belcher. — Short  exercises  in  latin  PROSE  com. 
POSITION  AND  EXAMINATION  PAPERS  IN  LATIN 
GRAMMAR,  to  which  is  prefixed  a  Chapter  on  Analysis  of 
Sentences.  By  the  Rev.  H.  Belcher,  M.A.,  Rector  of  the  High 
School,  Dunedin,  N.Z.  New  Edition.  l8mo.  is.  6d. 
KEY  TO  THE  ABOVE  (for  Teachers  only),     y.  6d. 
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Belcher — short  exercises  in  latin  prose  com- 
position.    Part  II.,  On  the  Syntax  of  Sentences,   ivitli  an 
Api:>endii,  inclading  EXERCISES  IN  LATIN  IDIOMS,  &c. 
iSmo.     21. 
KEY  TO  THE  ABOVE  (for  Teachers  only).    31. 

Blackie. — GREEK  and  ENGLISH  DIALOGUES  FOR  USE 
IN  SCHOOLS  AND  COLLEGES.  By  John  Stuart  Blackie, 
Emeritus  Professor  of  Greek  in  the  University  of  Edintniii;!!. 
New  Edition.     Fcap.  8vo.     4i.  6il, 

Bryans.— LATIN  PROSE  EXERCISES  EASED  UPON 
CAESAR'S  GALLIC  WAR.  With  a  Classification  of  Ciesar's 
Chief  Phrases  and  Grammatical  Notes  on  Ciesar's  Usages.  By 
Clement  Bryans,  M.A.,  Assistant-Master  in  Dulwioh  Collie. 
Second  Edition,  Revised  and  Enlarged.  Extra  fcap.  8vo.  2J.  W. 
KEY  TO  THE  ABOVE  (for  Teachers  only).  New  Edition.  41.  fia". 


Cookson. — A  LATIN  SYNTAX.     By  Cheistovher  Cookson, 
M.A.,  Assistant- Master  at  St,  Paul's  School.  8vo.  [/a  firefaration. 

Cornell  University  Studies  in  Classical  Philology. 

Edited  by  Isaac  Flagg,  Wjlliam  Gardner  IIale,  and 
Benjamin  Ide  Wheelek.  I.  The  CCT/- Constructions :  their 
History  and  Functions.  Part  r.  Critical,  is.  id.  nett.  Part  2, 
Constrnctive.  By  William  Gardner  Hale.  3j.  ^d.  nett.  II. 
Analogy  end  the  Scope  of  its  Application  in  Language.  By 
Benjamin  Ide  Wheeler,    is.  3d.  nett. 

Eicke FIRST  LESSONS  IN  LATIN.   By  K,  M.  Eicke,  B.A., 

Assistant -Master  in  OuniJIe  School.     Globe  8to.     2S. 

England— EXERCISES  on  latin  syntax  and  idiom. 

ARRANGED  WITH  REFERENCE  TO  ROBY'S  SCHOOL 

LATIN  GRAMMAR,     By  E.  B.   England,  M.A.,   Assistant 

Lecturer  at  the  Owens  College,  Manchester,      Crown  8vo.      2J.  &/. 

Key  for  Teachers  only,  is.  6rf, 

Giles.— A  MANUAL  OF  GREEK  AND  LATIN  PHILOLOGY. 

By  P.   Gn.ES,   M.A.,   Fellow   of  Gonville  and  Caius   College, 

Cambridge.     Crown  8vo.  [In  preparation. 

Goodwin. — Works   by  W,   W.  Goodwin,   LL,D.,   Professor   of 

Greek  in  Harvard  University,  U.S.A. 

SYNTAX  OF  THE  MOODS  AND  TENSES  OF  THE  GREEK 

VERB.   New  Edition,  Revised  and  Enlarged,   %i<i.  \In  the  press. 

A  GREEK  GRAMMAR,     New  Edition,  revised.     Crown  8vo.    ds. 

"Il   \%  the  best   Greek   Grammar  af  its   siie  in   the    English    langu^e." — 

ATHEN.BUrn. 

A  GREEK  GRAMMAR  FOR  SCHOOLS,  Crown  8vo,  y.  (>d. 
Greenwood.— THE  elements  OF  greek  grammar, 
inchiding  Accidence,  Irregular  Verbs,  and  Principles  of  Deriva- 
tion and  Composition;  adapted  to  the  System  of  Crude  Fonns. 
By  J.  G,  Greenwood,  sometime  Principal  of  Owens  College, 
Manchester.     New  Edition.     Crown  8vo.     S^.  6d. 
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Hadley  and  Allen.— a  GREEIC  GRAMMAR  FOR 
SCHOOLS  AND  COLLEGES,  By  j[ames  Hadley,  late 
Professor  in  Yale  College.  Revised  and  in  part  Heivritlen  bj- 
Frederic  De  Forest  Allen,  Professor  in  Harvard  College, 
Crown  Svo.  6j. 
Hodgson.— MYTHOLOGY  FOR  LATIN  VERSIFICATION, 
A  brief  Sketch  of  the  Fables  of  the  Ancients,  prepared  to  be 
rendered  into  Latin  Verse  for  Schools.  By  F.  Hodgson,  B.D., 
late  Provost  of  Eton.  New  Edition,  revised  by  F.  C,  Hodgson, 
M.A.  iSmo,  3j, 
Jackson. — first  steps  to  greek  prose  COMPOSI- 
TION. By  Blomfield  Jackson,  M.A.,  Vicar  of  St.  Bartholo- 
mew's, Moor  Lane,  E.C.,  formerly  Senior  Assistant  Classical 
Master  in  King's  Collie  School,  London,  New  Edition,  revised 
and  enlarged.     iSmo.     is.  6d. 

KEY  TO  FIRST  STEPS  (for  Teachers  only).     iSmo,     31.  6d. 

SECOND  STEPS  TO  GREEK  PROSE  COMPOSITION,  with 
Miscellaneous  Idioms,  Aids  to  Accentuation,  and  Esatnination 
Papers  in  Greek  Scholarship,     jSmo.     21.  61^, 

KEY  TO  SECOND  STEPS  (for  Teachers  only).  iSmo.  31.  6J, 
Kynaston. — EXERCISES  IN  THE  COMPOSITION  OF 
GREEK  IAMBIC  VERSE  by  Translations  from  English  Dra- 
matists. By  Rev,  H.  Kynaston,  D.D.,  Principal  of  Cheltenham 
College.  With  Introduction,  Vocabnlajy,  &c.  New  Edition, 
revised  and  enJat^ed.     Extra  fcap.  Svo.     5j. 

KEY  TO  THE  SAME  (for  Teachers  only).   Extra  fcap.  Svo.  4J.  6rf. 

Lupton. — Works  by  J,  H.  Lupton,  M.A.,  Sur- Master  of  St.  Paul's 

School,  and  formerly  Fellow  of  St.  John's  College,  Cambridge. 

AN    INTRODUCTION     TO    LATIN    ELEGIAC    VERSE 

COMPOSITION,     Globe  Svo.     21.  60". 

LATIN  RENDERING  OF  THE  EXERCISES  IN  PART  11. 
(XXV..C.).     Globe  Svo.     31.  6rf. 

AN  INTRODUCTION  TO  LATIN  LYRIC  VERSE  COMPO- 
SITION.    Globe  Svo,     3s. 

KEY  FOR  THE  USE  OF  TEACHERS  ONLY.  Glote  Svo. 
4S.  6d. 
fiflackie.— PARALLEL  PASSAGES  FOR  TRANSLATION 
INTO  GREEK  AND  ENGLISH.  Carefidly  graduated  for  the 
use  of  Colleges  and  Schools,  With  Indexes.  By  Rev.  ELLIS  C, 
Mackie,  Classical  Master  at  Heversham  Grammar  School,  Globe 
Svo.  .  4J.  61/. 
Macmillan.— FIRST  LATIN  GRAMMAR.  By  M.  C.  Mac- 
MiLLAN,  M.A.,  late  Scholar  of  Christ's  College,  Cambridge; 
■     ■"     it-Master  in  St.  Paul's  School.     New  Edition, 


.     enlarged,     iicap.  Svo.     u.  ba. 

M&cmillan's  Greek  Course.- 


■Edited  by  Rev.  W.  GuNiON 
■Rutherford,  M.A.,  LL.D.,  Head  Master  of  Westminster. 
I.— FIRST  GREEK  GRAMMAR.   By  the  Editor,  New  Edition, 
tUoroughiy  ^vised.     Globe  Svo.    iS, 
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MacmiUan's  Greek  Course.— 11. —easy  exercises 
IN  GREEK  ACCIDENCE.  By  H.  G.  Unuerhill,  M.A., 
Assistant- Master  St.  Paul's  Preparatory  School.  Globe  8vo.  21. 
III.— A  SECOND  GREEK  EXERCISE  BOOK.  By  the  Rev. 
W.  A.  Heard,  M.A.,  Assistant- Master  at  Westminster  School. 
Globe  8vo.  [In  ikt  press. 

IV.— MANUAL  OF  GREEK  ACCIDENCE.     By  the  Editor. 

[/h  preparation. 
v.— MANUAL  OF  GREEK  SYNTAX.    By  the  Editor. 

f/o  in-epa-raiion. 

VI.— ELEMENTARY    GREEK     COMPOSITION.      By     the 

Editor.  [In  preparatiim. 

Macmtllan's  Greek  Reader.— STORIES  AND  LEGENDS. 

A  First  Greek  Reader,  wiih  Notes,  Vocabulary,  and  Exercises. 

B^  F.  H.  COLSON,  M,A.,  late  Fellow  of  St.  John's  College,  Cam- 

bridge  ;  Head  Master  of  Plymouth  College.     Globe  8vo,     jr. 

MacmiUan's  Latin  Course.       By    A.  M.   Cook,  M.A., 

Assist  ant- Master  at   St.    Paul's  School.     I.     First  Year.      New 

Edition,  revised  and  enlarged.     Globe  8vo.    31.  (4.     II.    Second 

Year.     21.  6d.  [Niarly  ready. 

MacmiUan's  Latin  Reader.— a  latin  readeh  FOR 

THE  LOWER  FORMS  IN  SCHOOLS.      By  H.  J.  Hardy, 

M.A.,  Assistant  Masterin  WinchesterCollege.  Globe  8vo.  2s.(}d. 

MacmiUan's  Shorter  Latin  Course.     ByA.  M.  Cook, 

M.A.,  Assistant-Master  at  St. Paul's  School.  Being  an  abridgment 
of  •'  MacmiUan's  Latin  Course,"  First  Year.     Globe  8vo.     is.  6d. 

Marshall. — a  table  of  irregular  greek  verbs. 

classified  according  to  the  arrangement  of  Cratius's  Greek  Grammar, 
By  J.  M.  Marshall,  M,A.,  Heid  Master  of  the  Giammar 
School,  Durham.     New  Edition.     Svo.     is. 

Mayor  (John  E.  B.)— first  greek  reader.    Edited 

after  Karl  Halm,  with  Corrections  and  large  Additions  hy  Pro-  . 
fessor  John  E.  B.  Mayor,  M.A.,  Fellow  of  St.  John's  College, 
Cambridge.    New  Edition,  revis&i.     Feap,  8va.     41.  6d. 

Mayor  (Joseph  B.)~greek  for  Beginners.   Bytbe 

Rev.  J.  B.  Mayor,  M.A.,  Professor  of  Clas^cal  Literature  in 
King's  College,  London.  Part  I.,  with  Vocabulary,  is.  6d, 
Parts  II.  and  III.,  with  Vocabulary  and  Index,  y.  6d.  Complete 
in  one  Vol.  (cap.  Svo,  4s.  61I. 
Nixon.— PARALLEL  EXTRACTS,  Arranged  f<ir  Translation  into 
English  and  Latin,  witt  Notes  on  Mioiiis.  By  J.  E.  Nixon, 
M.,A,,  Fellow  and  Classical  Lectmer,  King's  College,  Cambridge. 

PaiLl. Historical  and   Epistolary.     New   Edition,  revised  and 

enlarged.  Crown  8vo.  ^si  6d. 
PILOSE  EXTRACTS,  Arranged  for  Translation  into  English  and 
Latin,  widi  Genera.1  and  Special  Prefaces  on  Style  and  Idiom. 
I.  Oratorical.  I L  Historical.  11 L  Philosophical,  IV.  Anecdotes 
and  Letters.  By  the  same  Author.  2nd  Edition^  enlarged  to 
aSo  pp.     Crown  Svo.     4^.  (>d. 
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Nixon. — SELECTIONS  FROM  PROSE  EXTRACTS,  including 

Easy  Anecdotes  and  Letters  with  Notes  and  Hints.    Pp.  120.    p. 

Translations  of  about  70  Extracts  can  be  supplied  to  Schooi- 

masters  (2s.  6d.),  on  application  to  the    Author  ;    and    about   40 

similarly  of  "  Parallel  Extracts."     U.  6d.  post  free. 

Pantin.— A  first  latin  verse  book.     By  W.  E.  P. 

PANTin,  M.A.,  Assistant-Master  at  St,  Paul's  School,     Globe  8vo. 

[/«  iAe  press. 

Peile. — A  PRIMER  OF  PtriLOLOGV.     By  J.  Peile,  Litt,D., 

Master  of  Christ's  College,  Cambridge.      iSmo,      ir. 
Postgate. — SERMO    LATINUS.       A    Short   Guide    to  Latin 

Prose   Composition.      Part   I.  Introduction.      Part  II.  Selected 

Passages  for  Translation.      By  J.   P.  POSTGATE,    M.A.,  Litt.   D., 

Fellow  and  Classical  Lecturer  of  Trinity  College,   Cambridge, 

Professor  of  Comparative  Philolc^y  in  University  College,  London. 

Globe  Svo.     31.  6^, 
KEY  to  "  Selected  Passages."    31.  6d. 
Postgate    and    Vince.— -a    DICTIONARY   OF  LATIN 

ErYMOLQGY.     By  J.  P.  Postgate,  M.A,,  and  C.  A.  Vince, 

M.A.  [In  fireparalion. 

Potts  {A.   W.)— Woclis  by    Alexander    W.   Potts,    M.A., 

LL.D.,  late   Fellow  of  St.  John's  CoUige,   Cambridge;    Head 

Master  of  the  Fettes  College,  Edinburgh. 
HINTS  TOWARDS  LATIN  PROSE  COMPOSITION.     New 

Edition.    Extra  fcap.  Svo.  .  p. 
PASSAGES    FOR  TRANSLATION  INTO   LATIN  PROSE. 

Edited  with  Notes  and  References  to  the  above.     New  Edition. 

Eitra  fcap,  Svo,     2s.  6ii, 
LATIN  VERSIONS   OF  PASSAGES  FOR  TRANSLATION 

INTO  LATIN  PROSE  (for  Teachers  only),     zs.  M. 
Preston.— EXERCISES   IN  LATIN  VERSE   OF  VARIOUS 

KINDS.   By  Rev.  G.  Preston,  M.A.,  late  Fellow  of  Magdalene 

Coli^e,   Cambridge,   and  Head  Master  of  the  King's  School, 

Cliester.     Globe  Svo.     ar.  60". 
KEY,  for  the  ase  of  Teachers  only.     Globe  Svo.     51. 
Reid A  GRAMMAR  OF  TACITUS.     By  J.  S.  Reid,   M.L., 

Fellow  of  Caius  College.  Cambridge.  [/» preparation. 

A  GRAMMAR  OF  VERGIL.  By  the  sarae  Author.  {In prepatalien. 

%*  Similar  Grammars  to  other  Classical  Authors  iiMl probably  follmil. 

Roby. — A  GRAMMAR   OF  THE  LATIN  LANGUAGE,  from 

Plautus  to  Suetonius.    By  H.  J.  Roby,  M.A.,  late  Fellow  of  St. 

John's  College,    Cambridge.       In   Two   Parts.      Part  I.    Fifth 

Edition,  containing; — Book   I.    Sounds.      Book  II.    Inflexions. 

Book  HI.    Word-formation.     Appendices.     Crown  Svo.     t^s. 

Part  IL  Syntax,  Pr«>ositions,  &c.     Crown  Svo.     \os.  6d. 

SCHOOLLATIN GRAMMAR.  Bytlie-same Author.  Cr.  Svo.  Si 
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Rush. — SYNTHETIC  LATIN  DELECTUS.  A  First  Latin 
Construing  Book  arranged  on  the  Principles  of  Grammatical 
Analysis.  Witli  Notes  and  Vocabulary,  By  E.  Rush,  E.A. 
With  Prefece  by  the  Rev.  W.  F.  Moolton,  M.A.,  D.D.  New 
and  Enlarged  Edition.  Extra  fcap.  Svo.  2s.  6ii. 
Rust,— FIRST  STEPS  TO  LATIN  PROSE  COMPOSITION. 
By  the  Rev.  G.  Rust,  M.A.,  of  Pembroke  Coll.,  Oxford,  Master 
ofthe  Lower  School,  King's  Coll., London.  New  Ed.  iSmo.  ir.  6d. 

KEY   TO  THE  ABOVE.      Ey  W.  M.  Yates,  Assistant -Master 
in  the  High  School,  Sale.     l8mo.     p.  6d. 
Rutherford. — Works  by  the  Rev.  W.  Gdnioh  Rutherfohd, 
M.A,,  LL.D.,  Head -Master  of  Westminstef. 

REX  LEX.  A  Short  Digest  of  the  principal  Relations  between 
Latin,  Greek,  and  Anglo-Saxon  Sounds.     Svo.       [In  preparaiitm. 

THE  NEW  PHRYNICHUS;  being  a  Revised  Text  of  the 
Ecl(^  of  the  Grammarian  Phrynichus.  With  Introdnction  and 
Commentary.    Svo.     l3(.     (Sec  also  Macmill^s  Greek  Coarse.) 

Shuckburgh.— PASSAGES  from  latin  authors  for 

TRANSLATION  INTO  ENGLISH.  Selected  with  a  view  to 
the  needs  of  Candidates  for  the  Cambridge  Previous,  Local,  and 
Schools'  Examinations.  Hy  E.  S.  Shuckbitegh,  M.A.,  Em- 
manuel College,  Cambridge.     Crown  Svo.     2s. 

Simpson.— LATIN  PROSE  AFTER  THE  BEST  AUTHORS. 
By  F.  P.  Simpson,  B.A.,  late  Scholar  of  Balliol  College,  Oxford, 
Part  I.     C^SARIAN  PROSE.     Extra  fcap.  Svo.     21.  6d. 
KEY  TO  THE  ABOVE,  for  Teachers  only.     Extra  fcap.    8vo.    $s. 

Strachatl    and     Wilkins ANALECTA.      Passages  for 

Translation,  Selected  by  JoHN  S.  Strachan,  M.A.,  Pembroke 
College,  Cambridge,  and  A.  S.  WiLKlNS,  Litt.D.,  LL.D,,  FelJow 
of  St.  John's  CoUege,  Cambridge,  Professors  in  Oivens  College, 
Manchester.     Crown  Svo.     51. 

Thring, — Works  by  the  Rev.  E.  Turing,  M,A,,  late  Head-Master 

of  Uppingham  Sdiool. 

A  LATIN  GRADUAL.       A  First   Latin  Construing  Book  for 

Beginners,      New   Edition,    enlarged,   with    Coloured   Sentence 

Maps,     Fcap.  Svo.    zj,  dd. 

A  MANUAL  OF  MOOD  CONSTRUCTIONS.  Fcap.  Svo,   is.dJ. 

Welch  and  Duffield.^LATlN  accidence  and  exer- 
cises   ARRANGED    FOR    BEGINNERS.      By    William 
Welch,  M.A,,  and  C.  G.  Duffield,  M.A.,  Assistant  Masters  at 
Cranleigh  School.     iSmo.     u.  64. 
This  book  is  inKnded  a?  an  [nlrodoclLon  10  Macmilian's  ElaiunUrj;  Clunks,  and 

White. — FIRST  LESSONS  IN  GREEK.  Adapted  to  GOOD- 
WIN'S GREEK  GRAMMAR,  and  designed  as  an  intrtiductioo 
to  the  ANABASIS  OF  XENOPHON.  By  John  Williams 
White,  Ph.D.,  Assistant-Professor  of  Greek  in  Harvaid  Univer- 
sity.   Crown  Svo.    41.  tii. 
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Wright.— Works  by  J.    WRIGHT,    M.A.,   kte   Head   Master  of 

Sutton  Coldfi«U  School. 
A  HELP  TO  LATIN  GRAMMAR ;  or.  The  Form  and  Use  of 

Words  in  Latin,  with  Progressive  Exercises.    Crown  8vo.    ^s.  bd. 
THE  SEVEN  KINGS  OF  ROME.     An  Easy  Narrative,  abri<;ged 

from  the  First  Book  of  Livy  by  the  omission  of  Difficult  Passages  ; 

being  a  First  Latin  Reading  Book,  with  Grainniatical  Nptes  and 

Vocabulary.     New  and  revised  Edition.     Fcap.  Svo.     31.  6rf. 
FIRST   LATIN   STEPS ;   OR,  AN  INTRODUCTION  EY  A 

SERIE.S   OP    EXAMPLES    TO    THE    STUDY   OF    THE 

LATIN  LANGUAGE.     Crown  Svo.     %i. 
ATTJC  PRIMER.     Arranged  forthe  Useof  Beginners.    Extra  fcap. 

Svo.     2s.  6rf. 
A  COMPLETE  LATIN  COURSE,   comprising  Rules   with   Ex- 
amples,   Exercises,  both    Latin  and  English,    on  each  Rule,  and 

Vocabnlaries.     Crown.  Svo.     21. 6rf. 


Arnold. — Works  by  W.  T.  Arnold,  M,A. 

A  HANDBOOK  OF  LATIN  EPIGRAPHY.        {rrt  prefaration. 
THE  ROMAN  SYSTEM  OF  PROVINCIAL  ADMINISTRA- 
TION  TO  THE  ACCESSION   OF  CONSTANTINE  THE 
GREAT.      Crown  Svo.     (>!. 

Arnold  (T.) — THE  second  PUNIC  WAR.  Being Chapteti 
THE  HISTORY  OF  ROME.  By  the  late  Thomas  Arno  , 
D.D.,  formerly  Head  Master  of  Rugby  School,  and  Regius  Professor 
ofModernHistory  in  the  University  of  Oxfovd.  Edited,  with  TJotes, 
by  W.  T.  Arnold,  M.A.     With  8  Maps.     Crown  Svo.     Si.  bd. 

Becsly.— STORIES  from  the  HISTORY  OF  ROME. 
By  Mrs.  Eef.slv.     Fcap.  Svo.     2j.  &/. 

Burn. — ROMAN  LITERATURE  IN  RELATION  TO  ROMAN 
ART.  By  Rev.  Robert  Burn,  M.A.,FellowofTriniiyConege, 
Cambridge.    With  numerous  Illustrations.    Extra  Crown  Svo.    i+r. 

Bury.— A  HISTORY  OF  THE  LATER  ROMAN  EMPIRE 
FROM  ARCADIUS  TO  IRENE,  A.D.  395— Boo.  By  John 
B,  Bury,  M.A.,  Fellow  of  Trinity  Coilege,  Dublin,  z  vols. 
Svo.      33.. 

Classical  Writers. — Edited  by  John  Richard  Green,  M.A., 

LL.D.    Fcap.  Svo.     u,  6rf.  each. 
EURIPIDES.     By  Professor  Mahaffv. 
MILTON.     By  the  Rev,  Stopford  A.  Brooke,  M.A. 
LIVY.     By  the  Rev.  W.  W.  Capes,  M.A. 
VIRGIL.     By  Professor  Nettleship,  M.A. 
SOPHOCLE.S.    By  Professor  L.  Campbeli.,  M.A. 
DEMOSTHENES.    By  Professor  S.  H.  Butcher,  M.A. 
TACITUS.      By   Professor  A.  J.   CHtfRCH,   M.A.,   and  W.  J. 

Beodribb,  M.A. 
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Freeman, — Works  by  Edward  A.  Freeman,    D.C.L.,  LL.D., 
Hon.   Fellow    of    Trinity    College,  Oxford,    Regins   Professor  of 
Modern  Ilatory  in  the  Universiiy  of  Oxfoi-d. 
HISTORY   OF  ROME.      {Historical  Course  fir  Schools,)     iSmo. 

A  SCHOOL  HISTORY  OF  ROME,  Crown  8to.   Un  p'eparaO^n. 

HISTORICAL   ESSAYS.     Second   Series.     [Greek   and   Roman 

History.]    8vo.    \as.  6<i. 

Fyffe.— A    SCHOOL   HiSTORY    OF    GREECE.      By   C.   A. 

Fyffe,  M.A.     Crown  Svo.  [/h  prijiaralien. 

Gardner.— SAMOS  AND  SAMIAN  COINS.     An  Essay.     By 

Percy  Gardner,  M.A.,  Litt.D.,  Professor  of  Arch^olcgy  in 

the  University  of  Oxford.     With  Illustrations.     Svo.     -js.  &/. 

Geddea.  —  THE  problem  of  the  Homeric  poems. 

By    W.    D.    Geddes,    Principal   of  the  University  of  Aberdeen. 

Gladstone. — Works  by  the  Rt.  Hon.  W,  E.  Gladstone,  M.P, 
THE  TIME  AND  PLACE  OF  HOMER.     Crown  Svo,      &t.  &?. 
A  PRIMER  OF  HOMER.     i8mo.     is. 
GOW.— A     COMPANION     TO     SCHOOL    CLASSICS.      By 
James  Gow,  Litt.D.,  Master  of  the  High  School,  Nottingham  ; 
late  Fellovi-  of  Trinity  College,  Cambridge.     With  Illustrations. 
Second  Edition.     Revised.    Crown  Svo.     6j. 
Harrison   and  Vcrrall.— CULTS  AND  monuments 
OF  ANCIENT  ATHENS.     Ky  Miss  J.  E.  Harrison  and  Mrs. 
A.  W.  Verrall.     Illustrated.     Crown  Svo.  {In  thep-ess. 

Jebb.— Works  by  R,  C.  JEBB,  Litt.D.,   LL.D,,  Professor  of  Greek 
in  the  University  of  Cambridge, 
THE  ATTIC  ORATORS  FROM  ANTIPHON  TO   ISAEOS. 

2  vols,     Svo.     351. 
A  PRIMER  OF  GREEK  LITERATURE,     iSmo.     is. 
(See  also  Classical  Siriis. ) 
Kiepert.^ — manual  of  ancient   geography,   Trans- 
latedfromtheGei-maiiofDr,  HEiNRiCHKiEPEET,    CrownSvo,  5j, 

Lanciani.— ancient  roms  in  the  light  of  recent 

DiSCOVERiES.  By  RoDOLFO  Lanciani,  LL.D,  (Harv.), 
Professor  of  Archaeology  in  the  Unlveriiiy  of  Rome,  Director  of 
Excavations  for  the  National  Government  and  the  Municipality  of 
Rome,  &c.     With  100  Illustrations,     Small  4to.    24J. 


Fellow  of  Queen's  College,  Oxford, 
SOCIAL   LIFE    IN    GKFECE;    from    Homer   to    Menander, 

Fifth  Edition,  revised  and  enlarged.     Crown  Svo,     91. 
GREEK  LIFE  AND  THOUGHT ;  froin  the  Age  of  Ale^iandet 

to  the  Roman  Coniiuest.    Crown  Svo.     lai.  64. 
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Mahaffy.— RAMBLES  AND  STUDIES  IN  GREECE.  With 
Ilhislration5.  Third  Edition,  Revised  and  Enlarged.  With  Map. 
Crown  8vo.  lot.  6d. 
A  HISTORY  OF  CLASSICAL  GREEIC  LITERATURE.  In 
Two  Vols.  Crown  Svo.  gj.  each.  Vol.  I.  The  Poels,  with  an 
Appendix  on  Homer  by  Prof,  Sayce.  Vol.  II.  The  Prose  Writers. 
A  PRIMER  OF  GREEK  ANTIQUITIES.     With  Illustrations. 

EURIPIDES.     iSmo.     ii.  6d.     (Classical  Wrilers  SM^s.) 

Mayor  (J.  E.  B.)— bibliographical  clue  to  latin 

LITERATURE,  Edited  after  HObnee,  with  large  Additions, 
by  Professor  John  E.  B.  Mayor.     Crown  8vo.     los.  6ii. 

Newton. — ESSAYS  IN  ART  AND  ARCHAEOLOGY.  By  Sir 
Charles  Newton,  K.C.B.,  D.C.L.,  formerly  Professoc  of 
Archseology  in  University  College,  London,  and  Keeper  of  Greek 
and  Roman  Antiquities  at  the  British  Museum,     Svo.     I2s.  61/. 

Sayce, — the  ANCIENT  EMPIRES  OF  THE  EAST.  By 
A,  H.  Sayce,  Deputy- Professor  of  Comparative  Philosophy, 
Oxford,  Hon,  LL,D,  Dublin,      Crown  Svo.      61. 

Stewart.— THE  tale  of  troy.  Done  into  English  by 
Aubrey  Stf.wart,  M,A,,  late  Fellow  of  Trinity  Colleges 
Cambridge.     Globe  Svo.     31.  (>d. 

Waldstein.— CATALOGUE  OF  CASTS  IN  THE  MUSEUM 
OF  CLASSICAL  ARCH-OOLOGY.  By  Charles  Walostein, 
Litt.D.,  Ph.D.,  LL.D.,  University  Reader  in  Classical  Archeo- 
logy.     Crown  Svo.      U.  6ii. 

'„■  Also  an  Edition  on  Laige  Paper,  small  4I0,     5^. 


MATHEMATICS. 

(i)  Arithmetic  and  Mensuration,  (2)  Algebra, 
(3)  Euclid  and  Elementary  Geometry,  {4)  Trigo- 
nometry, (5)  Higher  Mathematics. 

ARITHMETIC  AND  MENSURATION. 

Aldis. — THE  GREAT  GIANT  ARITHMOS.    A  most  Elementary 
Arithmetic  foe  Children.      By  Mai 
lUuslrations.     Globe  Svo.     zs.  6rf. 
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Army  Preliminary  Examination,  Specimens  o£ 
Papers  Set  at  the,  1882—88. — with  Answeis  to  tha 
Mathematical  Questions,  Subjects  :  Arithmetic,  Algebra,  Euclid, 
Geometrical  Drawing,  Geography,  French,  English  Dictation. 
Crown  8vo.  31.  &£ 
This  SEkclion  orpapEffi  st  nam  Fnliminar];  Eiamin^ons  Tor  (he  admission  lo 

llie  Army  ate  intended  for  the  use  of  Candidates  preparing  for  Ihue  ExaminatioDa. 

Brad3haw.— A  COURSE  OF  EASY  ARITHMETICAL  EX- 
AMPLES FOR  BEGINNERS.  By  J.  G.  Beadshaw,  B.A., 
formerly  Scholar  of  Jesua  College,  Cambridge, .  Assistant  Master 
at  Clifton  College,     Globe  8vo.     2s.     With  Answers,  2s.  dd. 

Brooksmith  (J.). — arithmetic  in  theory  and 
PRACTICE.  By  J.  Brooksmith,  M,A.,  LL.B.,  St.  John's 
College,  tiambridge'i  Barrisler-at-Law ;  one  of  the  Masters  of 
Cheileiiham  College.    New  Edition,  revised.    Crown  8vo.    4J,  6d. 

Brooksmith.  —  ARITHMETIC  FOR  BEGINNERS.  By  J. 
Brooksmivh,  M.A.,  LL.B.,  St.  John's  College,  Cambridge  j 
Barrister-at-liiw  ;  and  sometime  one  of  the  Masters  of  Cheltenham 
College;  and  E.J.  BROOKSMiiK,  B.A.,  LL.M.,  St.  John's  Col- 
lege, Cambridge ;  Instructor  of  Mathematics  at  the  Royal  Military 
Academy,  Woolwich.     Globe  8vo.     is,  6d. 

Candler. — HELP  TO  ARITHMETIC.  Designed  foe  the  use  of 
Schools.  By  H.  Candler,  M.A.,  Mathematical  Master  of 
Uppingham  School.     Second  Edition.     Eilra  fcap.  8vo.     21.  6d. 

Dalton.— RULES  AND  EXAMPLES  IN  ARITHMETIC.  By 
the  Rev.  T,  Dalton,  M.A.,  Assistant-Master  in  Eton  College. 
New  Edition,  with  Answers.     i8mo.     2j.  dd. 

Goyen.— HIGHER  ARITHMETIC  AND  ELEMENTARY 
MENSURATION.  By  P.  Goyen,  Inspector  of  Schools, 
Dunedin,  New  Zealand.     Crown  8vo.     Jj. 

Hall  and  Knight.— arithmetical  EXERCISES  AND 
EXAMINATION  PAPERS.  With  an  Appendis  containing 
Questions  in  Logarithms  and  Mbhsuration.  By  H.  S.  Hall, 
M.A.,  formerly  Scholar  of  Christ's  College,  Cambridge,  Master 
of  the  Military  and  Engineering  Side,  Clifton  College  ;  and  S.  R. 
Kbight,  B.A.,  formerly  Scholar  of  Trinity  College,  Cambridge, 
late  Assistant  Master  at  Marlborough  College,  Authors  of 
" Elementaiy Algebra,"  "Algebraical  Exercises  and  Examination 
Papers,"  and  "Higher  Algebra,"  S;c.  Globe  Svo.  2s.  dd. 
Lock. — Works  by  Rev.  J.  It.  Lock,  M.  A.,  Senior  Fellow,  Assistant 
Tutor,  and  Lecturer  iti  Gonviile  and  Ciuus  Collie,  Cambridge, 
formerly  Master  at  Eton. 
ARITHMETIC  FOR  SCHOOLS.  With  Answers  and  looo 
additional  Examples  for  EKercise.  Third  Edition,  revised.  Stereo- 
typed. Globe  8vo.  41.  (>d.  Or  jn  Two  Parts  ;— Part  I.  Up  to 
and  includmg  Practice.  Globe  Svo.  is.  Part  II.  With  1000 
additional  Examples  for  Exercise.     Globe  Svo.     V- 

•,"  The  cemtisti  bosk avillll  Paris  can  alsn  ir  obtaiird  ^thoat  ^na^rs  ai  tie 
same  Mce.  Bat  Ihe  iMtioas  with  answers  will  ahanjs  ie  snfplUd  miitis  Hu 
elhirs  art  sf •dally  a^tcd/ot: 
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LoCk.~A  KEY  TO   "ARITHMETIC  FOR  SCHOOLS."     By 
the  Rev.  R.  G,  Watson,  M.A.     Crown  Svo.     los.  6d. 
ARITHMETIC  FOR  BEGINNERS.      A  School  Class  Book  of 

Commercial  Arithmetic     Globe  Svo.     21.  6rf. 
A  KEY  TO   "ARITHMETIC  FOR  BEGINNERS."    By  Rev. 
R,  G.  Watson,  M.A.     Crown  Svo.     Sj.  6if. 

A  SHILLING  CLASS-BOOK  OF  ARITHMETIC  ADAPTED 
FOR  USE  IN  ELEMENTARY  SCHOOLS.    iSmo. 

[/«  Ikefresi. 

Pedley.— EXERCISES    in    ARITHMETIC    for    the    Use    of 

Schools.      Containing  mOL-e  than  7,000  original  Esamples.      By 

S.  Pedley,  late  of  Tamworth  Grammar  School.   Crown  Svo.    5j. 

Also  in  Two  Parts  31.  dd.  each. 
Smith. — Works  by  the  Rev.  Barnard  Smith,  M.A.,  late  Rectoi" 
of  Glaston,  Rutland,  and  Fellow  and  Senior  Bursar  of  S,  Peter's 
College.  Cambridge. 

ARITHMETIC  AND  ALGEBRA,  in  their  Principles  and  Appli- 
cation; with  nnmerons  systematically  arranged  Examples  taken 
from  the  Cambridge  Examination  Papers,  with  especial  reference 
to  the  Ordinary  Examination  for  the  B.A.  Degree.  New  Edition, 
carefiiEy  Revised.     Crown  Svo.     xos.  6d. 

ARITHMETIC  FOR  SCHOOLS.  New  Edition.  Crown  Svo. 
4J.  6d. 

A  KEY  ^  TO  THE  ARITHMETIC  FOR  SCHOOLS.  New 
Edition,    CroB'n  Svo.    8s.  6d. 

EXERCISES  IN  ARITHMETIC.  Crown  Svo,  limp  cloth,  3J. 
With  Answers,  zs.  6ii.     An^^wers  separately,  6J. 

SCHOOL  CLASS-BOOK  OF  ARITHMETIC.  iSmo,  cloth.  3s. 
Or  sold  separately,  in  Three  Parts,  is.  eacli. 

KEYS  TO  SCHOOL  CLASS-BOOK  OF  ARITHMETIC. 
Parts  I.,  II.,  and  HI.,  Zi.  6d.  each. 

SHILLING  BOOK  OF  ARITHMETIC  FOR  NATIONAL 
AND  ELEMENTARY  SCHOOLS.  iSmo,  dolli.  Or  separately. 
Part  I.  2d.  ;  Part  II.  3d.  ;  Part  III.  jd.     Answers,  6d. 

THE  SAME,  with  Answers  complete.     l8mo,  cloth,     ii.  6d. 

KEY  TO  SHILLING  BOOK  OF  ARITHMETIC.    iSmo.  AS.  6d. 

EXAMINATION  PAPERS  IN  ARITHMETIC.  iSmo.  11.  6d. 
The  same,  with  Answers,  iSmo,  2s.     Answers,  6d. 

KEY  TO  EXAMINATION  PAPERS  IN  ARITHMETIC. 
iSmo,    4J.  6d. 

THE  METRIC  SYSTEM  OF  ARITHMETIC,  ITS  PRIN- 
CIPLES AND  APPLICATIONS,  with  numerons  Examplea, 
written  expressly  for  Standard  V.  in  National  Schools,  New 
Edition.      iSmo,  cloth,  sewed.      3d. 

A  CHART  OF  THE  METRIC  SYSTEM,  on  a  Slieet,  sise  42  in. 
by  34  in.  on  Roller,  mounted  and  vamished.  New  Edition. 
Price  J(.  6d. 

Also  a  Small  Chart  on  a  Card,  price  id.  1 
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Smith.— EASY  LESSo^■s    in   arttiimettc,    comUnmg 

Exeioises  in  Reading,  Writing,  Spelling,  and  Dictalion.     Part  I, 
for  Standard  I.  in  National  sdools.     Crowa  Svo.    ^, 
EXAMINATION  CARDS  IN  ARITHMETIC     (Dedicated  to 

Lord  Sandon.)    With  Answers  and  Hints. 
Standards  I.  and  II.  in  boi,  u.     Standards  III.,  IV.,  and  V.,  in 
boxes,  IS.  each.     Standard  VI,  in  Two  Parts,  in  boxes,  js.  each. 
A  and  B  papers,  of  nearly  the  same  difficnlty,  are  given  so  as  :o 
prevent  copying,  and  the  colonrs  of  the  A  and  B  papers  differ  in  eath 
Standard,  and  from  those  of  every  other  Standard,  so  that  a  master  or 
mistress  can  see  at  a  glance  whether  the  children  have  the  proper  papers. 
Stevens.— ELEMENTARY  MENSURATION.     With  exercises 
in  the  mensnration  of  Plane  and  Solid  Figures.  By  F.  H.  Stevens, 
M.A.,  formerly  Scholar  of  Queens'  College,  Cambridge,  Master 
of  the  Military  and  Engineering  side,  Clifton  College.  Globe  Svo. 
[7«  ih^frsss. 
Thornton.— FIRST  LESSONS  IN  BOOK-KEEPING.     By  J. 
Thornton.     New  Edition.     Crown  Svo.     21.  W. 
A  KEY  TO  THE  ABOVE.     Oblong  4to.     loj.  60'. 
Tod  hunter.— MENSURATION   FOR    HEGINNER.S.     By  I 
ToDHUNTER,  M.A.,  F.R.S.,  D.Sc,  late  of  St.  John's   College. 
Cambridge.  With  Examples.    New  Edition.    iBmo.    21.  6d. 
KEY  TO  MENSURATION  FOR  BEGINNERS.     By  the  Rev. 
Fr,  Lawrence   McCarthy,  Professor  of  Mathematics  in   S" 
Peter's  College,  Agra.     Crown  Sto.     Is.  bd. 

ALGEBRA. 

Dalton.^RULES  AND  EXAMPLES  IN  ALGEBRA.  By  the 
Rev.  T.  DAT.TON,  M.A.,  Assistant- Master  of  Eton  College, 
i'art  I.  New  Edition.  iSrao.  2f.  Part  IL  iSmo.  ar.  dd. 
*^*  A  Key  to  Fart  I.  for  r^fto-i  only,  Is.  dd. 
Hall  and  Knight.— Worlts  by  H.  S.  Hall.  M.A., 
formerly  Scholar  of  Christ's  College,  Cambridge,  Master  of  the 
Military  and  Engineering  Side,  Clifton  College ;  and  S.  k. 
Knight,  B.A,,  formerly  Scholar  of  Trinity  Collie,  Cambridge, 
late  Assistant-Master  at  Marlborough  College. 

ELEMENTARY  ALGEBRA  FOR  SCHOOLS.  Fifth  Edition, 
Revised  and  Corrected.  Globe  Svo,  bound  in  maroon  coloured 
cloth,  y.  (td. ;  with  Answera,  bound  in  green  coloured  cloth,  +t.  dd. 

KEY,  [/»  the  Press. 

ALGEBRAICAL  EXERCISES  AND  EXAMINATIONPAPERS. 
To  accompany  ELEMENTARY  ALGEBRA,  Second  Edition, 
revised.     Globe  8vo.     2s.  td. 

HIGHER  ALGEBRA.  A  Sequel  to  "ELEMENTARY  AL- 
GEBKA  for  SCHOOLS,"  Second  Edition.  Crown  8  vo.  ^s.6d. 

SOLUTIONS  OF  THE  EXAMPLES  IN  "HIGHER  ALGE- 
BRA,"   Crown  Svo.     roj.  5n'. 
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Jones  and  Cheyne. — algebraical  exercises.  Pro- 
gressively Arranged,  By  the  Rev.  C.  A.  Jones,  M.A.,  and  C. 
H,  Cheyne,  M.A.,  F.R.A.S.,  Matheroaticid  Masters  of  West- 
minster School.  New  Edition.  iSmo.  2s.  6d. 
SOLUTIONS  AND  HINTS  FOR  THE  SOLUTION  OF  SOME 
OF  THE  EXAMPLES  IN  THE  ALGEBRAICAL  EXER- 
CISES OF  MESSRS.  JONES  AND  CHEYNE.  By  Rev.  W. 
Failes,  M.A.,  Mathematical  Master  at  Westminster  School,  late 
Scholar  of  Tiinily  College,  Cambridge.     Crown  8vo.     71.  6d. 

Smith  (Barnard) ARITHMETIC  and  algebra,  in  their 

Principles  and  Application ;  with  numerous  systematicany  arranged 
Examples  fallen  from  the  Cambridge  Examination  Papers,  with 
especial  referenceto  the  Ordinaiy  Examination  for  the  B.A.  Degree. 
By  the  Rev.  Baenakd  Smith,  M. A.,  late  Rector  of  Glaston,  Rut- 
land, and  Fellow  and  Senior  Barsar  of  St.  Peter's  Collie,  Cam- 
bridge.    New  Edition,  carefully  Revised.     Croivn  8vo.     I<w.  6rf. 

Smith   (Charles). — Works  by  Charles  Smith,  M.A.,  Fellow 
and  THitor  of  Sidney  Susses  Collie,  Cambridge, 
ELEMENTARY  ALGEBRA.     Globe  8vo.     4J.  6d. 
In  this  work  ihe  author  ha?  endeavouted  to  t^lain  the  prdiciplea  of  Algsbra.  In  as 

ihe  eiplanaliona  and  proofs  of  Ihe  fundamenlal  opsraliona  and  rnlss. 

A  TREATISE  ON  ALGEBRA.     Crown  8vo.     71.  M. 
SOLUTIONS  OF  THE  EXAMPLES  IN  "  A  TREATISE  ON 
ALGEBRA."    Crown  8vo.     10s.  6d. 
rodhunter.— Works  by  I.  Todhunter,  M.A.,  F.R.S.,  D.Sc 
late  of  St.  John's  College,  Cambridge. 
'|Mr.  Todhunter  is  ohjsfly  known  to  SmdenlBotMallieinatigs  as  the  aiilhot  of  a 

clear  in  style  and  abaoluiely  free  from  mislalteSjfyp^raphical  or  other." — Saturday 
Rhview. 
ALGEBRA    FOR    BEGINNERS.      Witt    numerous   Examples. 

New  Edition.     iSmo.     21,  6d. 
KEY  TO  ALGEBRA  FOR  BEGINNERS.    Crown  8vo.    6s.  dd. 
ALGEBRA.     For  the  Use  of  Colleges  and  Schools.     New  Edition. 

Crown  8vo.     ^s.  6d. 
KEY  TO  ALGEBRA  FOR  THE  USE  OF  COLLEGES  AND 
SCHOOLS.     Crown  Svo.     m.  6d. 


EUCLID,  &  ELEMENTARY  GEOMETRY. 

Constable.— GEOMETRICAL      EXERCISES      FOR     BE- 

GINNERS.     By  Samuel  Constable.     Crown  Svo.     3s.  6d. 
Cuthbertson. — eUCLIDIAN     geometry.      By   Francis 

CvTiinERTSON,  M.A.,  LL.D.p  Head  Mathematical  Master  of  the 
City  ol  London  School.     Estm  fcap.  8vo.     41.  6ii. 
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Dodgson. — Works  by  Chagles  L,  Dodgson,  M.A.,  Student  and 
kte  Malhematical  I.eoturer  of  Christ  Church,  Oiford. 
EUCLID.    BOOKS  I.   and  II,     Sixth  Edition,  with  words  sub- 
stituted for  tlie  Argebraical    Symbols  used  in  the  Fir^t   Edition, 
Crown  8vo.     2s. 

less  iAan  fiveS^iJitAs  OCihsX  coatoln^  in  the  ordhuiry  editions. 

EUCLID    AND   HIS    MODERN   RIVALS.     Second    Edition. 

CcowQ  8vo.     6s. 
CURIOSA   MATHEMATICA,      Part  T.      A    New   Theory    of 
Parallels.     Second  Edition.     Crown  8vo.     21. 

D  up Uis.— ELEMENTARY  SYNTHETIC  GEOMETRY  OF 
THE  POINT,  LINE  AND  CIRCLE  IN  THE  PLANE. 
ByN.  F.  DUPUIS,  M.A.,  F.R.S.C,  Professor  of  Purs  Mathe- 
matics in  the  University  of  Queen's  CoUcEe,  Kingston,  Caniida. 
Globe  8vo.     4J.  61^. 

Eagles. —  CONSTRUCTIVE  GEOMETRY  OF  PLANE 
CURVES.  By  T.  H.  Eagles,  M.A.,  Instructor  iu  Geometrical 
Drawing,  and  Lecturer  in  Architecture  at  the  Royai  Indian  En- 
gineering College,   Cooper's   Hill.      With  numerous   Examples. 

Hall  and  Stevens. — a  TEXT  BOOK  OF  EUCLID'S 
ELEMENTS.  Including  Alternative  Proofe,  t<^etber  with  adtii- 
lional  Theorems  and  Exercises,  classllied  and  arranged,  By  H.  S. 
Hall,  M.A.,  and  F.  H.  Stevens,  M. A., Masters  of  the  Military 
and  Engineering  Side,  Clifton  Collie.  Globe  8vo.  Book  I.,  is. ; 
Books  I.  andfi.,  ii.  6d.;  Books  L— IV.,3J.;  Books  III.— VL, 
3J.;  Bnoks  I.— VL  and  XL,  41.  W.;  Book  XL  ii. 

Halsted.— THE  elements  of  geometry.  By  George 
Bruce  Halsted,  Professor  of  Pure  and  Applied  Mathematics 
in  the  University  of  Tesas.      8vo.      i2s.  6d, 

Kitchener.— A  GEOMETRICAL  NOTE-BOOK,  containing 
Easy  Problems  in  Geometrical  Drawing  preparatory  to  the  Study 
of  Geometry.  For  the  Use  of  Schools.  By  F.  E.  Kitchener, 
M.A.,  Head-Master  of  the  Newcastle- imder-Lyme  High  School. 
New  F,dition.    410.     2J. 

Lock.— EUCLID  FOR  BEGINNERS.  Being  an  Introduction 
to  existing  Test-books.  By  Rev.  J.  B.  Lock,  M.A.,  author 
of  "Arithmetic  for  Schools,"  "Trigonometry,"  "Dynamics," 
"Elementary  Statics,"  &c  \Iti pnfaralion. 

Mault. — NATURAL     GEOMETRY;    an    Introduction    to    the 
Logical   Study  of   Mathematics.     For    Schools   and    Technical 
CkESes.     With   Explanatory   Models,    based    upon    the    Tachy- 
melrical  works  of  Ed.  Lagout.      By  A.  Mault.      iSmo.      Ii. 
Models  to  Illustrate  the  above,  in  Box,  I2J.  M. 

Millar.— ELEMENTS  OF  DESCRIPTIVE  GEOMETRY.  By 
J.  B.  MiLLAH,  M.E.,  Civil  Engineer,  Lectnrer  on  Engineering  in 
the  Victoria  Unirersity,  Manchester.   Second  Edllion.Cr.  Svo.    fa. 
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Stevens. — Works  byF.  H,  Stevens,  M.A.,  formerly  Scholar  of 

Queen's  College,  Cambridge,  Master  of  the  Mililaiyacd  ICngmeer- 

ing  side,  Clifton  College. 

EUCLID.    BOOK  XI,    Propositions  i— 21  with  alternaCive  proofc. 

Exercises,  and  Additional  TTieorems  and  Examples.  Globe  8 to.  Is. 

ELEMENTARY  MENSURATION,  with  exercises  in  the  men- 

suialion  of  Plane  and  Solid  Figures.     Globe  8vo.         [/»  Shi  press. 

Syllabus  of  Plane  Geometry  (coiTesponding  to  Eucliii, 

BoolfS  I. — VI.).    Prepared  by  the  Afsiciation  for  Ihe  Improve- 

ment  of  Geometrical  Teaching.     New  Edition.     Crown  8vo.     11. 

{In  Ihep-as. 

Syllabus   of  Modern  Plane   Geometry. — Association 

for  the    Improvement    of    Geometrical    Teaching,       Crown    Svo, 

Todhunter.— THE  ELEMENTS  OF  EUCLID.  For  tlie  Use 
ofCoUegesand  Schools.  By  I.  Todhuntee,  M.A.,  F.R.S,,  D.Sc, 
of  St.  John's  CuUege,  Cambridge.  New  Edition,  jSmo.  p.  (ni, 
KEY  TO  EXERCISES  IN  EUCLID,     Crown  Svo.     6s.  6d. 

Wilson  (J,  M.}, — ELEMENTARY  GEOMETRY.  BOOKS 
I,_V.  Containing  the  Subjects  of  Euclid's  first  Sis  Books.  Fol- 
lowing the  Syllabus  of  tlie  Geometrical  Association.  By  the  Rev. 
J,  M.  Wilson,  M.A.,  Head  Master  of  Clifton  College.  New 
Edition.     Extra  fcap.  8vo.    4s.  6ii. 


TRIGONOMETRY. 

Beasley. — AN   elementary   treatise   Oi^   PLANE 
TRIGONOMETRY.     With  Examples,      By  R.   D.  Beasley, 
M.A,     Niiitli  Edition,  revised  and  enlarged.    Crown  Svo.  31.  6d. 
Johnson.— A  TREATISE  ON  TRIGONOMETRY.     By  W.  E. 
Johnson,   M.A.,  late  Scholar  and  Assistant  Lecturer  in  Mathe- 
matics of  King's  College,  Cambridge,     Crown  Svo,     Sj,  63', 
Lock. — Works  by  Rev.  J.  B.  Lock,  M.A,,  Senior  Fellow,  Assistant 
Tutor  and  Lecltirer  in  Gonville  and.  Caius  CoJlege,  Cambridge; 
forroetly  Master  at  Eton. 
TRIGONOMETRY  FOR  BEGINNERS,  as  far  as  the  Solution  of 

Triangles.     Third  Edition.     Globe  Svo.     zj.  6d. 
A  KEY  TO  "  TRIGONOMETRY  FOR  BEGINNERS."  Adapted 
from  the   key  to    "Elementary   Trigonometry."      Crown  Svo. 
61.  6d. 
ELEMENTARY     TRIGONOMETRY.    Sixtll    Edition  (in   this 
edition  the  chapter  on  logarithms   has  been  carefully  revised.) 
Globe  Svo.     4s.  6d. 
Mr.  E.  J.  KouTB,  D.Sc.,  F.R.S.,  »ri<e9i-"It  is  an  able  trealiSe.   It  talM5  the 
liSculuu  of  the  iulfloM  one  al  a  tune,  and  la  leads  the  youug  Biudent  easily  along. 


y  Google 


TRIGONOMETRV.  3r 

Lock. — A  KEY  TO    "  ELEMENTARY   TRIGONOMETRY.'' 
By  Henry  Cahr,  B.A.,  of  the  Grammar  School,  Lagos,  West 
Africa.     Crown  8vo.     Ss,  6d. 
HIGHER  TRIGONOMETRY.  Fifth  Edition.  Globe  8vo.  4S.6il. 
Both  pMts  complete  in  One  Volume,     Globe  Svo.     7j.  6d. 
(See  also  under  Aritkmelii:,  Higher  Mathcmalia,  and  EitcUd.) 
M'Clelland  and  Preston — a  TREATISE  ON  SPHERICAL 
TRIGONOMETRY.     With  applications  to  Spherical  Geometry 
and  numerous  Examples.     By  William  J.  M'Clelland,  M.A., 
Principal  of  the  Incorporated  Society's    School,    Sfrnliy,   Dublin, 
and   Thomas   Preston,   M.A.  ■    In  Tivo  Paiis.      Crown  Svo. 
Part  I.  To  the  End  of  Solution  of  Triangles,  4J-.  dd.     Part  II.,  51. 
Both  Farts  in  one  Volume.     8i.  dd. 
Palmer. — TEXT-BOOK    OF    practical   LOGARITHM.S 
AND    TRIGONOMETRY.     By  J.  H.  Palmer,  Head  School- 
master R.N.,  H.M.S.  Cambridge,  Devonport.  Globe  Svo.  /\s.  6d. 
Snowball — THE  ELEMENTS  OF  PLANE  AND  SPIIF.RI- 
CAL  TRIGONOMETRY,     3Jy  J.  C.  SwoweAi.l,  M.A.      Four- 
teenth Edition.     Crown  Svo.     71.  6d. 
Todhunter. — Worlts  by  L  Todhuntee,  M.A.,  F.K.S.,  D.Sc, 
late  of  St.  John's  College,  Cambridge. 
TRIGONOMETRY     FOR     BEGINNERS.       With      numerous 

Example;.     New  Edition,     iSmo.     21.  bd. 
KEYTOTRIGONOMETRVFOR BEGINNERS.  Cr.Svo.  %s.6d. 
PLANE  TRIGONOMETRY.      For  Schools  and  Colleges.      New 

Edition.     Crown  Svo.     t,s. 
KEY  TO  PLANE  TRIGONOMETRY.     Crown  Svo.     los.  bd. 
A  TREATISE  ON   SPHERICAL  TRIGONOMETRV.      New 
Edition,  enlarged.      Crown  Svo.      4J.  dd. 
■   (See  also  uniler  Arithmetic  and  MemuratiaUi  Algehra,  smd  Higher 
Malheinalies.) 

HIGHER  MATHEMATICS. 

Airy. — WorksbySirG.B.AlRV.K.C.B.,  formerly  Astronomer- Royal. 
ELEMENTARY  TREATISE  ON  PARTIAL  DIFFERENTIAL 
EQUATIONS.  Designed  for  the  Use  of  Students  in  the  Univer. 
sities.  With  Diagrams.  Second  Edition.  Crown  Svo.  S*-  '^'l- 
ON  THE  ALGEBRAICAL  AND  NUMERICAL  THEORY 
OF  ERRORS  OF  OBSERVATIONS  AND  THE  COMBI- 
NATION OF  OBSERVATIONS.  Second  Edition,  revised. 
Crown  Svo.     61.  dd. 

Alexander  (T.).— elementary  applied  mechanics. 
Being  the  simpler  and  more  practical  Cases  of  Stress  and  Strain 
wrought  out  individually  from  first  principles  by  means  of  Elemen- 
tary Mathematics.  By  T.  Alesahder,  C.E.,  Professoc  of  Civil 
Engiueeiing,  Trinity  College,  Dublin.  Part  L  Crown  Svo.  +t.  id. 
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Alexander  and  Thomson.— elementary  applied 
MECHANICS.  By  Thomas  Alexander,  C.E.,  Professor  of 
Civil  Engineering,  Trinity  College,  Dublin,  and  Arthur  Watson 
Thomson,  C.E.,  B.Sc,  Professor  of  Engineering  at  the  Technical 
College,  Gla^ow.  Part  11.  TRANSVERSE  STRESS.  Crown  8yo. 
roi.  6d. 

Army  Preliminary  Examination,  iSSa-iSSS,  speci- 
mens  of  Papers  set  at  the.  With  answers  to  the  Mathematical 
QueHtions.  Subjects  :  Arithmetic,  Algebra,  Eudid,  Geometrical 
Drawing,  Geography,  French,  English  Dictation.   Cr.  Svo.   3*.  dd. 

Ball  (W.  W.  R.). — A  SHORT  ACCOUNT  OF  THE  HIS- 
TORY OF  MATHEMATICS.  By  W.  W.  Rouse  Ball, 
Fellow  and  Assistant  Tutor  of  Trinity  College,  Cambridge,  and  of 
the  Inner  Temple,  Barrister-at-Law.     Crown  Svo.     101.  6d. 

Ball  (Sir  R.  S.).— EXPERIMENTAL  MECHANICS.  A 
Course  of  Lectures  delivered  at  the  Royal  College  of  Science  for 
Ireland.  By  Sift  Robert  Stawell  Ball,  LL.D.,  F.R.S., 
Astronomer-Royal  of  Ireland.  New  Edition.  WiLh  Illustrations. 
Crown  Svo.     61. 

Boole.— THE  CALCULUS  OF  FINITE  DIFFERENCES. 
By  G,  Boole,  D.C.L.,  F.R.S.,  late  Professor  of  Mathematics  in 
the  Queen's  University,  Ireland.  Third  Edition,  revised  by 
J.  F.  Moltlton,  Q.C.     Crown  Svo.     loj.  6J. 

Cambridge  Senate-House  Problems  and   Riders, 
with  Solutions:^ 
1S75— PROBLEMS    AND   RIDERS,      By   A.   G.    Greenhill. 

M.A.     Crown  Svo,     ^s.  6d. 
187S— SOLUTIONS  OF  SENATE-HOUSE  PROBLEMS.     By 
the  Mathematical  Moderators  and  Examiners.    Edited  by  J.  W.  L. 
,     Glaisher,  M.A.,  Fellow  of  Trinity  College,  Cambridge,     lis. 

Carll. — A  TREATISE  ON  THE  CALCULUS  OF  VARIA- 
TIONS. Arranged  with  the  purpose  of  Introducing,  as  well  as 
Illustrating,  its  Principles  to  the  Reader  by  means  of  Problems, 
and  Designed  to  present  in  all  Important  Particulars  a  Complete 
View  of  die  Present  State  of  the  Science.  By  Lewis  Bi;ffett 
Carll,  A.M.     Demy  Svo.     211. 

Cheyne. — an  elementary  treatise  on  the  plan- 
etary THEORY.  By  C.  H.  H.  CkeynE,  M.A.,  F.R.A.S. 
With  a  Collection  of  Probiems.  Third  Edition.  Edited  by  Rev, 
A.  Freeman,  M.A.,  F.R.A.S.     Crown  Svo.     "js.  6d. 

Christie — a  collection  of  elementary  test- 

QUESTIONS  IN  PURE  AND  MIXED  MATHEMATICS; 
with  Answers  and  Appendices  on  Synthetic  Division,  and  on  the 
Solution  of  Numerical  Equations  by  Homw's  Method,  By  James 
R.  Christie,  F.R.S.,  Royal  Military  Academy,  Woolwich. 
Crown  Svo.     8j.  6d. 
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ClaUSiuS. — MECHANICAL  THEORY  OF  HEAT.  Bj-  R. 
Clmjsius.  Translated  by  Walter  R.  Browne,  M.A,,  lata 
Fellow  of  Trinity  College,  Cambridge.  Crown  Svo.  10s.  bd. 
Clifford.— THE  ELEMENTS  OF  DYNAMIC.  An  IiHroduclion 
to  the  Study  of  Motion  and  Kest  in  Solid  and  Fluid  Bodies.  By  W. 
K.  Clifford,  F.R.S.,  laSe  Professor  of  Applied  Mathematics  and 
Mechanics  at  University  College,  London.  Parti.— KINEMATIC. 
Crown  8vo.  Books  I— III.  yj.  &/.;  Book  IV.  and  Appendix  6j. 
Cockshott  and  Walters. — a  treatise  on  geo- 
metrical CONICS.  In  accordance  with  the  Syllabus  of 
the  Association  for  the  Improvement  of  Geometrical  Teaching 
By  A,  Cockshott,  M.A.,  formerly  Fellow  and  Assistant- 
Tutor  of  Trinity  College,  Cambridge  ;  Assistant-Master  at  Eton; 
and  Rev.  F.  B.  Walters,  M.A.,  Fellow  of  Queens'  College, 
Cambridge,  and  Principal  of  King  William's  College,  Isle  of 
Man.  With  Digrams.  Crown  Svo.  Jj, 
Cotterill.— APPLIED  MECHANICS :  an  Elementarj;  General 
Introduction  to  the  Theory  of  Structures  and  Machines.  By 
Jambs  H.  Cotterill,  F.R.S.,  Associate  Member  of  the  Council 
of  the  Institution  of  Naval  Architects,  Associate  Member  of  the 
Institution  of  Civil  Engineers,  Professor  of  Applied  Mechanics  in 
the  Royal  Naval  College,  Greenwich,  Medium  Svo,  i8j. 
Cotterill  and  Slade.— elementary  MANUAL  OF  ap- 
plied MECHANICS.  Y,y  James  H.  Cotterill,  F.R.S. 
and  J,  H.  Slade.     Crown  Svo.  [In  Ihe  press. 

Day  (R.  E.)— ELECTRIC  light  ARITHMETIC.     By  R.  E. 
Day,  M.A.,  Evening  Lecturer  in  Experimental  Physics  at  King's 
College,  London.     Pott  Svo.     2J. 
Day. — PROPERTIES     OF     CONIC      SECTIONS     PROVED 
GEOMETRICALLY.      Part   I.    The  Ellipse   with    an  ample 
collection  of  Problems.    By  the  Rev.  H.  G.  DAY,  M.A,,  formerly 
Fellow  of  St.  John's  College,  Cambridge.     Crown  Svo.     3J.  6tl. 
Dodgson. — CURIOSA   MATHEMATICA.      Fart  I.     A  New 
Theory  of  Parallels.     By  Charles  L.  Dodgsoh,  M.A.,  Student 
iuid  late  Mathematical  Lecturer  of  Christ  Church,  Oxford,  Author 
of  "Euclid  and  his  Modem  Rivals,"  "Euclid,  Books  I.  and  II.," 
&c.     Second  Edition.    Crown  Svo.     21. 
Drew.— GEOMETRICAL  TREATISE  ON  CONIC  SECTIONS- 
By  W.  H.  Drew,  M.A.,  St.  John's  College,  Cambridge.     New- 
Edition,  enlarged.     Crown  Svo.     51. 
Dyer. — exercises  in  analytical  geometry.    Com- 
piled and  arranged  by  J.  M.  Dyer,  M.A.     With   Illustrations. 
Crown  Svo.     4J.  dd. 
Eagles.  —CONSTRUCTIVE      GEOMETRY      OF      PLANE 
CURVES.     ByT.  H.  Eagles,  M.A.,  Instructor  in  Geometrical 
Drawing,  and  Lecturer  in  Architecture  at  the   Royal  Indian  En- 
gineering College,   Cooper's  Hill.      With   numerous   Examples. 
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Edgar  (J.  H.)  and  Pritchard  (G.  S.)-— note-BOOX  ON 
PRACTICAL  SOLID  OR  DESCRIPTIVE  GEOMETRY. 
Containing  Pioblema  with  help  for  Solulions.  By  J.  H.  Edgar, 
M.A.,  Lecturer  on  Mechanical  Drawing  at  the  Royal  School  of 
Mines,  and  G.  S.  Pritchakd.  Fourlh  Edition,  revised  by 
Arthur  Meeze.    Giobe  Svo.    4s.  dd. 

Edwards. — the  differential  calculus  with  Ap- 
plications and  nnmetous  Examples.  An  Elementary  Treatise  by 
Joseph  Edwakdh,  M.A.,  formerly  Fellow  of  Sidney  Sussex 
College,  Cambridge.     Crown  Svo.     loj.  &/. 

Ferrers. — Works  by  the  Rev.  N.  M.  Ferrers,  M.A.,  Master  of 
Gonville  and  Cains  College,  Cambridge. 
AN  ELEMENTARY  TREATISE  ON  TRILINEAR  CO- 
ORDINATES, the  Method  of  Reciprocal  Polars,  ajid  the  Theory 
of  Projectors.  New  Edition,  revised.  Crown  Svo.  6j,  id. 
AN  ELEMENTARY  TREATISE  ON  SPHERICAL  HAR- 
MONICS, AND  SUBJECTS  CONNECTED  WITH 
THEM,     Crown  Svo.     ^s.  (d. 

Forsyth. — a  TREATISE  ON  DIFFERENTIAL  EQUA- 
TIONS. By  Andrew  RussellFoesyth,  M.A.,  F.R.S.,  Fellow 
and  Assistant  Tutor  of  Trinity  College,  Cambridge.  Second 
Edition.     Svo.     14J. 

Frost — Works  by  Percival  Frost,  M.A.,  D.Sc,  formerly  Fellow 
of  St.  John's  College,   Cambridge;    Mathematical  Lecturer  at 
King's  College. 
AN   ELEMENTARY   TREATISE   ON    CURVE   TRACING. 

SOLID  GEOMETRY.     Third  Edition.     Demy  Svo.     iSs. 
HINTS  FOR  THE  SOLUTION  OF  PROBLEMS  in  the  Third 
Edition  of  SOLID  GEOMETRY.     Svo.     81.  6^. 

Greaves, — A  treatise  on  elementary  statics.   By 

John   Greaves,  M.A.,    Fellow  and    Mathematical   Lecturer   of 

Christ's  College,  Cambridge.  Second  Edition.  CrownSvo.  ds.M. 

STATICS  FOR  BEGINNERS.    By  the  Same  Author. .  Globe  Svo, 

y.  W. 

Greenhill. —  DIFFERENTIAL  AND  INTEGRAL  CAL- 
CULUS. With  Applications.  By  A.  G.  Greenhill,  M.A., 
Professor  of  Mathematics  to  the  Senior  Class  of  Artillery  Officers, 
Woolwich,  and  Examiner  in  Mathematics  to  the  University  of 
London.     Crown  Svo.     ^s.  dd. 

Hayward. — the  algebra  of  CO-PLANAR  VECTORS 
AND  TRIGONOMETRY.  By  R.  B.  Havwakd,  F.R.S., 
Assistant  Master  at  Harrow.  \In  preparation. 

Hicks.— -DYNAMICS  OF  PARTICLES  AND  SOLIDS.  By 
W.  M.  Hicks,  Principal,  and  Professor  of  Malhematics  and 
Physics,  Firth  College,  Sheffield,  late  Feliow  of  St.  John's 
College,  Cambridge.    Crown  Svo.  [/« the  press. 
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Ibbetson.— THE  MATHEMATICAL  THEORY  OF  PER- 
FECTI-Y  Ei-ASTiC  SOLIDS,  with  a  short  account  of  Viscous 
Fluids.  An  Elementary  Treatise.  By  William  Johm  Ibbetson, 
M.A.,  Fellow  of  the  Koyal  Astronomical  Sodely,  and  of  the  Cam- 
bridge Philosopliical  Society,  Member  of  the  London  Mathematical 
Society,litteSeniorScholarofClareCollege, Cambridge,  8vo.  air. 

Jellett  (John  H.).— a  TREATISE  ON  THE  THEORY  OF 
FRICTION.  By  John  H.  Jellett,  B.D.,  late  Pravnst  of  Trinity 
College,  Dublin;  Presideiit  of  the  Royal  Irinh  Academy.  Svo. 
81.  6rf, 

Johnson, — Works  by  William  Woolsey  Johnson,  Piofeswr  of 

Mathematics  at  the  U.S.  Naval  Academy,  Annai^tlis,  Maryland. 

INTEGRAL    CALCULUS,    an    Elementary   Treatise    on   the; 

Founded  on  the  Method  o[  Rates  or  h  lusims.     Demy  Svo.     gj, 
CURVE.   TRACING    IN     CARTESIAN    CO-ORDINATES, 

Crown  8to.     4J,  6J. 
A    TREATISE    O^    ORDINARY    AND    DIFFERENTIAL 
EQUATIONS.     Extra  crown  Syo.      15J. 

Joncs.—EXAMPLES  IN  PHVSICS.  By  D.  E.  Jokes,  B.Sc, 
Professor  of  Physics  in  University  College  of  Wales,  Aberystwytli. 
Fcap.  Svo.     31.  6rf. 

Kelland  and    Tait. — INTRODUCTION    TO    QUATER- 

NIONS,  with  numerous  examples.  By  P.  ICelLAND,  M.A., 
F.B.S.,  and  P.  G.  Tait,  M.A„  Professors  in  the  Department  of 
Mathematics  in  the  University  of  Edinburgh.  Second  Editinii. 
Crown  Svo.  "Ji.  6d. 
Kcmpe.— HOW  TO  DRAW  A  STRAIGHT  LINE;  a  Lecture 
on  Linkages.  By  A.  B.  Kemps.  With  Illustrations.  Crown  Svo. 
ir.  6ar.     (Nature  Series.) 

Kennedy.— THE  mechanics   OF  MACHINERY.     By  A. 
B.  W.  Kennedy,  F  R.S.,  MTnst.C.E.,  late  Professor  of  Engineer- 
ing and  Mechanical  Technolo  y  in  University  College,  London. 
With  Illustrations.     Crown  Svo.     lis.  6if. 
Knox.— DIFFERENTIAL    CALCULUS    FOR   BEGINNERS. 

By  Alexander  Knox.     Fcap.  Svo.     31.  M. 
Lock.— -Works    by    the    Rev.    J.  B.    Lock,     M.A.,    Anthor    of 
"Trigonometry,"  "Arithmetic  for  Schools,"  &.c. 
HIGHER  TRIGONOMETRY.     Fifth  Edition.    Globe  Svo.  41.  6d. 
DYNAMICS  FOR   BEGINNERS.      Second  Edition.      (Stereo- 
typed.)   Globe  Svo.     jt.  6<{. 
ELEMRNTARV  STATICS.     Globe  Svo.     4s.  6d. 

(See  also  under  Arilh'/idk,  Budid,  and  Trigsnemetry.) 
Lupton. — CHEMICAL  AUITHMETIC.    With  i,230  Examples. 
By  Sydney  Lupton,  M.A,,  F.C.S.,  F.LC,  formerly  Assistant- 
Master  in  Harrow  School.     Second  Edition.     Fcap.  Svo.    41,  6d, 
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Macfarlane,— PHYSICAL  ARITHMETIC. 

Maofaklane,  M.A.,D.Sc.,  F.R.S.E.,  Examiner  in  Mathematics 
to  the  University  of  Edinbuigh.     Crown  8vo.      "Js.  6d. 

MacGregOr.— KINEMATICS  and  dynamics.  An  Ele- 
mentary Treatise.  By  James  Gordon  MacGregoe,  M.A., 
D.Sc.,  Fellow  of  the  Royal  Societies  of  Edinburgh  anil  of  Canada, 
Munro  Professor  of  Physics  in  Dalhonsie  College,  Halifax,  Nova 
Scotia.    With  Illustrations.   Crown  8vo.     ios.  bd. 

Merriman.— ATEXT  book  of  the  method  of  LEAST 
SQUAKES.  By  Mansfield  Merriman,  Professor  of  Civil 
Engineering  at  I^higb  University,  Member  of  the  American 
Philosophical  Society,  American  Association  for  the  Advancement 
of  Science,  &c.     Demy  8vo.     &r.  6d. 

Millar. — elements  of  DESCRIPTIVE  GEOMETRY  By 
I.B.  Millar,  C.E.,  Assistant  Lecturer  in  Engineering  in  Owens 
College,  Manchesier.     Second  Edition.     Crown  8vo.     6t. 

Milne. — Works  by  the  Kev.  John  J.  Milne,  M.A.,  Private  Tutor, 
kle  Scholar,  of  St,  John's  Collie,  Cambridge,  &c.,  &c.,  formerly 
Second  Master  of  Heversham  Grammar  School. 
WEEKLY  PROBLEM  PAPERS.  With  Notes  intended  for  th« 
use  of  students  preparing  for  Mathematical  Scholarships,  and  for  the 
Junior  Members  of  the  Universities  who  are  reading  for  Mathematicaj 
Honours.  Poll  8vo.  4!-,  6d. 
SOLUTIONS   TO    WEEKLY    PROBLEM    PAPERS.     Crown 

8vo.     lo.<.  6rf. 
COMPANION  TO  "  WEEKLY  PROBLEM  PAPERS."     Crow.i 
8vo.     loj.  6d. 

Muir.— A  TREATISE  ON  THE  THEORY  OF  DETERMI- 
NANTS. With  graduated  sets  of  Exam]]les.  For  use  iu  Colleges 
and  Schools.  By  Thos.  Muir,  M.A.,  t'.R.S.E.,  Mathematical 
Master  in  the  High  School  of  Gla^ow.     Crmvn  8vo.     is.  6d. 

Palmer. — text  book  of  practical  logarithms 

AND  TRIGONOMETRY.  By  J.  II.  PAI.mer,  He^  School- 
master R.N. ,  H. M.S.  CamM'^*,  Devonport.   GloK'Svo.   41.  6d. 

Parkinson.— AN  ELEMENTARY  TRKATISE  ON  ME- 
CHANICS.  For  the  Use  of  the  Junior  Classes  at  the  University 
and  the  Higher  Classes  in  Schools.  By  S.  ParKIKSON,  D.D., 
F.R,S.,  Tutor  and  Fririector  of  St.  John's  Colkjf^,  Cambridge. 
With  a  Collection  of  Examples.  Sixth  Fldilion,  revised.  Crown 
Svo.    gs,  6d. 

Pirie.— LESSONS  ON  RIGID  DYNAMICS.  Ey  Uie  Kov.  G. 
PiRlE,  M.A.,  lale  Fellow  and  Tutor  of  Queen's  Collegu,  Cam- 
bridge; Professor  of  Mathematics  in  the  University  of  Aberdeen. 
Crown  Svo.    6s. 

Puckle. — AN  ELEMENTARY  TREATISE  ON  CONIC  SEC 
TIONS  AND  ALGEBRAIC  GEOMETRY.  With  Numerous 
Examples  and  Hints  for  their  Solution ;  especially  designed  for  the 
Use  of  Beginuei-s.  By  G.  H.  Pockle,  M.A.  Fifth  Edition, 
revised  and  enhrged.     Crown  8vo.     7*.  6d. 
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Reuleaux.— THE  kinematics  Of  machinery.  Out- 
lines of  a  Theory  ot  Machines.  By  Proftssor  F,  Reuleaux 
Translated  and  Edited  by  P.-ofe'sor  A.  E.  W.  Kennedy,  F.R.S. 
C.E.    WUh  450  lUuslralions.     Medium  8vo,     sii. 

Rice  and  Johnson DIFFERENTIAL    CALCULUS,   an 

Elementary  Treatise  on  the  ;  Founded  on  the  Method  of  Rates  or 
Fluxions,  By  John  Minot  Rice,  Professor  ot  Mathematics  in 
the  United  Slate;  Navy,  and  William  Woolsey  Johnson,  Pro- 
fessor of  Mathematics  at  the  United  States  Naval  Academy, 
Third  Edition,  Revised  and  Corrected.  Demy  8vo.  181. 
Abridged  Edlilon,  gj. 
Robinson. — treatise  On  marine  surveying.     Pre- 

£d         h  younger  Naval  Officers.     With  Questions  for 

m  d  Exercises  principally  irom  the  Papers  of  the 

R         N         C      ge.     With  the  results.      By  Rev.   John   L. 
C  u  and  Instnictor  in  the  Royal  Navai  College, 

G  h  h  Illustrations.     Crown  Svo.    yi.  6d. 

CoNTBNT  bo      sedin  Chirts  nnd  Surreying-The  Construttion  and  Uso 

ra        La  ff  Aug  «— Fixing  Posilions  by  Angles  -  Chans  and  Cban- 

D«  m  Observing  —  Base    Lines— Triangulation— Levelling - 

ions— Soundines—Chtonnmevers— Meridian    Dislancei 
— Mellmd  of  Plotting  a  Survey— Miscellaneous  Eiercises— Ind«, 

RoUth.— Works    by    Edward    JOHN     RouTH,     D.Sc,     LL.D,, 

F.R.S.,  Fellow  of  the  University  of  London,  Hon.  Fellow  of  St. 

Peter's  College,  Cambridge. 
A  TREATISE  ON  THE  DYNAMICS  OF  THE  SYSTEM  OF 

RIGID   BODIES.      With   numerous    Examples.      Fourth   and 

enlai^ed  Edition.     Two  Vols.     Svo.     Vol.  I. — Elementaiy  Parts. 

14J.     Vol,  H. — The  Advanced  Parts.     141. 
STABILITY   OF   A   GIVEN   STATE   OF   MOTION,    PAR. 

TICULARLY  STEADY  MOTION,     Adams'  Prize  Essay  foi 

1877.     Svo,     8j,  &/. 
Sanderson.—HYDROSTATICS    FOR    BEGINNERS,       By 

F.   W.    Sanderson,  M.A.,    late   Fellow   of  the   University   of 

Durham,  and  Scholar  of  Christ's  College,  Cambridge ;  Assistant 

Master  in  Dulwich  College,     Globe  Svo,     41.  6d. 
Smith   (C). — Works  by  Charles  Smith,    M.A.,   Fellow  and 

Tutor  of  Sidney  Sussex  College,  Cambridge. 
CONIC  SECTIONS,    Seventh  Edition.     Crown  Svo.     71.  6d. 
SOLUTIONS  TO  CONIC  SECTIONS.     Crown  Svo.     loj.  6d. 
AN  ELEMENTARY  TREATISE  ON   SOLID  GEOMETRY, 

Second  Edition.     Crown  Svo.     91,61^.     (See  also  under  .^^«i4fa.) 
Syllabus  of  Elementary  Dynamics.    Drawn  up  by  the 

Association  for  the  Improvement  of  Georoetiical  Teaching.     4to. 

Parti.  llnpreparaHon. 

Tait  and  Steele.— a  treatise  on  dynamics  of  a 

PARTICLE.  Withnumerous  Examples,  ByProfessorTAIT.M.A., 
audW.J.STEELE.B.A.     Si  jtth  Edition,  revised.  Crown  Svo.   laj. 
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Thomson.— Works  by  J.  J.  Thomsom,  Fellow  of  Trinity  College, 
Cambridge,  and  Professor  of  Experimental  Physics  in  the  University. 

A  TREATISE  ON  THE  MOTION  OF  VORTEX  RINGS.  An 
Essay  to  whidi  the  Adams  Prize  was  adjudged  in  1883  in  the 
University  of  Cambridge.     With  Diagrams.     8vo.     6s. 

APPLICATIONS  OF  DYNAMICS  TO  PHYSICS  AND 
CHEMISTRY.     Crown  8vo.     7^-.  6rf. 

Todhunter.-— Worlis  by  L  Toohunter,  M.A.,  F.E.S.,  D.Sc., 

lale  of  St.  John's  College,  Cambridge. 

"  Mr.  Todhnnter  is  chiefly  known  to  Eludeilts  of  Mathematic!  as  the  aulhor  of  a 

terjes  or  adniLrabte  laathtmaEical  text-bookn.  which  possess  Ihe  mrv  qualitits  of  being 

clear  in  styte  and    absjLulely  ffea   from  inisiafces,  typi^raphicai  and  oiher."— 

Satdrd*v  RaviBW. 

MECHANICS  FOR  BEGINNERS.      With  numerous  Examples. 

New  Edition.     i8mo.    ^j.  6J. 
KEY  TO  MECHANICS  FOR  BEGINNERS.  Crown  Sto.  6j.6A 
AN   ELEMENTARY   TREATISE    ON   THE   THEORY   OF 

EQUATIONS.    New  Edition,  revised.     Crown  8vo.     71-.  6rf, 
PLANE  CO-ORDINATE  GEOMETRY,  as  applied  to  the  Straight 

Line  and  the  Conic  Sections.     With  niunerons  Examples.     New 

Edition,  revised  and  enUi^ed.     Crown  8vo.     7j.  6ii, 
KEY  TO  PLANE  CO  ORDINATE  GEOMETRY.     By  C.  W. 

Bourne,  M.A.   Head  Master  of  the  College,  Inverness.     Crown 

8vo,     loj.  6tl. 
A  TREATISE  ON  THE  DIFFERENTIAL  CALCULUS.    With 

nnmerous  Examples.     New  Edition,     Crown  8vo.     loj.  dJ. 
A  KEY  TO   DIFFERENTIAL   CALCULUS.      By  H.   St,  J, 

Hunter,  M.A.     Crown  Svo.     loj.  6(f. 
A  TREATISE  ON  THE  INTEGRAL  CALCULUS  AND  ITS 

APPLICATIONS.     With  mimerons  Examples.      New  Edition, 

rei'ised  and  enlarged.     Crown  Svo.     lOf.  61/. 
A   KEY   TO   INTEGRAL    CALCULUS.      By   H.    St.   John 

Hunter,  M.A.     Crown  8vo.     los.  Gd. 
EXAMPLES   OF  ANALYTICAL   GEOMETRY   OF  THREE 

DIMENSIONS.     New  Edition,  revised.     Crown  Svo.     41. 
A  TREATISE  ON  ANALYTICAL  STATICS.     Will,  numerous 

Examples.     Fifth  Edition.     Edited  by  Professor  J.  D.  Everett, 

F.R.S.     Crown  Svo.     loj.  6*^. 
A   HISTORY    OF   THE   MATHEMATICAL   THEORY   OF 

PROBABILITY,  from  the  time  of   Pascal   lu  that   of  Laplace. 

Svo.     iSi. 
A  HISTORY   OF  THE  MATHEMATICAL  THEORIES  OF 

ATTRACTION,  AND   THE  FIGURE  OF  THE   EARTH, 

from  the  time  of  Newton  to  that  of  Laplace.     2  vols,     Svo.     24J. 
AN  ELEMENTARY  TREATISE  ON  LAPLACE'S,  LAME'S, 

AND  BESSEL'S  FUNCTIONS.     Crown  Svo.     lor.  6rf. 
SeerH'oOvawier Arithmtti^ a«d M^nsiiraiion,  Alge!ira,B,ni.  Trigonomitry.) 


y  Google 


NATURAL  PHILOSOPHY.  39 

Wilson  (J.  M,).— SOLID  GEOMETRY  AND  CONIC  SEC- 
TIONS. With  Appendices  on  Transversals  and  Harmonic  Division. 
For  the  Use  of  Scbools.  By  Rev.  J.  M.  Wilson,  M.A.  Head 
Master  of  Clifton  College.    New  Edition.   Extra  fcap.  Svo.  3^.6-1'. 

Woolwich  Mathematical  Papers,  for  Admission  into 
the  Royal  Military  Academy,  Woolwich,  1S80 — 1888  inclusive. 
Edited  by  E.  J.  Beooksmith,  B.A.,  LL.M.,  St.  John's  College, 
Cambridge  ;  Instructor  in  Mathematics  at  the  Royal  Military 
Academy,  Woolwich,    Crown  Svo.     6s. 

Wolstenholme MATHEMATICAL  PROBLEMS,  on  Sub- 
jects included  in  the  First  and  Second  Divisions  of  the  Schedule  of 
subjects  for  the  Cambridge  Mathematical  Tripos  Examination. 
Devised  and  arranged  by  Joseph  Wolstenholme,  D.Sc,  late 
Fellow  of  Christ's  College,  sometime  Fellow  of  St.  John's  College, 
and  Professor  of  Mathematics  in  the  Royal  Indian  Engineering 
College.  New  Edition,  greatly  enlarged.  Svo.  iSs. 
EXAMPLES  FOR  PRACTICE  IN  THE  USE  OF  SEVEN- 
FIGURE  LOGARITHMS.  For  the  Use  of  Colleges  and 
Schools.     By  the  same  Author.     Svo.     51. 


SCIENCE. 

(i)  Natural  Philosophy,  (2)  Astronomy,  (3) 
Chemistry,  (4)  Biology,  (5)  Medicine,  (5)  Military 
and  Naval  Text  Books,  (7)  Anthropology,  (8)  Phy- 
sical Geography  and  Geology,  (9)  Agriculture. 

NATURAL  PHILOSOPHY. 

Airy. — Worts  by  Sir  G.  B,  AlRY,  K.C.B.,  formerly  Astronomer 

Royal. 
ON   SOUND   AND   ATMOSPHERIC   VIBRATIONS.      With 

the  Mathematical  Elements  of  Mnsic.      Designed  for  the  Use  of 

Students  in  the  University.    Second  Edition,  revised  and  enlaiged. 

Crown  Svo.     gi. 
A  TREATISE  ON   MAGNETISM.     Designed  for  the   Use   of 

Students  in  the  University.     Crown  Svo.     gj.  6d. 
GRAVITATION:    an  Elementary  Explanation  of   the   Principal 

Pertarbations  in  the  Solar  System.    2nd  Ed.     Cr.  Svo.     Js.  dd. 

Alexander  (T.).— elementary  applied  mechanics. 

Being  the  simpler  and  more  practical  Cases  of  Stress  and  Strain 
wrought  out  individually  from  first  principles  by  means  of  Ele- 
mentary Mathematics.  By  T.  Alexander,  C.E,,  Professor  ot 
Civil  Engineering,  Trinity  College,  Dublin.  Crown  Svo.  Part  I. 
4J.  (,d. 
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Alexander  —  Thomson.  —  elementary  APPLIED 
MECHANICS.  By  Professor  THOMAS  Alexander,  C.E., 
and  Professor  Arthur  Watsok  Thomson,  C.E.,  B.Sc.  PartIL 
Transverse  Stress;  upwards  of  150  Diagrams,  and  200 
Examples  catefully  worked  out.     Crown  Svo.     loj.  6ti, 

Ball  {R.  S.).— EXPERIMENTAL  MECHANICS.  A  Coarse  of 
Lectures  deliverid  at  the  Royal  College  of  Science  for  Ireland. 
By  Sir  R.  S.  Ball,  LL.D.,  F.R.S,,  Astronomer  Royd  of  Ireland. 
Second  and  Chnper  Edition.  With  lUustiations.    Crown  8to.  6j. 

Bottomley. — fuUR-FIGURE  mathematical  tables. 

Comprising  Logarithmic  and  Trigonometrical  Tables,  and  Tables 
of  Squares,  Square  Roots,  and  Reciprocals.  ByJ.  T.  Bottomley, 
M.A.,  F.R.S.E.,  F.C.S.,  Lecturer  in  Natural  Philosophy  in  the 
University  of  Glasgow.     Svo.     2s.  6d. 

Chisholm.  —  THE  SCIENCE  OF  WEIGHING  AND 
MEASURING,  AND  THE  STANDARDS  OF  MEASURE 
AND  WEIGHT.  By  H.W.  Chishoi.m,  Warden  of  the  Standards. 
With  numerous  Illustratioqs.    Crown  Svo.   j^s.  dd.  {Nacure  Stries.) 

Clarke.— A  TABLE  OF  SPECIFIC  GRAVITY  FOR  SOLIDS 
AND  LIQUIDS.  (Constants  of  Nature:  Part  I.)  New 
Edition.  Revised  and  Enlaiged.  By  Frank  Wiggleswokth 
Clarke,  Chief  Chemist,  U.S.  Geolt^ical  Survey,  Svo,  i2j.  6d. 
(Published  (or  the  Smithsonian  Institution,  Washington,  U.S.  of 
America.) 

ClausiuS.— MECHANICAL  THEOR.Y  OF  HEAT.  By  R. 
Clausius.  Translated  by  Walter  R.  Browne,  M.A.,  late 
Fellow  of  Trinity  College,  Cambridge.     Crown  Svo      loj.  (>d. 

Cotterill.— APPLIED  MECHANICS  :  an  Elementary  General 
Introduction  to  the  Theory  of  Structures  and  Machines,  By 
James  H.  Cotterill,  F.R.S.,  Associate  Member  of  the  Council 
of  the  Institution  of  Naval  Architects,  Associate  Member  of  the 
Institution  of  Civil  Engineers,  Professor  of  Applied  Mechanics  in 
the  Royal  Naval  College,  Greenwich.     Jledium  Svo.     i8j. 

Cotterill  and  Slade. — elementary  manual  of 
APPLIED  MECHANICS.  By  James  H,  Cottekill,  F.R.S 
and  J.  H.  Slade.     Crown  Svo.  [In  thipriss. 

Cumming.— AN  INTRODUCTION  TO  THE  THEORY  OF 
ELECTRICITY.  By  LiNN^us  Gumming,  M.A.,  one  of  the 
Masters  of  Rugby  School,    With  Illustrations.    Crown  Svo.    81.  6i. 

Daniel!.— A  TEXT-BOOK  OF  THE  PRINCIPLES  OF 
PHYSICS.  By  Alfred  Daniell,  M.A.,  LL.B.,  D.Sc, 
F.R.S.E.,  late  Lectnrer  on  Physics  in  the  Stiool  of  Medicine, 
Edinburgh.  With  Illustrations,  Second  Edition,  Revised  and 
Enlarged.     Medium  Svo.     211. 

Day. — ELECTRIC  LIGHT  ARITHMETIC.  By  R.  E,  Day, 
M.A.,  Evening  Lecturer  in  ExiJerimental  Physics  at  King's 
College,  London.     Polt  Svo,     ai. 
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Everett.— UNITS  and  physical  constants.  By  J.  D. 
Everett,  M.A.,  D.C.L,,  F.K.S,,  F.R.S.E,,  Professor  of 
Natural  Philosophy,  Queen's  College,  Belfast.  Second  Ediilon. 
Extra  fcap.  8vo.      5^. 

Ganguillet  and  Kutter.— a  GENERAL  FORMULA  FOR 
THE  UNIFORM  FLOW  OF  WATER  IN  RIVERS  AND 
OTHER  CHANNELS.  By  E.  Ganguillet  and  W.  R. 
KuTTEK,  Engineers,  in  Berne,  Switzerland.  Translated  from  the 
German,  with  numerous  Additions,  including  Tables  and  Diagrams, 
andtheElemenlsofover  1,200  Gaugings  of  Rivers,  Small  Channels 
and  Pipes  in  English  Measure,  by  Rudolph  Heeing,  Assoc.  Am. 
Soc  C.E.,  M.Inst.  C.E.,  and  John  C.  Trautwike,  Jun.,  Assoc. 
Am.  Soc.  C.E.,  Assoc.  Inst.  C.E.     8vo.     17^. 

Gray — the  TIIEORV  AND  PRACTICE  OF  ABSOLUTE 
MEASUREMENTS  IN  ELECTRICITY  AND  MAGNET- 
ISM. By  Andrew  Geav,  M.A.,  F.RS.E.,  Professor  of  Physics 
in  the  University  College  of  North  Wales.  Two  Vols.  Crown 
8vo.      Vol.  I.      121.  W.  [Vol.  II.     Inthsprea. 

ABSOLUTE  MEASUREMENTS  IN  ELECTRICITY  AND 
MAGNETISM.  By  the  same  Author.  Second  Edition,  Revised 
and  greatly  enlarged.      Fcap,  Svo.     Sj.  bd. 

Greaves.— ELEMENTARY   STATICS.   A   TREATISE    ON. 

By  John  Greaves,  M.A,,    Fellow  and    Mathematical    Lecturer 

of  Christ's  College,  Cambridge.    Second  Edition,  revised.    Crown 

Svo.    6j.  fid. 

STATICS  FOR  BEGINNERS.     By  the  same.    Crown  Svo.  %s.  (,d. 

Grove,— A  DICTIONARY  OF  MUSIC  AND  MUSICIANS, 
(a.D.  1450 — 18B9.)  By  Eminent  Writers,  English  and  Foreign. 
Edited  by  Sir  George  Geo ve,  D.C.L.,  Director  of  the  Royal 
College  of  Music.  &c.     In  four  volumes.     Demy  Svo. 

Vols.  I.,  II.,  III.,  and  IV.     Price  21J.  each. 
Parts  I.  to  XIV.,  Parts  XIX— XXIL,  price  3J,  6rf,   each.      Paris 
XV.,  XVI.,  price  7j-      Parts  XVII,,  XVIIL,  price  ^s.     Parts 
XXIII.— XXV.  (Appendix),  91. 
*,'  The  Appendix  just  published  completes  the  Dictionary,      A 

general  Iiidei;  will  be  published  as  a  separate  volume. 
"Dr.  Grove's  DLciionary  will  he  a.  boon  10  tvery  iiitdli£=in  loverof  mu^c,"— 

Satiibday  Review- 

Huxley. — INTRODUCTORY  PRIMER  OF  SCIENCE.  ByT. 
H.  Huxley,  F.R.S.,  &;.    iSmo,     u, 

Ibbetson. — the  mathematical  theory  of  per- 
fectly ELASTIC  SOLIDS,  with  a  Short  Account  of  Viscous 
Fluids,  An  Elementary  Treatise.  By  Wiliiam  John  Ibbetson, 
B.A.,F,R.A.S.,  Senior  Scholar  of  Clare  College,  Cambridge.  Svo. 

Jones. — Works   by  D.  E.  Jokes,  B.Sc,  Professor  of  Physics  in 
University  College  of  Wales,  Aberystwyth. 
EXAMPLES  IN  PHYSICS.     Fcap,  Svo.     3J.  6rf. 
SOUND,  LIGHT,  AND  HEAT.   An  Elenicntaiy  Text-book.  With 
Illustrations.     Fcap,  Svo.  \Tn  the  press. 
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Kempe.— HOW  to  draw  a  straight  LINE;  a  Leclure 
on  Linkages.  By  A.  I!.  Kempe.  With  lllustratioa'i.  Ctowii 
8vo.      11.60'.      (Nature  Seriss.) 

Kennedy.— THE  mechanics  of  MACHINEKV.  By  A.  B. 
W.  Kennedy,  F.R.S.,  M.Inat.C.E.,  lateProfessor  of  Engineerir^ 
and  Mechanical  Technology  in  Utiiversilj'  College,  London.  With 
numerous  Illustrations.     Crown  8vo.     121.  6rf. 

Lang.— EXPERIMENTAL  PHYSICS.  By  P.  R.  Scott  Lang, 
M.A.,  Professor  of  Mathematics  in  tiie  University  of  St.  Andrews, 
With  Illustrations.     CrownSvo.  [/«  thefras. 

Lock. — Works  by  Rev.  J.  B.  Lock,  M,A..  Senior  Fellow,  Assistant 
Tutor  and    Lecturer  in  Gonville  and  Cains  Collie,  Cambridge, 
formerly  Master  at  Eton,  &c. 
DYNAMICS  FOR  BEGINNERS.     Second  Edition.     Globe  Svo. 

%s.  6d. 
ELEMENTARY  STATICS.     Globe  Svo.     41.  6-/. 

Lodge.— MODERN  VIEWS  OF  ELECTRICITY.  By  Ouver 
J.  Lodge,  LL.D.,  D.Sc,  F.R.S.,  Professor  of  Experimental 
Physics  in  University  College,  Liverpool.  Illustrated.  Crown 
Svo.     6s.  6d,     (Nature  Series. } 

Loewy. — Works  by  B.  LoawY,  F.E.A.S.,  Science  Master  at  the 
London  International  College,  and  Examiner  in  Experimental 
Physics  to  the  College  of  Preceptors. 
QUESTIONS  AND  EXAMPLES  ON  EXPERIMENTAL 
PHYSICS !  Sound,  Light,  Heat,  Electricity,  and  Magnetism. 
Fcap.  8vo.  2s. 
A  GRADUATED  COURSE  OF  NATURAL  SCIENCE  FOR 
ELEMENTARY  AND  TECHNICAL  SCHOOLS  AND 
COLLEGES.  In  Three  Paris.  Part  I.  Fiesi'  Year's  Course. 
Globe  Svo.     w.  

Lupton.— NUMERICAL  TABLES  AND  CONSTANTS  IN 
ELEMENTARY  SCIENCE.  By  Sydney  Lupton,  M.A.. 
F.C.S.,  F.I.C,  Assistant  Master  at  Harrow  School.  Extra  fc p. 
Svo,     3J.  6d. 

Macfarlane. — PHYSICAL  arithmetic.  By  Alexandeh 
Macfarlane,  D.Sc,  Examiner  in  Mathematics  in  the  University 
of  Edinburgh.      Crown  Svo.      7J.  6d. 

MacgregOr.— KINEMATICS  and  DYNAMICS.  An  Ele- 
mentary Treatise.  By  James  Gordon  Macgregor,  M.A.,D.  Sc.> 
Fellow  of  the  Royal  Sodelies  of  Edinburgh  and  of  Canada,  Mnnro 
Professor  of  Physics  in  Dalhoasie  College,  Halifax,  Nova  Scotia. 
With  Illustrations.     Crown  Svo.     10s.  dd. 

Mayer. — SOUND  :  a  Series  of  Simple,  Entertaining,  and  Inex- 
pen.sive  Experiments  in  the  Phenomena  of  Sound,  for  the  Use  of 
Students  of  every  age.      By  A.  M.  MAYER,  ProfcbSOf  of  Physics 

in   the  Stevens  Institute  of  Technology,   &c.      With   r 

Illustrations.      Crown  Svo.      31.  W.      (Naluri  Series ' 
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Mayer  and  Barnard. — light  :  a  Series  of  Simple,  Enlertain. 
ing,  and  Inexpensive  Experiments  in  the  Plienomena.  of  Light,for  ttie 
Use  of  Students  of  every  age.  By  A.  M.Mayer  and  C.  Barnard. 
With  numerous  Uluslvations.  Crown  8vo.  is.  6il.    {Naliirt  Serisi.) 

Newton.— PRINCIPIA.  Edited  by  Professor  Sii-  W.  Thomson 
and  ProfeBsoc  Blackburne.  410.  311.  6d, 
THE  FIRST  THREE  SECTIONS  OF  NEWTON'S  PRIN- 
CIPIA. With  Notes  and  Illustrations.  Also  a  Collection  of 
Problems,  principiilly  intended  as  Examplesof  Newton's  Methods. 
By  Peecival  Frost,  M.A.     Third  Edition.     Svo.     laj. 

Parkinson. — a  treatise  ON  OPTICS.  By  S.  Parkinson, 
D.D.,  F.E.S.,  Tutor  and  Prelector  of  St.  John's  College,  Cam- 
bridge. Fourth  Edition,  revised  and  enlarged.  Crown  Svo.  lor.  6(/. 

Peabody. — THERMODYNAMICS  OF  THE  STEAM  EN- 
GINE AND  OTHER  HEAT-ENGINES.  By  Cecil  H. 
Peabody,  Associate  Professor  of  Steam  Engineering,  Massachu- 
setts Institute  of  Technolc^y.     Svo.     21s. 

Perry, —STEAM,  an  elementary  treatise.  By 
John  Perry,  C.E.,  Whitworth  Scholar,  Fellow  of  the  Chemical 
Society,  Professor  of  Mechanical  Engineering  and  Applied  Mech- 
anics at  the  Technical  College,  Finsbucy.  With  numerous  Wood- 
cuts and  Numerical  Examples  and  Exercises.      iSmo.    41.  6if. 

Rayleigh. — the  THEORY  OF  SOUND.  By  Lord  Raylhigh, 
M.A.,  F.R.S.,  formerly  Felloiv  of  Trinity  College,  Cambridge, 
Svo.     Vol.  I,  I2S.  dd.     Vol.  II.  121.  dd.     \yoL  III.  in  thi press. 

Reuleaux. — the  kinematics  of  machinery.     Out. 

lines  of  a  Theory  of  Machmes.  By  Professor  F,  Reuleaux. 
Translated  and  Edited  by  Professor  A.  B.  W.  Kennedy,  F.R.S., 
C.E.     With  450  lUuBtrations.     Medium  Svo.     2ls. 

Roscoe  and  Schuster.— SPECTRUM  ANALYSIS.  Lectures 
delivered  in  i868  before  the  Society  of  Apothecaries  of  London. 
By  Sir  Henry  E.  Roscoe,  LL.D.,  F.R.  S.,  formerly  Professor  of 
Chemistry  in  the  Owens  College,  Victoria  Universitv,  Manchester. 
Fourth  Edition,  revised  and  considerably  enlai^;ed  by  the  Author 
and  by  Arthtir  Schuster,  F.R.S.,  Ph.D.,  Professor  of  Applied 
Mathematics  in  the  Owens  College,  Victoria  University.  With  Ap- 
pendices, numerons  Illustrations,  and  Plates.     Medium  Svo.     2I(. 

Sanderson.— HYDROSTATICS  FOR  BEGINNERS.  By 
F.  W.  Sanderson,  M,A.,  late  Fellow  of  the  University  of 
Durham,  and  Scholar  of  Christ's  College,  Cambridge  ;  Assistant 
Master  in  Dulwich  College.     Globe  Svo.     4?.  dd. 

Shann.— AN  elementary  treatise  on  HEAT,  IN 
RELATION  TO  STEAM  AND  THE  STEAM-ENGINE. 
By  G.  Shann,  M.A.     With  Illustrations.     Crown  Svo.     4J.  &^. 

Spottiswoode. — POLARISATION  OF  LIGHT.  By  the  late 
W.  Spottiswoode,  F.R.S.  With  Illuslration*.  New  Edition. 
Crown  Svo,     y.  6rf.      [Nature  Series.) 


y  Google 


44         MACMILLAN'S  EDUCATIONAL  CATALOGUE. 

Stewart  (Balfour). — Works  by  Balfour  Stewart,  F.R.S., 
late  Langworthy  Professor  of  Physics  in  the  Owens  College, 
Victoria  University,  Manchester. 

PRIMER  OF  PHYSICS.  With  numerous  Illustrations.  New 
Edition,  with  Questions.     l8mo.     ir.     {Seien^e  Frimtrs.) 

LESSONS  IN  ELEMENTARY  PHYSICS.  With  nnmermis 
Illustrations  and  Chromohtho  of  the  Spectra  of  the  Snn,  Stars, 
arA  Neliulie.     New  and  Enlarged  Edition.    Fcap.  8vo.     41.  dd. 

QUESTIONS  ON  BALFOUR  STEWART'S  ELEMENTARY 
LESSONS  IN  PHYSICS.  B;-  Prof.  Thomas  H.  Coke,  Owens 
College,  Manchester.     New  Edition ,     Fcap,  Svo.     21. 

Stewart  and  Gee.— elementary  practical  phy- 

SICS,  LESSONS  IN.     By  Balfour  Stewart,   F.R.S.,  and 
W.  W.  Haldane  Gee,  B.Sc.     Crown  8vo. 

Vol.  I.— GENERAL  PHYSICAL  PROCESSES.     6s. 

Vol.  !L— ELECTRICITY  AND  MAGNETISM,     ^s.  6d. 

Vol.  III.— OPTICS,  HEAT,  AND  SOUND.       (/«  the  press. 

PRACTICAL  PHYSICS  FOR  SCHOOLS  AND  THE  JUNIOR 

STUDENTS  OF  COLLEGES.  By  the  same  Authors.  Globe  Svo. 

Vol.  I.— ELECTRICITY  AND  MAGNETISM.     2s.  (,d. 

Vol.  II.— HEAT,  LIGHT,  AND  SOUND.  [In  the  press. 
Stokes.— ON  LIGHT.  Being  the  Burnett  Ledutes,  delivered  in 
Aberdeen  in  1883,  1884,  1885.  By  Sir  George  Gabriel  Stokes, 
M.A.,  P.R.S.,  &c..  Fellow  of  Pembroke  College,  and  Luca-^ian 
Professor  of  Mathematics  in  the  University  of  Cambridge.  First 
Course  :  On  the  Nature  of  Light.—  Second  Course  :  On 
Light  as  a  Meaks  of  Investigation. — Third  Course :  On  the 
Beneficial  Effects  of  Light.  Complete  in  one  volume. 
Crown  8vo.  71.  6d.  {Nature  Series.) 
*,"  The  and  and  3rd  Courses  may  be  had  separately.    Svo.     2s,  6d. 

Stone.— AN  ELEMENTARY  TREATISE  ON  SOUND.  By 
W.  H.    Stone,  M.D.     With  Illustrations.     iSmo.     y.  6d. 

Tait. — HEAT.  By  P.  G.  Tait,  M.A.,  Sec.  R.S.E.,  formerly 
Fellow  of  St.  Peter's  College,  Cambridge,  Professor  of  Natural 
Philosophy  in  the  Universily  of  Edinburgh.     Crown  Svo.     fo, 

Thompson.— ELEMENTARY  LESSONS  IN  ELECTRICITY 
AND  MAGNETISM.  By  Silvanus  P.  Thompson,  Prindpal 
and  Professor  of  Physics  in  the  Technical  College,  Finsbnry.  With 
Illustrations,  New  Edition,  Revised.  Forty-Third  Thousand. 
Fcap.  Svo.    41.  6i/. 

Thomson,  Sir  W. — Works  by  Sir  William  Thomson, 
D.C.L.,  LL.D.,  F.R,S.,  F.R.S.E,,  Fellow  of  St.  Peter's  Collf^, 
Cambridge,  and  Professor  of  Natural  Philosophy  in  the  Univeisity 
of  Glasgow. 
ELECTROSTATICS  AND  MAGNETISM,  REPRINTS  OF 
PAPERS  ON.     Second  Edition.     Medium  Svo.     iSs. 


y  Google 


ASTRONOMY.  45 

Thomson. — POPULAR    LECTURES    AND    ADDRESSES. 
3  vols.      With  Illu  si  rations.     Crown  8vo.     Vol.  I.     Constitution 
of  Mattel-.     6r.      {Nature  Series.) 
Thomson,  J.  J.— works  by  J.  J.  Thomson,  Fellow  of  Trinity 
College,   Cavendish   Professor   of   Experimental  Physics   in  the 
University. 
THE  MOTION   OF  VORTEX  RINGS,  A    TREATISE    ON. 
An  Essay  to  which  the  Adams  Priie  was   adjudged   in   1882  in 
the  University  of  Cambridge.     With  Diagrams.     8vo.     6s. 
APPLICATIONS    OF     DYNAMICS    TO     PHYSICS     AND 
CHEMISTRY.     Crown  8vo.     p.  6rf. 
Todhunter.— NATURAL  PHILOSOPHY  FOR  BEGINNERS. 
By  I.  ToDHUNTER,  M.A.,  F.R,S.,  D.Sc, 
Part  I.  The  Properties  of  Solid  and  Fluid  Bodies.     iSmo.     p.  bd. 
Part  II.  Sound,  Light,  and  Heat.      iSmo.     3J.  td. 
Turner.— HEAT  AND  ELECTRICITY,  A  COLLECTION  OF 
EXAMPLES  ON.     By  H.  H,  TuKtfEK,  B.A.,  Fellow  of  Trinity 
College,  Cambridge,     Crown  8vo.     ar.  ^. 
Witham.— STEAM    ENGINE    DESIGN.      For    the    Use    of 
Mechanical  Engineers,  Students,  and  Draughtsmen.      By  J.  M. 
Witham,   Member  of  the  Society  of  American  Engineers  ;  Pro- 
fessor of  Engineering,  Arkansas  Industrial  University  ;  late  Assist- 
ant Engineer,  U.S.  Navy.     With  2!o  Illusttalions.     8vo.     %$s. 
Wright  (Lewis).  —  LIGHT ;    A    COURSE    OF    EXPERI- 
MENTAL OPTICS,  CHIEFLY   WITH   THE   LANTERN. 
By  Lewis  Wright.     With  nearly  200  Ei^^vings  and  Coloured 
Plates-     Crown  8vo.     is.  6d, 

ASTRONOMY. 

Airy. — popular   astronomy.      WUh  illustrations   by  Sir 

G.  B.  Airy,  K.C.B.,  formerly  Astronomer-Royal.     New  Edition. 

i8mo.    41.  6d. 
Forbes.— TRANSIT   of   VENUS.      By  G.    Forbes,    M.A., 

Professor  of  Natural  Philosophy  in  the  Andcrsonian  University, 

Glasgow.     Illustrated.     Crown  8vo.     y.  td.     (Nalure  Serins.) 
Godfray. — Works   by    Hugh    Godfbay,    M.A,,    Mathematical 

Lecturer  at  Pembroke  College,  Cambridge. 
A  TREATISE  ON  ASTRONOMY,  for  the  Use  of  Colleges  and 

Schools.     Fourth  Edition,     Svo.     lis.  6d. 
AN  ELEMENT" ARY  TREATISE  ON  THE  LUNAR  THEORY, 

with  a  Brief  Sketch  of  the  Problem  up  to  the  time  of  Newton. 

Second  Edition,  revised.     Crown  Svo,     $s.  6d. 
Lockyer.— -Works  by  J.  Norman  Lockver,  F.R.S. 
PRIMER    OF    ASTRONOMY,      With    numerous    Illustiatioiis. 

New  Edition.     i8mo.     is.     (Science  Frinitrs.) 
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Lockyer.— ELEMENTARY    LESSONS    IN    ASTRONOMY. 
With  Colonred  Diagram  of  Ihe  Spectra,  of  the  Snn,   Stars,  and 
Nebulie,  and  numerous  Illustrations.  New  Edition  (36th  Ihoiisand), 
revised  tliroiighout.     Feap.  Svo.     Jj.  6d. 
QUESTIONS  ON  LOCKYER'S  ELEIHENTARY  LESSONS  IN 
ASTRONOMY.     For  the  Use  of  Schools.     By  John  Forbes- 
Robertson.     i8mo,  cloth  limp.     \s.  6d. 
THE  CHEMISTRY  OF  THE  SUN.  With  lUustrations.  Svo.  i+f. 
THE  METEORIC  HYPOTHESIS.     With  U lustrations.     Svo. 

[/«  the  press. 

THE  EVOLUTION  OF  THE  HEAVENS  AND  THE  EARTH. 

Crown  Svo.     With  Illustrations.  [/»  ths:press. 

Newcomb.^ — POPULAR  astronomy.     By   S.   Newcomb, 

LL.D,,  Professor  U.S.  Naval  Observatory.    With  1I3  Illustrations 

and  5  Maps  of  the  Stars.      Second  Edition,  revised.     Svo.      iSi. 

"\t  19  iidlike  anvllling  els=  of  its  kind,  and  will  be  of  innre  use  in  circi.lflting a 

knowledge  of  ^BCTonDiDy  than  nine-I«nlhs  of  the  books  which  have  appeared  oalbe 

CHEMISTRY. 

Armstrong. — a  MANUAL  of  INORGANIC  CHEMISTRY. 

EyHEHEY  Armstrong,  Ph.D.,  F.R.S.,  Professor  of  Chemistry 

in  the  City  and  Guilds  of  London  Technical  Institute.     Crown  Svo. 

[/»  freparation, 

Cohen — THE  OWENS  COLLEGE  COURSE  OF  PRAC- 
TICAL ORGANIC  CHEMISTRY.  Ey  Jt;Llus  B.  Cohek, 
Ph.D.,  F.CS.,  Assistant  Lecturer  on  Chemistry  in  the  Owens 
College,  Manchester.  With  a  Preface  by  Sir  Henry  Roscoe, 
F.R.S.,  andC.  Schoelemmer,  F.R.S.     Fcap.  Svo.   2J.  &!". 

Cooke, — ELEMENTS  OF  CHEMICAL  PHYSICS.  By  JosiAH 
P.  Cooke,  Junr.,  Erving  Professor  of  Chemistry  and  Mineral<^y 
in  Harvard  University.     Fourth  Edition.     Royal  Svo.     2IJ. 

Fleischer.— A  SYSTEM  OF  VOLUMETRIC  ANALYSIS. 
By  Emil  Fleischer.  Translated,  with  Notes  and  Additions, 
from  the  Second  German  Edition  by  M.  M.  Pattison  MtJiE, 
F.R.S.E.     With  lUustratiDns.     CrownSvo.     7J.  GflT. 

Frankland-— AGRICULTURAL  CHEMICAL  ANALYSIS. 
A  Handbook  of.  By  Pekcy  Faraday  Franklanb,  Ph.D., 
B.Sc,  F.C.S.,  Associate  of  the  Royal  School  of  Mines,  and 
Demonstrator  of  Practical  and  Agricultural  Chemistiy  in  the 
Normal  School  of  Science  and  Royal  School  of  Mines,  South 
Kensington  Museum.  'FoaxiA^An-pOn Ltit/aden  fiir  die Agricullun 
CAsniiche  Anafyie,  von  Dr.  F.  Krockee.     Crown  Svo.     71.  6d. 

HartIey.~A  COURSE  OF  QUANTITATIVE  ANALYSIS 
FOR  STUDENTS.  By  W.  Noel  Hartley,  F.R.S,,  Professor 
of  Chemistry,  and  of  Applied  Chemistry,  Science  and  Art  Depart- 
ment, Royal  College  of  Science,  DnUin.    Globe  Svo.     5.F. 
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Hiorns.— Works  V  Arthur  H.  Hiorns,  Principal  of  the  School 
of  Metallurey,  Birmingliani  and  Midland  Institute. 

PRACTICALMETALLURGYAND  ASSAYING.  A  Text-Book 
for  the  use  of  Teachers,  Students,  and  Assayers.  With  Illustra- 
tions,    Globe  8vo.     6s. 

A  TEXT-BOOK  OF  ELEMENTARY  METALLURGY  FOR 
THE  USE  OF  STUDENTS.  To  whicli  is  added  an  Appendix 
of  Examination  Questions,  embracing  the  whole  of  the  Questions 
set  in  the  three  stages  of  the  subject  by  the  Science  and  Art 
Department  for  the  past  twenty  years.      Globe  Svo.     4r. 

IRON   AND    STEEL  MANUFACTURE.       A  Text-Book  for 
Beginners.     Jlhistrafed.     GIot)e  Svo.      3J.  6d. 
Jones. — Works  by  Francis  Jones,  F.E.S.E.,  F.C.S.,  Chemical 
Master  in  the  Grammar  School,  Manchester. 

THE  OWENS  COLLEGE  JUNIOR  COURSE  OF  PRAC- 
TICAL CHEMISTRY.  With  Preface  by  Sir  Heney  Roscoe, 
F.R.S.,  and  lUnstrations.      New  Edition.      iSmo.     2s.  6d. 

QUESTIONS  ON   CHEMISTRY.      A  Series  of  Problems  and 

Exerdaes  in  Inorganic  and  Organic  Chemistry.     Fcap,  Svo.     31, 

Landaucr.— BLOWPIPE  analysis.     By  J.   landauer. 

Authorised  English  Edition  by  J.  Taylor  and  W.  E.  Kay,  of 

Owens  College,  Manchestei".  [Nevi  Edition  in  freparaiion. 

Lupton CHEMICAL  ARITHMETIC.     With  1,200  Problems. 

By  Sydney  Lupton,  M.A.,  F.C.S.,  F.I.C.,  formerly  Assistant- 
Master  at  Harrow.  Second  Edition,  Revised  and -Abridged. 
Fcap.  Svo.    4J.  6rf. 

Meldola. — the  chemistry  of  photography.     By 

Raphael  Meleola,  F.R.S.,  Professor  of  Chemistry  in  the 
Technical  College,  Fiusbury,  City  and  Guilds  of  London  Insti- 
tute for  the  Advancement  of  Technical  Education.  Crown  Svo. 
fts.     (Nature  Series. ) 

Meyer.— HISTORY  OF  CHEMISTRY.  By  Eehst  von 
Meyer.     Translated  by  Geoegs  McGowan.     Svo,         \Tn  prep. 

Mixter— AN  ELEMENTARY  TEXT-BOOK  OF  CHEM- 
ISTRY. By  William  G.  Mixteh,  Piofessor  of  Chemistry  in 
the  Sheffield  Scientific  School  of  Yale  College.  Second  and 
Revised  Edition.     Ciown  Svo.     "js.  6d. 

Muir. — PRACTICAL  CHEMISTRY  FOR  MEDICAL  STU- 
DENTS. Specially  arranged  for  the  first  M.B.  Course.  By 
M.  M.  Pattison  Muir,  F.E.S.fi.     Fcap.  Svo.     is.  6d. 

Muir  and  Wilson. — the  elements  of  THERMAL 
CHEMISTRY.  By  M.  M.  Pattisok  Muie,  M.A.,  F.B..S.E., 
Fellow  and  Prselector  of  Chemistry  in  Goiiville  and  Caius  College. 
Cambridge ;  Assisted  by  David  Muir  VVilsow.     Svo,     121.  6d. 

Ramsay. — experimental  PROOFS  OF  CHEMICAL 
THEORY  FOR  BEGINNERS.  By  William  Ramsay,  Ph.D., 
Professor  of  Chemistry  ia  University  Coll.,  L,ond.on.     Po't  Svo, 
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Remsen, — Works  by  Ira  Remsem,  Profeasoi-  of  Chemistry  in  the 

Johns  Hopkins  University. 
COMPOUNDS  OF  CARBON;  or,  Organic  Chemistry,  on  Ivitro- 

duclion  to  the  StutSy  of.     Crown  Svo.     6j.  6d. 
AN   INTRODUCTION  TO  THE  STUDY  OF  CHEMISTRY 

(INORGANIC  CHEMISTRY).     Crown  Svo.     6s.  (,d. 
THE    ELEMENTS    OF    CHEMISTRY.       A    Test    Book    for 

Begmners.     New  Edition.     Fcap.  Svo.    21.  bd. 
A   TEXT-EOOK   OF   INORGANIC   CHEMISTRY.      Medium 

Svo.     ids. 
RoSCOe. — Worlfs  by  Sir  Henry   E.   Roscoe.   F.R.S.,   rormetly 

Professor  of  Chemistry  in  the  Victoria  University  the  Owens  College, 

Manchester. 
PRIMER  OF  CHEMISTRY.    With  numerons  Illustrafions.     New 

Edilion.    With  Questions.    l8mo.   u.  {Sdmce FHmers.) 
LESSONS  IN  ELEMENTARY  CHEMISTRY,  INORGANIC 

AND  ORGANIC.    With  numerous  Illustrations  and  Chromolilho 

of  the  Solar  Spectrum,  and  of  the  Alkalies  and  Alkaline  EaiEhs. 

New  Edition.     Fcap.  Svo.     ^.  6d.     (iee  aHoW- Thorpe.  ) 

Roscoe  and  Schorlemmer.- — inorganic  AND  or- 
ganic CHEMISTRY.  A  Complete  Treatise  on  Inorganic  and 
Organic  Cliemistry.  By  Sic  Henry  E.  Roscoe,  K  R  S  and  Prof 
C.  ScHORLEMMEK,  F.R.S.     With  Illustrations.  MediumSvo 

Vols.  1.  and  It.— INORGANIC  CHEMISTRY. 

Vol.  I.— The  Non-Metallic  Elements.  Second  Edition,  revised 
2IJ.  Vol.  n.  Part  I.— Metals.  i8j.  Vol.  II.  Part  II  —Metals 
New  and  thoroughly  Revised  Edilion.     lis. 

Vol.  iil-organic  chemistry. 

THE  CHEMISTRY  OF  THE  HYDROCARBONS  and  their 
Derivatives,  or  ORGANIC  CHEMISTRY.  With  numerous 
Illusltations.  Five  Parts.  Parts  L,  II.,  and  IV,  211  each 
Parts  III.  and  V.     lis.  each. 

Thorpe.— A  series  of  chemical  problems  prepared 
with  Special  Relerence  to  Sir  H.  E.  Roscoe's  Lessons  m  Elemen 
tary  Chemistry,  by  T.  E.  Thorpe,  Ph.D.,  F.R.S.,  Professor  of 
Chemistry  in  the  Norma!  School  of  Science,  South  Kensington, 
adapted  for  the  Preparation  of  Students  for  the  Government, 
Science,  and  Society  of  Arts  Examinations.  Witha  Preface  by  Sit 
Henry  E.  Roscoe,  F.R.S.   New  Edition,  with  Key.    iSmo.   3S. 

Thorpe  and  Riicker.— A  treatise  on  chemical 
PHYSICS.  By  T.  E.  Thorpe,  Ph.D.,  F.R.S.,  Professor  of 
Chemistry  in  the  Normal  School  of  Science,  and  Professor  A.  W. 
RocKEB.    Illustrated.     Svo.  \In  priparation. 

Wright.— METALS  AND  THEIR  CHIEF  INDUSTRIAL 
APPLICATIONS.  By  C.  Alder  Wright,  D.So.,  &c.. 
Lecturer  on  Chemistry  in  St.  Mary's  Hospital  Medical  School. 
Extra  fcap.  Svo.  31.  (id. 
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Allen.— ON  THE  COLOUR  OF  FLOWERS,  as  Illustrated  in 
the  British  Flora.  By  Grant  Allen.  With  Illustrations. 
Crown  Svo.     3J.  6rf.      {Nature Seriss.) 

Balfour.  — A  TREATISE  ON  COMPARATIVE  EMBRV. 
OLOGY,  By  F.  M.  Balfour,  M.A.,  F.R.S.,  Fellow  and 
lecturer  of  Tiiiuty  College,  Cambridge.  With  Illustrationa, 
Second  Edition,  reprinted  without  alteration  from  the  First 
Edition.     In  2  vols,     Svo.     Vol.  I.  181,     Vol.  II.  21J. 

Balfour  and  Ward.— a  general  text  book  OF 
BOTANY.  By  Isaac  Bavley  Baljoue,  F.R.S.,  Professor  of 
Botany  in  tlie  University  of  Edinbui^h,  and  H.  Marshall  Ward, 
F.R.S,,  Fellow  of  Christ's  College,  Cambridge,  and  Professor  of 
Botany  in  the  Royal  Indian  Engineering  College.  Cooper's  Hill. 
Svo.  [In  ^epataliiin, 

Bettany.— FIRST  lessons  in  practical  botany 

By  G.  T.  Bettany,  M,A,,  F.L.S.,  formerly  Lecturer  in  Botany 
at  Gny's  Hospital  Medical  School.      l8mo.      U. 

Bower.— A  COURSE  OF  PRACTICAL  INSTRUCTION  IN 
BOTANY.  By  F.  O,  Boweh,  D.Sc,  F.L.S.,  Regius  Professor 
of  Botany  in  the  University  of  Glasgow.     Crown  Svo,     loi.  6rf. 

Darwin  (Charles).— MEMORIALNOTICES  OF  CHARLES 
DARWIN,  F.R.S.,  &c.  By  Thomas  Henry  Huxley,  F.K.S,, 
G.  J,  Romanes,  F.R.S.,  Ahchibald  Geikie,  F.R.S.,  and 
W.  T,  Thiseltok  Dyek,  F.R.S.  Reprinted  from  Nature. 
With  a  Portrait,  engraved  by  C.  H.  Jeens.  Crown  Svo. 
2!.  dd,     {Nature  Series.) 

Eimer. — organic  EVOLUTION  as  the  RESULT  OF 
THE  INHERITANCE  OF  ACQUIRED  CHARACTER 
ACCORDING  TO  THE  LAWS  OF  ORGANIC  GROWTH. 
By  Dr.  G.  H.  Theodor  Eimer,  Professor  of  Zoology  and  Com- 
parative Anatomy  in  Tubingen.     Translated  by  J.  T.  Cukning- 


Fearnley.— A  manual  of  elementary  practical 
HISTOLOGY.  By  William  Fearnley.  With  Illustrations, 
Crown  Svo.  ^s.  61!. 

Flower  and  Gadow.— an  introduction  TO  THE 
osteology  of  THE  MAMMALIA.    By  William  Henry 

Flower.  LL.D.,  F.R.S.,  Director  of  the  Natural  History-  De- 
partments of  the  British  Museum,  late  Hunterian  Professor  of  Com- 
parative Anatomy  and  Physiology  in  the  Royal  College  of  Sui^eona 
bf  England.  With  numerous  Illnstrations.  Third  Edition.  Re- 
vised with  the  assistance  of  Hans  Gadow,  Ph.D.,  M.A.,  1^9";"'" 
on  the  Advanced  Morphology  of  Vertebrates  and  Stnchland 
Curator  ill  the  University  of  Cambridge.     Crown  Svo.     10s.  (tU. 
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Foster. — Works  by  Michael  Foster,  M.D.,  Sec.  R.S.,Profeaaor 
of  Physiology  in  llie  University  of  Cambridge. 


A  TEXT.BOOK  OF  PHYSIOLOGY.  With  Iliuslralioiis.  Fifth 
Edition,  largely  revised.  In  Three  Parts.  Part  I.,  comprising 
Book  I.  Blood— The  Tissues  of  Movement,  The  Vascular 
Mechanism.  lo;.  &/.  Fart  II.,  comprising  Boole  II.  The 
Tissues  of  Chemical  Action,  with  their  Respective  Mechanisms — 
Nutrition.      Id.  6i/. 

Part  III.  is  in  the  press  preparing  for  early  publication. 

Foster  and  Balfour.— the  elements  OF  EMERY- 
OLOGV.  By  MtCHAEj.  Foster,  M.A.,M.D,,  LL.D.,  Sec  U.S., 
Professor  of  Physiology  in  the  University  of  Cimbridge,  Fellow 
of  Trinity  College,  Cambridge,  and  thelateFEAKcis  M.  Balfour, 
M.A.,  LL.D.,  F.R.S.,  Fellow  of  Trinity  College,  Cambridge, 
and  R-ofesaor  of  Animal  Morphology  in  the  University.  Second 
Edition,  revised.  Edited  by  Adam  Sedgwick,  M.A.,  Fellow 
and  Assistant  Lectnrer  of  Trinity  College,  Cambridge,  and  Walter 
Heapk,  Demonstrator  in  the  MorphutogicaJ  Laboratory  of  the 
University  of  Cambridge.  With  lilnstratioiw.  Crown  8vo .  loj.  6rf. 

Foster  and  Langley. — a  COURSE  OF  ELEMENTARY 
PRACTICAL  PHYSIOLOGY  AND  HISTOLOGY.  By  Prof, 
Michael  Foster,  M.D.,  F.R.S.,  &c,,  and  J,  N,  Langley,  M.A., 
F,R.S.,  Fellow  of  Trinity  College,  Cambridge.  Sixth  Edition. 
Crown  8vo,      71.  6ii. 

Gamgee.— A  text-book   OF    THE  physiological 

CHEMISTRY  OF  THE  ANIMAL  BODY.  Indnding  an 
Acconnt  of  the  Chemical  Changes  occurring  in  Disease,  By  A, 
Gamgeb,  M.D.,  F.R.S.,  formerly  Professor  of  Physiology  in  the 
Victoria  Universitythe  Owens  College,  Manchester.  3  Vols.  8vo. 
With  Illustrations.     Vol.  L     i8j.  {VbI.  II.  in  Iht  pi-as. 

Gray.— STRUCTURAL  BOTANY,  OR  ORGANOGRAPHY 
ON  THE  BASIS  OF  MORPHOLOGY.  To  which  are  added 
the  principles  of  Taxonomy  and  Phytography,  and  a  Glossary  of 
Botanical  Terms.  By  Professor  ASA  GRAY,  LL.D.  8vo.  lOi,  61^, 
THE  SCIENTIFIC  PAPERS  OF  ASA  GRAY.  Selected  by 
Charles  Sprague  Sargent,  z  vols.  Vol.  I.  Reviews  of 
Works  on  Botany  and  Related  Subjects,  183+-1887.  Vol.  II. 
Essays  ;  Biographical  Sketches,  1841-1886.    Demy  8to,    2IJ, 

Hamilton.— A  systematic  and  practical  text- 
book OF  PATHOLOGY.  By  D.  J.  Hamilton,  F.R.C.S.E., 
F.R.S.E.,  Professor  of  Pathological  Anatomy,  University  of  Aber- 
deen.    Copiously  Illustrated.     Svo.    Volume  I.     251. 
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Hooker.— Works  by  Sir  J.  D.  Hooker,  K.C.S.I.,  C.E.,  M.D., 
F.R.S.,  D.C.L. 
PRIMER  OF  BOTANY.      With  numerous   Illustrations.      New 

Edition.     l8mo.     u.     {Sdence  Primers.) 
THE  STUDENT'S   FLORA   OF  THE  BRITISH  ISLANDS. 
Third  Etlitioii,  revised.     Globe  gvo.     loj.  6il. 
Howes. — AN    ATLAS     OF    PRACTICAL    ELEMENTARY 
BIOLOGY,     By  G,  B.  Howes,  Assistant  Professor  of  Zoology, 
Normal  School  of  Science  and  Royal  School  of  Mines.     With  a 
Preface  by  Thomas  Henrv  Huxley,  F.R.S.  Royal  410.  141. 
Huxley. — Worlis  by  Thomas  Henrv  Huxlsv,  F.R.S. 
INTRODUCTORY    PRIMER    OF     SCIENCE.       i8mo.       u. 

(Science  Primers.) 
LESSONS  IN  ELEMENTARY  PHYSIOLOGY.  With  nnmeroiis 

Ilksttadona.     New  Edition  Revised.     Fcap.  8vo.     4J.  6d. 
QUESTIONS  ON  HUXLEY'S  PHYSIOLOGY  FOR  SCHOOLS. 
By  T.  Alcock,  M,D.     New  Edition.     iSmo,     u.  6d. 
Huxley  and  Martin.— a  COURSE  OF  PRACTICAL  IN- 
STRUCTION  IN  ELEMENTARY  BIOLOGY.      By    T.    H. 
Huslev,  F.R.S.,   LL.D.,  assisted  by  H,   N.  Martin,  M.A., 
M.B.,  D.Sc.,   F.R.S.,   Fellow  of  Christ's  College,  Cambridge. 
New  Edition,  revised  and  extended  by  G    B    Howes,  Assistant 
Professor  of  Zoology,  Normal  School  of  Science  and  Royal  School 
of  Mines,  and  D.  H.  Scott,  M.A.,  Ph  D     Assistant  Professor  of 
Botany,  Normal  School  of  Science,  and  Royal  School  of  Mines. 
New  Edition,  thoronghly  revised.     With   a   Preface  by  T.   H. 
Huxley,  F.R.S.     Crown  Svo.     loj.  6d 
Klein.— Works  by  E.  Kleih,  M.D.,  F.R  S     LeUurer  on  General 
Anatomy  and  Physlolt^  in  the  Medical  bchool  of  St   Pavtholo- 
mew's  Hospital,  Professor  of  Bacteriology  at  the  College  of  Slate 
Medicine,  London. 
MICRO-ORGANISMS  AND  DISEASE.     An  Introiluction  into 
the  Study  of  Specific  Micro-Oiganisms,     With  12:  Illustrations. 
Third  Edilicn,  Revised.     Crown  Svo.     6s. 
THE  BACTERIA  IN  ASIATIC  CHOLERA.     Crown  8vo.    51. 
Lankester — Works  by  Professor  E.  RAY  Lankf.ster,  F.R.S. 
A  TEXT  BOOK  OF  ZOOLOGY.    Svo.  \I,t  prepm-atiua. 

DEGENERATION!   A  CHAPTER  IN  DARWINISM.     Illiis- 
(rated.    Crown  Svo.     2s.  &/.     (Naturs  Series.^ 
Lubbock.— Works  by  Sif  ToHK  Lubbock,  M.P.,  F.R.S.,  D.C.L. 
THE    ORIGIN    AND    METAMORPHOSES    OF    INSECTS. 
With  numerous  Illustrations.     New  Edition.    Crown  Svo.    Jf.  6(i 
{Nature  Series.) 
ON    BRITISH   WILD   FLOWERS   CONSIDERED   IN    RE- 
LATION TO  INSECTS.      With  numerous  II Insl rations.     New 
Edition.      Crown  Svo.     41.  6d.     {A'aliire  Sirie?. ) 
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Lubbock,^FLOWERS,  FRUITS,  AND  LEAVES.  With 
Illustrations.      Second  Edition,       Crown  8vo.     41.  td.      (Naturi 

Martin  and  Moale.— on  the  dissection  OF  verte- 
brate ANIMALS.  By  Professor  H.  N.  Maktin  and  W.  A. 
Moale.    Crown  Syo,  {In  ptipataiion. 

Mivart. — Works  by  St.  Ghoege  Mivart,   F.R.S.,  Lecturer  on 
Comparative  Anatomy  at  St.  Mary's  Hospital. 
LESSONS  IN  ELEMENTARY  ANATOMY.    With  upwards  of 

400  Illustrations.     Fcap,  Svo.    61.6a'. 
THE  COMMON  FROG.  Illustrated.  Cr.  Svo.  ^s.  dd.  (mtare  Seriis.) 
Miiller. — THE  fertilisation    of   FLOWERS.     By  Pro- 
fessor Hermann  MUller.     Translated  and  Edited  by  D  Arcv 
W.  Thompson,  B.  A. ,  Professor  of  Bioli^y  in  University  College, 
Dundee.     With  a  Preface  by  Charles  Dakwin,   F.R.S.     With 
numerous  Illustrations,     Medium  Svo,     zij, 
Oliver. — Works  by  Daniel  Oliver,   F.R.S.,   &c.,   Professor  of 
Botany  in  University  College,  London,  &c. 
FIRST  BOOK  OF  INDIAN  BOTANY.     With  namerous  Illus- 

irations.     Extra  fcap.  Svo.     6s.  6d. 
LESSONS   IN    ELEMENTARY  BOTANY.      With  nearly  200 
Illustrations.      New  Edition.      Fcap,  Svo.  41.  6d. 

Parker.— A  course  of  instruction  in  zootomy 

(VERTEBRATA).     By  T.  Jeefeev  Paeklee,    B.Sc.  London, 
Professor  of  Biology  in  the  University  of  Otago,  New  Zealand. 
With  Illustrations.     Crown  Svo.    8j.  6d. 
LESSONS    IN   ELEMENTARY    BIOLOGY.       By   the   same 
Author.     With  Illustrations.     Svo,  [/«  thi press. 

Parker  and  Bettany.— the  MORPHOLOGY  OF  TFIE 

SKULL,  By  Professor  W.  K.  Parker,  F.R.S.,  and  G.  T. 
Bettany,  M. A.,  F.L.S.     Illustrated.     Crown  Svo,     \os.(td. 

Romanes. — THE  SCIENTIFIC  EVIDENCES  OF  ORGANIC 
EVOLUTION.  By  George  J.  Romanes,  M.A.,  LL.D., 
F.R.S.,  Zoological  Secretary  of  the  Lmnean  Society.  Crown 
Svo,     ZJ.  dd.     [Nature  Seiies.) 

Sedgwick— A  SUPPLEMENT  TO  F.  M.  BALFOUR'S 
TREATISE  ON  EMURYOLOGV.  By  Adam  Sedgwzck, 
M,A.,  F.R.S.,  Fellow  and  Lecuirer  of  Trinity  College,  Cambridge, 
Illustrated.     Svo.  \_In  preparation. 

Smith  (W.  G.).— DISEASES  OF  FIELD  AND  GARDEN 
CROPS,  CHIEFLY  SUCH  AS  ARE  CAUSED  BY  FUNGL 
By  WORTHINGTQN  G.  SMITH,  F.L.S.,  M.A.L,  Member  of  the 
Scientific  Committee  R.H.S.  With  143  New  Illustrations  drawn 
and  engraved  from  Nature  hy  the  Author.     Fcap.  Svo.     4J.  ^d. 
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Stewart— Corry. — a  FLORA  OF  THE  NORTH-EAST  OF 
IRELAND.  Indnding  the  Phanerogamia,  the  Cryptogamia. 
Vascularia,  and  the  MuscineK.  By  Samuel  Alexandek 
Stewart,  Fellow  of  the  Botanical  Society  of  Edinburgh,  Curator 
of  the  Collections  in  tlie  Bel^t  Museum,  and  Honorary  Associate 
of  the  Belfast  Natural  History  and  Philosophical  Society  ;  and  the 
late  Thomas  Hughes  Corry,  M.A.,  F.L.S.,  F.Z.S,,  M.R.I.A,, 
F.B.S.  Edin.,  Lecturer  on  Botany  in  (he  University  Medical  and 
Science  Schools,  Cambridge,  Assistant  Curator  of  the  University 
Herbarium,  &c,,  &c     CrownSvo.     Jj.  6rf. 

Wallace.^DARWINISM.  An  Exposition  of  llie  Theory  of 
Natural  Selection  with  some  of  its  applications.  By  Alpeed 
RussEL  Wallace,  LL.D.,  F.L.S.,  Author  of  "The  Malay 
Archipelago,"  "The  Geop-aphical  Distribution  of  Animals," 
"Island  Life,"  &c.     Thinl  Edition,      CrownSvo.     gj. 

Ward.— TIMBER  AND  SOME  OF  ITS  DISEASES.  By  H. 
Marshall  Ward,  M.A.,  F.R.S.,  F.L.S,,  late  Fellow  of  Christ's 
College,  Cambridge ;  Professor  of  Botany  in  the  Royal  Indian 
Engineering  College,  Cooper's  Hill.  With  Illustrations.  Crown 
8vo,     6i.    {Na/ar^  Series.) 

Wiedersheim  (Prof.).— ELEMENTS  OF  the  com- 
parative ANATOMY  OF  VERTEBRATES.  Adapted 
from  the  German  of  Robert  Wiedersheim,  Professor  of  Ana- 
tomy, and  Director  of  the  Institute  of  Human  and  Comparative 
Anatomy  in  the  University  oE  Freibui^-in- Baden,  by  W. 
Newton  Parker,  Professor  of  Biology  in  the  University  College 
of  South  Wales  and  Monmouthshire,  With  Additions  by  the 
Author  and  Translator.  With  Two  Himdred  and  Seventy  Wood- 
cuts.   Medium  8vo.     izj.  6rf. 


MEDICINE. 

B r unto n.— Works  by  T.  Laudek  Brunton,  M.D.,  D.Sc, 
F.R.C.P.,  F.R.S.,  Assistant  Physician  and  Lecturer  on  Materia 
Medica  at  St.  Bartholomew's  Hospital ;  Examiner  in  Materia 
Medica  in  the  University  of  London,  in  the  Victoria  University, 
and  in  the  Royal  College  of  Physidans,  London ;  late  Examiner 
m  the  University  of  Edinburgh. 

A  TEXT-BOOK  OF  PHARMACOLOGY,  THERAPEUTICS, 
AND  MATERIA  MEDICA.  Adapted  to  the  United  States 
rbarmacopceia,  by  Francis  IL  Williams,  M.D.,  Boston,  Mass. 
Third  Edition.  Adapted  to  the  New  British  Pharmacopceia,  1885. 
Medium  8vo.     21s. 

TABLES  OF  MATERIA  MEDICA  ;  A  Companion  to  the  Materia 
Medica  Museum.  With  Illustrations.  New  Edition  Enlarged. 
Cheaper  Issue.     8vo.     51. 
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Griffiths.— LESSONS  ON  PRESCRIPTIONS  AND  THE 
ART  OF  PRESCRIBING.  By  W.  PIandsbl  Griffiths, 
Ph.D.,  L.R.C.P.E.  New  Edition.  Adapted  to  the  Pharmsieopceia, 
1885.      iSmo.      31.  6rf, 

Hamilton.— A  TEXT -BOOK  OF  PATHOLOGY,  SYSTEMA- 
TIC AND    PRACTICAL.      By   D.    J.    Hamilton,    M.B., 

F.R.C.S.E.,  F.R.S.E.,  Profesrar  of  Pathological  Anatomy,  Uni. 
versity  of  Aberdeen,  Copiously  Illustrated.  Vol  I.  Svo.  251. 
Klein. — Works  byE.  Klein,  M.D.,  F.R.S.,  Lecturer  on  General 
Anatomy  and  Physiology  in  the  Medical  School  of  Ht.  Bartholo- 
mew's Hospital,  London, 
MICRO-ORGANISMS  AND  DISEASE,  An  Introduction  into 
"       "      "        ----- -         -  ,  Illustrations. 


White.— A  TEXT-BOOK  OF  GENERAL  THERAPEUTICS. 
By  W.  Hale  White,  M.D.,  F.R.C.P.,  Senior  Assistant  Physician 
to  and  Lecturer  in  Materia  Metiica  at  Guy's  Hospital.  With  Illus- 
trations.     Crown  Svo.     8j.  6d. 

Ziegler-Macalister,— TEXT-BOOK  OF  PATHOLOGICAL 
ANATOMY  AND  PATHOGENESIS.  By  Professor  Ernst 
ZiEGLER  of  Tubingen.  Translated  aiid  Edited  for  English 
Students  by  Donald  Macalister,  M.A.,  M.D.,  B.Sc.,F.R.C.P., 
Fellow  and  Medical  Lecturer  of  St.  John's  College,  Cambridge, 
Physician  to  Addenbrooke's  Hospital,  and  Teacher  of  Medidne  in 
the  University.  With  ntrmetous  Illustrations.  Medium  Svo. 
Part  L— GENERAL  I'ATHOLOGICAL  ANATOMY.  Second 
Edition.     i2j.  6d. 


MILITARY   AND   NAVAL  SCIENCE. 

Aitken  (Sir  W.).— the  GROWTH  OF  THE  RECRUIT 
AND  YOUNG  SOLDIER.  With  a  view  to  the  selection  of 
"Growing  Lads"  for  the  Army,  and  a  Regulated  System  of 
Training  for  Recruits.  By  Sir  William  Aitken,  Knt,,  M.D., 
F.R.S.,  Professor  of  Paliiology  in  the  Army  Medical  School, 
Examiner  in  Medicine  for  the  Military  Services  of  the  Queen ; 
Fellow  of  the  Sanitary  Institute  of  Great  Britain  ;  formerly  De- 
monstrator of  Anatomy  in  the  University  of  Glasgow  ;  and 
Fatholt^ist  attached  to  the  Military  Hospitals  of  Scutari  during 
the  Russian  War.     Crown  Svo,     81.  dd. 
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Army  Preliminary  Examination,  1882-1888,  speci- 
men? of  Papers  set  at  the.  With  amwers  to  Ihe  Mathematical 
Questions.  Subjects  :  Arithmetic,  Algebra,  Eiiciid,  Geonielrical 
Drawing,  Gec^raphy,  Fi-ench,  English  Dictation,  Crown  8vo. 
3J.  &/. 

Mercur.— ELEMENTS  OF  THE  ART  OF  WAR.  Prepared 
for  the  use  of  Cadets  of  the  United  States  Military  Academy. 
By  James  Mercur,  Professor  of  Civil  Engineering  at  the  United 
Slates  Academy,  West  Point,  New  York.  Second  Edition,  Revised 
and  Corrected.     Svo.      171. 

Palmer.— TEXT  BOOK  OF  PRACTICAL  LOGARITHMS 
AND  TRIGONOMETRY.  By  J.  H.  Palmer,  Head  Scliool- 
inaslerR.N,,  H.M.S.  Cnw^nn'^f,  Devonporl.    Globe  Svo,   4!.6d. 

Robinson. — TREATISE  ON  MARINE  SURVEYING.  Pre- 
pared for  the  use  of  younger  Naval  Officers.  With  Questions  for 
Examinations  and  Exercises  principally  from  the  Papers  of  the 
Royal  Naval  College.  With  the  results.  By  Rev.  John  I,. 
Robinson,  Chaplain  and  Insfnictor  in  the  Royal  Naval  College, 
Greenwich..  With  Illustrations,  Crovim  Svo.  p.  6d. 
CONTHHTS.— Symbols  used  in  Charts  and  Sarteyii^— The  Couslraction  and  Use 

of  Scales-Laying  off  Aaglea— FuLng  Positions   by  Anglta— ChatK  ifld  Chatl- 

Drawing— Inslramenis  and   Observing— Baw!    Lines— TnanguJation—LeveUinE— 

Tides  and  Tidal  Obaerradons—SonnJnga—Chronomelers— Meridian  Distances— 

Melliod  of  Plotting  a  Surviy— Misccllaiwous  Ejrerciaes— Index. 

Shortland.— NAUTICAL  SURVEYING.  By  the  lafe  Vice- 
Admiral  Shortland,  LL.D.,  late  Fellow  of  Pembroke  College, 
Cambridge.     Svo.  [In  the  press. 

Wolseley.— Works  by  General  Viscount  Woi.seley,  G.C.M.G., 

THE  SOLDIER'S   POCKET-BOOK  FOR  FIELD  SERVICE. 

Fifth  Edition,  Revised  and  Enlarged.      i6mo,  roan.      5;. 
FIELD  POCKET-BOOK  FOR  THE  AUXILIARV  FORCES. 
t6mo,  cloth.     IS.  6d. 
Woolwich   Mathematical   Papers,  for  Admission  into 

the  Royal  Military  Academy,  Woolwich,  1880-1888  inclusive. 
Edited  by  E.  J.  Bkooksmitii,  B.A,,  LL.M.,  St.  John's  College, 
Cambridge ;  Instructor  in  Mathematics  at  the  Royal  tlilitary 
Academy,  Woolwich.     Crown  Svo.     6j. 


ANTHROPOLOGY. 

Flower.— FAriHION  IN  DEFORMITY,  as  Illustrated  in  the 
Customs  of  Barbarous  and  Civilised  Races.  By  Professor 
Flower,  F.R.S.,  F.R.CS.  With  Illustrations.  Crown  Svo. 
2J-.  6d.     {Nalure  Sails.) 

Ty lor. —ANTHROPOLOGY.  An  Introduction  to  the  Study  of 
Manand  Civilisation.  ByE.  B.  TvLOR,  D.C.L.,  F.U.S.  With 
namerous  Illustrations.     Crown  Svo.     7^.  6d. 
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PHYSICAL  GEOGRAPHY  &  GEOLOGY. 

Elanford. — the  rudiments  Of  physical  geogra- 
phy FOR  THE  USE  OF  INDIAN  SCHOOLS ;  with  a 
Glossary  of  Technical  Terms  employed.  By  H.  F.  Blanfoed, 
r.G.S.     New  Edition,  nith  Illusiralions.     Crown  8vo.   w.  6rf. 

Ferrel.— A  POPULAR  TREATISE  ON  THE  WINDS.  Com- 
prising the  General  Motions  of  the  Atmosphere,  Monsoons, 
Cyclones,  Tornadoes,  Waterspouts,  Hailstorms,  &c.  By  William 
Ferrel,  M.A.,  Ph.D.,  late  Professor  and  Assistant  in  the 
Signal  Service ;  Member  of  Ihe  American  Nalional  Academy  of 
Sciences,  and  of  other  Home  and  Foreign  Scientific  Socielies. 
Demy  Svo.     l8v. 

Fisher.— PHYSICS  OF  THE  EARTH'S  CRUST,  liy  the  Rev. 
Osmond  Fisher,  M.A„  F.G.S.,  Rector  of  Harlton,  Hon.  Fellow 
of  King's  College,  London,  and  late  Fellow  and  Tutor  of  Jesus 
College,  Cambridge.    Second  Edition,  altei-ed  and  enlarged.   Svo. 

Geikie, — Works  by  ARCHiRALDGElniB,  LL.D.,  F.E.S.,  Director- 
General  of  the  Geological  Survey  of  Great  Britain  and  Ireland,  and 
Director  of  the  Museum  of  Practical  Geology,  London,  formerly 
Murchison  Professor  of  Geology  and  Mineralogy  in  the  University 
of  Edinburgh,  &c. 

PRIMER  OF  PHYSICAL  GEOGRAPHY.  With  numerous 
Illustrations.  New  Edition.  With  Questions.  l8mo.  u, 
(Sdena  Primers.) 

ELEMENTARY  LESSONS  IN  PHYSICAL  GEOGRAPHY. 
With  numerons  Illustrations.  New  Edition.  Feap.  Svo.  4J.  6il. 
QUESTIONS  ON  THE  SAME.     u.  &/. 

PRIMER  OF  GEOLOGY.  With  numerous  Illustrations.  New 
Edition.     l8mo.     U.     {SHenct  Frimirs.) 

CLASS  BOOK  OF  GEOLOGY.  With  upwards  of  zoo  New 
Illustrations,     Crown  8vo.     los.  6d. 

TEXT-BOOK  OF  GEOLOGY,  With  numerons  Illustrations, 
Second  Edition,  Seventh  Thousand,  Revised  and  Enlaiged.  8vo.  zSj. 

OUTLINES  OF  FIELD  GEOLOGY.  With  1 1  lustrations.  New 
Edition-     Extra  fcap,  Svo,    3^.60^ 

THE  SCENERY  AND  GEOLOGY  OF  SCOTLAND, 
VIEWED  IN  CONNEXION  WITH  ITS  PHYSICAL 
GEOLOGY,  With  numerous  Illus  I  rations.  Crown  Svo,  12s.  6d. 
(See  also  under  Geosrup^y.) 
Huxley. — PHYSIOGRAPHY.  An  Introduction  to  the  Study 
of  Nature.  By  Thomas  Heney  Huxley,  F.R.S.  With 
numerous  Illustrations,  and  Coloured  Plates.  New  and  Cheaper 
Edition.      Crown  Svo.     61. 
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Lockyer,— OUTLINES  OF  PHYSIOGIiAPHV—THE  MOVE- 
MENTS OF  THE  EARTH.  By  J.  Norman  Lockyee,  F.R.S., 
Correspondent  of  the  Institute  of  France,  Foreign  Member  of 
ihe  Academy  of  the  Lyncei  of  Rome,  &c.,  &c.  ;  Professor  of 
Astronomical  Physics  in  the  Normal  School  of  Science,  and 
Examiner  in  Physicgraphy  for  the  Science  and  Art  Department, 
With  Illustrations.     Ctowti  8vo.     Sewed,  u.  61/, 

Phillips.— A  TREATISE  ON  ORE  DEPOSITS.  By  J.  Ak^hur 
Phillips,  F.R.S,,  V.P.G.S.,  F,CS.,  M.lnst.C.E.,  Anden  Eleve 
del'ficoledes  Minep,  Paris  ;  Author  of  "  A  Manual  of  Metallui^y," 
"The  Mining  and  Metalling  of  Gold  and  Silver,"  &c.  With 
numerous  Illustrations.    8vo.     251. 

Rosenbuach  — Iddings.  —  MICROSCOPICAL  PHYSIO- 
GRAPHY OF  THE  ROCK-MAKING  MINERALS :  AN 
AID  TO  THE  MICROSCOPICAL  STUDY  OF  ROCKS.  By 
H,  RosENBUSCH.  Translated  and  Abridged  for  Use  in  Schools 
aid  Colleges.  By  Joseph  P.  Iddings.  Illustrated  by  izi 
Woodcuts  and  26  Photomicrographs.     8»o,  24s, 

AGRICULTURE. 

Frankland — AGRICULTURAL  chemical  analysis, 
A    Handbook  of.     By  Percy   Fahaday  Frankland,   Ph.D., 
B.Sc,  F.C.S.,   Associate  of  the   Royal  School  of  Mines,   and 
Demonstrator  of   Practical  and   Agricultural  Chemistry    in   the 
Normal   School  of  Science  and  Royal  School  of  Mine.=,  South 
ICensington  Musenm,     Founded  upon  LeUfadai  fiir  die  Agrunlture 
Chemiche  Analyse,  von  Dr.  F.  Krocker.    Crown  8vo.     -js.  iid. 
Smith  (Worthington  G.).— diseases  OF  field  and 
GARDEN  crops,  CHIEFLY  SUCH  AS  ARE  CAUSED  BY 
FUNGI.      By   Worthington    G.    Smith,    F.L.S.,    M.A.L, 
Member  of  the  Scientific  Committee  of  the  R.H.S.     With  143 
Illustrations,  drawn  and  engraved  from  Nature  by  the  Author. 
Fcap.  8vo.    4J.  dd. 
Tanner. — Works   by     Hbnry    Tanner,     F.C.S.,    M.R.A.C, 
Examiner  m  (he  Prindples  of  Agriculture  under  the  Government 
Department  of  Science ;  Director  of  Education  in  the  Institute  of 
Agriculture,  South  Kensington,  London ;  sometime  Professor  of 
Aericullural  Sdence,  University  College,  Aberystwith. 
ELEMENTARY   LESSONS   IN  THE   SCIENCE  OF  AGRI- 
CULTURAL PRACTICE.     Fcap.  Svo.     31.  (,d. 
FIRST  PRINCIPLES  OF  AGRICULTURE.     i8mo.     u. 
THE  PRINCIPLES  OF  AGRICULTURE.   A  Series  of  Reading 
Books  for  use  in    Elementary  Schools.     Prepared  by   Henrv 
Tanner,  F.C.S.,  M.R.A.C.     Extra  fcap,  Svo. 
I.  The  Alphabet  of  the  Principles  of  Agricultm^.     61/. 
II.  Further  Steps  in  the  Principles  of  Agriculture.     11. 
Ill,  Elenientary  School  Readings  on  the  Principles  of  Agriculture 
for  the  third  stage,     u. 
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Ward. — TIMBER  AND  SOME  OF  ITS  DISEASES,  By 
H.  Marshall  Wakd,  M.A.,  F.L.S.,  F.R.S.,  Fellow  of  Christ's 
Collie,  Cambridge,  Professor  of  Botany  at  the  Royal  Indian 
Engineering  College,  Cooper's  Hill,  With  Illustrations.  CrownSvo. 
6s.     {Naiure  Series.) 

POLITICAL  ECONOMY. 

Bbhm-Bauerk.— CAPITAL  AND  INTEREST.      Translated 

by  William  Smart.     Sto.  [In  the  press. 

Cairncs.— THE   CHARACTER   AND   LOGICAL  METHOD 

OF  POLITICAL  ECONOMY.     By  J,    E,   Cairnes,   LL.D., 

Emeritus  Professor  of  Political  Economy  in  University  College, 

London.     New  Edition.     Crown  8vo.     6i. 

Cossa — GUIDE     TO      THE      STUDY      OF      POLITICAL 

ECONOMY.      By  Dr.  LUIGI  CoSSA,  Professor  in  tlie  University 

of  Pavia.     Translated  from  the  Second  Italian  Edition.     With  a 

Preface  by  W.  Stanley  Jevons,  F.R.S.     Crown  8vo.     4s.  6d. 

Donisthorpe.— INDIVIDUALISM:  A  System  of  Politics.     By 

Wordsworth  Donisi'horpe.    8vo.    141. 
Fawcett  (Mrs,).— Works  by  Mrs.  Henry  Fawcett.— POLITI- 
CAL ECONOMY  FOR  BEGINNERS,  WITH  QUESTIONS. 
Fourth  Edition.     l8mo.   \2s.  6d. 
TALES  IN  POLITICAL  ECONOMY.    Crown  8vo.     31. 
Fawcett.— A  manual  OF  POLITICAL  ECONOMY.      By 
Right  Hon.  Hekry  Fawcett,  F.R.S.    Seventh  Edition,  revised, 
with   a   chapter  on   *'  Srate    Socialism   and  the  Nationalisation 
of  the  La,nd,"  arid  an  Index.     Crown  8vo.     t2s. 
AN  EXPLANATORY   DIGEST  of  the  above.     By  Cyril  A. 
Waters,  B.A.     Crown8vo.     as.  dd. 
Gunton.— -WEALTH  AND  PROGRESS;  A  CRITICAL  EX- 
AMINATION  OF  THE   WAGES   QUESTION   AND   ITS 
ECONOMIC    RELATION    TO    SOCIAL    REFORM.      By 
Geoege  GtJNTON.     Crown  8vo.     61. 
Jevons. — Works  by  W.  Stanley  Jevons,  LL.D.  (Edinb.),  M.A. 
(Lond.),  F.R.S,,  late  Professor  of  Political  Econolnyin  University 
College,  London,  Examiner  in  Mental  and  Moral  Science  in  the 
University  of  London. 
PRIMER  OF  POLITICAL  ECONOMY.     New  Edition.     iSmo. 

II.     (Scienct  I^imers.) 
THE  THEORY  OF  POLITICAL  ECONOMY.     Third  Edition. 
Revised.     Demy  8vo.     loj,  6ii. 
Keynes. — THE   scope    and   METHOD    OF    POLITICAL 
ECONOMY.     By  J.  N.  Keynes,  M.A.  \In  frifaration. 

Marshall.— THE  ECONOMICS  OF  INDUSTRY.  Ky  A. 
Marshall,  M.A.,  Professor  of  Polidcal  Economy  in  the  Uni- 
versity of  Cambridge,  and  Mary  P.  Marshall,  late  Lecturer  at 
Newnliam  Hall,  Cambridge.      Extra  fcap.  8vo.      2J.  6i/. 
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Marshall.— ECONOMICS.  Bj; Alfred  Marshall,  M.A.,  Pro- 
fessor  of  Political  Economy  in  the  Univei-sify  of  Cambridge. 
3  vols.      8vo.  [Jk  the  p'ess. 

Palgrave. — a  dictionary  of  political  economy. 
By  various  Writers.     Ediled  by  R.  H.  INGLIS  Palgeave. 

[Itt  the  press. 

Sidgwick. — THE  PRINCIPLES  of  political  economy. 

By  Hekry   Sidgwick,  M.A.,  LL.D.,   Kniglitbridge   Professor 

of  Moral  Philosopliy  in  the  University  of  Cambridge,  &c..  Author 

of  "ITie  Methods  of  Elliics."  Second  Edition,  revised.    8vo.   i6j. 

THE  ELEMENTS  OF  POLITICS.     By  tlie  same  Author.     8vo. 

[7«  thep-ess. 

Walker.— Worlts  by  Francis  a.  Walker,  M.A.,  Ph.D.,  Author 

of  "  Money,"   "  Money  in  its  Relation  to  Trade,"  &c. 

POLITICAL  ECONOMY.     Second  Edition,  revised  and  enlarged. 

8vo.     i2j.  6d. 
A     BRIEF     TEXT-BOOK     OF     POLITICAL     ECONOMY. 

Crown  Syo.     6s.  6rf. 
THE  WAGES  QUESTION.     8vo.     i+f. 

Wicksteed. — alphabet  of  economic  science.    By 

Philip  H,  Wicksteed,  M.A.     Part  I.     Elements  of  the  Theory 
of  Value  or  Worth.      Globe  8vo.      2S.  di 
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Boole.—THE  MATHEMATICAL  ANALYSIS  OF  LOGIC. 
Being  an  Essay  towards  a  Calculus  of  Deductive  Reiisoning.  By 
George  Boole.     8yo.     Sewed.     5^. 

Calderwood.— HANDBOOK  of  moral  philosophy. 

By  the  Rev,  Henry  Calderwood,  LL.D.,  Professor  of  Moral 
Philosophy,  University  of  Edinburgh.  Fourteenth  Edition,  laigely 
rewritten.  Cr.  8yo.  St. 
Clifford. — SEEING  AND  THINKING.  By  the  late  Professor 
W.  K.  Clifford,  F.R.S.  With  Diagrams.  Crown  8vo.  31.  U. 
(Nature  Sa-ies. ) 

Jardine. — the  elements  of  the  psychology  of 

COGNITION.     By  the  Rev.   Robert  Jardine,   B.D.,  D.Sc. 
(Edin.),  Ex.Principal  of  the  General  Assembly's  College,  Calcuttri. 
Third  Edition,  revised  and  improved.     Crown  Svo.     6^.  61I, 
Jevons.— Works  by  the  late  W.  Stanley  Jbvons.,  LL.D.,  M.A., 
F.R.S. 
PRIMER  OF  LOGIC.   New  Edition.  l8mo.   is.  {Science  Primers.) 
ELEMENTARY  LESSONS  IN  LOGIC ;  Deductive  asd  Induc- 
tive, with  copious  Questions  and  Examples,  and  a  Vocabulary  of 
Logical  Terms.    New  Edition.     Fcap.  Svo.     31.  6rf. 
THE  PRINCIPLES  OF  SCIENCE.     A  Treatise  on  Logic  and 
Sdentific  Method.  New  and  Revised  Edition.  CrownSvo.   12s.  6d. 


y  Google 


6o         MACMILLAN'S  EDUCATIONAL  CATALOGUE. 
Jevons.— STUDIES  IN  DEDUCTIVELOGIC.   Second  Edition. 

LOGICAL  PAPERS.     Svo.  [In  ^riparalion. 

Kant — Max  MuUer.— critique  of  pure  reason. 
By  IMMANUEL  Kant.  In  commemoration  of  the  Centennry  of 
its  fitst  Publication,  Trinskted  into  English  by  F.  Max  Muller. 
With  an  Historical  Introduction  by  LuDWlG  NoiRf;,  2  vols. 
Svo.     i6j.  each. 

Volume    I.     HISTORICAL    INTRODUCTION,    by    LuDWid 
NoiR#, ;  &c.,  &c. 

Volimie  II.  critique  OF  PURE  REASON,  translated  by 
F.  Max  Muller. 
For  the  convenience  of  students  these  volumes  are  now  sold  separately, 
Kant— Mahaffy  and  Bernard.— kant'S  CRITICAL 
PHILOSOPHY  FOR  ENGLISH  READERS.  By  J.  P. 
Mahaffv,  U.D.,  Fellow  and  Tutor  of  Trinity  College,  Dublin, 
Professor  of  Ancient  History  in  the  University  of  Dublin,  and 
John  H.  Beknakd,  B.D.,  Fellow  of  Trinity  College,  Dublin, 
Archbishop  King's  Lecturer  in  Divinity  in  the  University  of 
Dublin.     A  new  and  completed  Edition  in  2  vols.     Crown  Svo. 

Vol.    I.     The   Keitik   op    Pure   Reason    Explained   and 
Defended,     "js.  6ti. 

Vol.  II.  The  "  Prolegomena."  Translated  with  Notes  and 
Appendices,  6s. 
Keynes. — FORMAL  LOGIC,  Studies  and  Exercises  in.  Including 
a  Generalisation  of  Logical  Processes  in  their  application  to 
Coinpleit  Inferences.  By  John  Neville  Keynes,  M.A.,  late 
Fellow  of  Pembroke  College,  Cambridge.  Second  Edition, 
Revised  and  Enlai^ed.  Crown  Svo,  101.  6ii. 
McCosh.— Works  by  Jambs'  McCosh,  D,D.,  LL.D.,  Litt.D,, 
President  of  Princeton  Collie,  Author  of  "Intuitions  of  the 
Mind,"  "  Laws  of  Discursive  'Riought,"  &c. 

PSYCHOLOGY.     Crown  Svo. 

I.  THE  COGNITIVE  POWERS.     &.  W. 

II.  THE  MOTIVE  POWERS.     Crown  Svo.     6f.  6J. 
FIRST  AND  FUNDAMENTAL  TRUTHS:   being  a  Treatise 

on  Metaphysics.     Extra  cronn  Svo.      9J. 
Ray.— A  TEXT-BOOK  OF  DEDUCTIVE  LOGIC  FOR  THE 
USE  OF  STUDENTS.    By  P.  K.  Ra,y,  D.Bc.  (Lon.  and  Edin.), 
Professor  of  Lt^ic  and  Philosophy,  Presidency  College   Calcutta. 
Fourth  Edition,    Globe  Svo.     4s.  (kI. 
The  SCHOOLMASTES  says  :-'-This  work.  .  .  Lsdtservtdly  laklog  aplace  among 

Sidgwick. — Works  by  Henry  Sidgwick,  M,A.,LL.D.,  Knight- 
bridge  Professor  of  Moral  Philosophy  in  the  University  of 
Cambridge. 
THE  METHODS  OF  ETHICS.  Third  Edition.  Svo.  14J.  A 
Supplement  to  the  Second  Edition,  containing  all  the  important 
Additions  and  Alterations  in  the  Third  Edition.     Demy  Svo.     ds. 
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Sidgwick.-— OUTLINES  OF  THE  HISTORY  OF  ETHICS, 
for  English  Readers.  Second  Edition,  revised.  Crown  8vo, 
3s.6d. 

ELEMENTS  OF  POLITICS.     Demy  Svo.  \ln  the  press. 

Venn. — Works  by  JOHN  Venn,  Se.D.,  F.R.S.,  M.A.,  Fellow  and 

Lecturer  in  Moral  Sciences  in  Gonville  and  Caius  College,  Cam 

brii^e,   Examiner  in   Moral    Philosophy  in    the    University    of 

London. 

THE  LOGIC  or  CHANCE,  An  Essay  on  the  Foundations  and 
Pfovlnce  of  the  Theory  of  Probability,  with  special  Reference  to 
its  Logical  Bearings  and  its  Application  to  Moral  and  Social 
Science.  Third  Edition,  rewritten  and  greatly  enlai^ed.  Crown 
8vo.     icw.  6rf. 

SYMBOLIC  LOGIC.     Crown  Svo,    loi.  &d. 

THE    PRINCIPLES     OF    EMPIRICAL     OR     INDUCTIVE 


GEOGRAPHY. 

Bartholomew. — Works  by  JOHK  Bartholomew,  F.R.G.S. 

THE  ELEMENTARY  SCHOOL   ATLAS.     410.     u. 

This  Elementary  Atlas  is  designed  to  illustrate  the  principal  text- 
books on  Elementary  Geography. 

PHYSICAL  AND  POLITICAL  SCHOOL  ATLAS,  Consisting 
of  80  Maps  and  complete  Index.  Prepared  for  the  use  of  Senior 
Pupils.      Royal  410.  {In  ike  press. 

THE  LIBRARY  REFERENCE  ATLAS  OF  THE  WORLD. 
A  complete  Series  of  84  Modern  Maps,  With  Geographical  Index 
to  100,000  places.  Half-morocco.  Gill  edges.  Folio.  £2l2s.6J. 
net. 

",•  This  work  has  been  designed  with  the  object  of  supplying  the 
public  with  a  thoroughly  complete  and  accurate  atlas  of  Modern 
Geography,  in  a  convenient  reference  form,   and  at  a  moderate 

Clarke. — CLASS- BOOK  OF  GEOGRAPHY.  By  C.  B.  Clarke. 
F.R.S,  New  Edition,  revised  1889,  with  Eighteen  Coloured  Maps, 
Fi;ap.  Svo.     Paper  covers,  31.  ;  cloth,  31.  6rf. 

Elderton. — map  drawing  and  map  making.    By 

William  A.  Elderton.     Globe  8va  [/n  the  press. 

Geikie. — Works  by  Archibalu  Geikik,  F.R.S.,  Director-General 
of  the  Geological  Survey  of  the  United  Kingdom,  and  Director  of 
the  Museum  of  Practical  Geology,  Jermyn  Street,  London ; 
formerly  Murchison  Professor  of  Geology  and  Mineralogy  in  the 
Univer^ty  of  Edinbiu^h. 
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GeiHe.— THE  TEACHING  OF  GEOGRAPHY,  A  Practical 
Handbook  for  the  use  of  Teachers.  Crown  Svo.  2s.  Being 
Volume  I.  of  a  New  Gei^raphical  Series  Edited  liy  Archibald 
Geikie,  F.E.S. 
*,j*  The  aim  of  tliis  volume  is  to  advocate  the  claims  of  geography  as 
an  educational  discipline  of  a  high  order,  and  to  show  how  these 


Green.  —  a    short    GEOGRAPHY    OF    THE    BRITISH 

ISLANDS.    B)i  John  Richard  Green  and  Alice  STOPifORD 

Green.      With  Maps.     Fcap.  8vo.     31.  61I. 
Grove.^ — A    primer    of    geography.       By   Sir  George 

Gkove,  D.C.L.    With  Ilhi5trations.    iSmo.    ij.    {SsUme  Primers.) 
Kiepert,— A  MANUAL  of  ancient  geography.     From 

the  German  of   Dr,  H.  KiEPERT.     Crown  Svo.      Sj. 

Macmillan's  Geographical  Series.  Edited  by  Archibald 
GeiKlE,  F.R.S.,  Director-General  of  the  Geological  Survey  of  the 
United  Kingdom. 

The  followii^  List  of  Volumes  is  contemplated  : — 

THE  TEACHING  OF  GEOGRAPHY.  A  Practical  Handbook 
for  the  use  of  Teachers.  By  Archibald  Geikie,  F.R.S., 
Director-General  of  the  Geological  Survey  of  the  United  Kingdom, 
and  Director  of  the  Museum  of  Practical  Geology,  Jermyn  Street, 
London  j  formerly  Murchison  Professor  of  Geology  and  Mineralogy 
in  the  University  of  Edinbnigh.     Crown  Svo.     2s. 

\*  The  aim  of  this  volume  is  to  advocate  the  claims  of  geography 
as  an  educational  discipline  of  a  high  order,  and  to  sllow  how 
these  claims  may  be  practically  rcc<^nized  by  teachers. 

GEOGRAPHY  OF  THE  BRITISH  ISLES,  By  Archibald 
Geikie,  F.R.S.     iSmo.    u. 

THE  ELEMENTARY  SCHOOL  ATLAS,  With  24  Maps  in 
Colours,  specially  designed  to  illustrate  all  Elementary  Text-bocks 
of  Geography.    By  John  Bartholomew.  F.R.G.S.     410.     u. 

AN  ELEMENTARY  CLASS-BOOK  OF  GENERAL  GEO- 
GRAPHY.    By  Hush  Robert  Mill,   D.Sc.  Edin.     With 

Illustrations.      Crown  Svo.      Jr.  6rf. 
GEOGRAPHY  OF  THE  BRITISH  COLONIES.     By  George 

M.  Dawson  and  Alexander  Sutherland.      \In  priparation. 
GEOGRAPHY    OF    EUROPE.     By  James  Siue,  M.A.     With 

Illastrations,      Globe  Svo.  [/«  the  press. 

GEOGRAPHY   OF   NORTH    AMERICA.      By  Professor  N.  S. 

SiiALER.  'iln  fi-ifaration. 

MAPS  AND  MAP-MAKING.    By  William  A.  Elderton. 

ilnih,  press. 
GEOGRAPHY  OF  ASIA. 
GEOGRAPHY  OF  AFRICA. 
GEOGRAPHY  OF  THE  OCEANS  AND  OCEANIC  ISLANDS. 
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MacmiUan's  Geographical  Series— f(j«A««-?i. 
ADVANCED    CLASS-BOOK    OF    THE   GEOGRAPHV    OF 

BRITAIN. 
GEOGRAPHY  OF  AUSTRALIA  AND  NEW  ZEALAND.  " 
GEOGRAPHY  OF  AMERICA. 

GEOGRAPHY  OF  INDIA.     By  H,  F.  Blanfokd,  F.G.S. 
ADVANCED    CLASS-BOOK    OF   THE    GEOGRAPHY    OF 
EUROPE. 
Mill.— AN    ELEMENTARY  CLASS-BOOK    OF    GENERAL 
GEOGRAPHY.     By  Hugh  Robert  Mill,  D.Sc,  F.R.S.E., 
Lecturer  on  Physit^aphy  and  on  Commercial  Geography  in  the 
Heriot-Watt   College,   Edinbuigli.     Witli  Illustrations.      Crown 
8vo.     3S.6J. 
Sime.— A  GEOGRAPHY  OF  EUROPE.     By  James  Sime,  M.A. 
With  lUuslrations.     Globe  8vo.  [/n  thi  pms. 

Strachey.— LECTURES  ON  GEOGRAPHY.  By  General  R. 
Strachev,  R.E,,  C.S.L,  President  of  the  Royal  Geographical 
Society.     Crown  Svo.    4r.  6ii. 


HISTORY. 

Arnold  (T.), — THE  SECOND  PUNIC  WAR.  Being  Chapters 
fi-om  THE  HISTORY  OF  ROME.  By  Thomas  Arnold, 
D.D,  Edited,  with  Notes,  by  W.  T.  Arnold,  M.A.  With  S 
Maps.     Crown  Svo.     U  6it. 

Arnold  (W.  T.).— THE  ROMAN  SYSTEM  of  PROVINCIAL 
ADMINISTRATION  TO  THE  ACCESSION  ofCONSTAN- 
TINETHE  GREAT.   By  W.  T.  Arnold,  M.A.    Crown  Svo.  fo 

Beesly. — ^STORlES    FROM    THE    HISTORY    OF    ROME. 

By  Mrs.  Beesly.     Feap.  Svo,     li.  dd. 
Bryce.-— Works  by  James  BnvcE,  D.C.L.,  Fellowof  Oriel  College, 
and  R^iua  Professor  of  Civil  Law  in  the  Universlly  of  Oxford. 
THE  HOLY  ROMAN  EMPIRE.      Ninth  Edition.     Crown  Svo. 
Jj,  (d. 

*,*  Also  3  Library  Edition.  Demy  8™.  14^. 
THE  AMERICAN  C O. M MO N WEALTH,  New  and  Cheaper 
Edition.  3  vols.  Eslra  ciown  Svo.  251.  Part  I.— The  National 
Government.  Part  lI,~The  State  Governments.  Part  III.— The 
Party  System.  Pait  IV.— Public  Opinion.  Part  V.— mustrations 
and  Reflections.  Part  VI.— -Social  Institutions. 
Buckley.— A  HISTORY  OF  ENGLAND  FOR  BEGINNERS. 

a~  '  Arabella  B.   Buckley.     Author  of  "A  Short  History  of 
ilura!  Science,"  &c,     With  Coloured  Maps,  Chronolt^ical  and 
Genealogical  Tables.     Globe  Svo.     is. 
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Bury.~A  HISTORY  OF  THE  LATER  ROMAN  EMPIRE 
FROM  ARCADIUS  TO  IRENE,  A.D.  sgj-Koa  By  John  P. 
Bury,  Fellow  of  Trinity  Coll.,  Dublin.     2  vols.     8vo.    321. 

Du  Pr6. — OUTLINES  OF  ENGLISH  HISTORY.  By  Arthur 
M.  D.  Du  Tt.t,  Assistant-Master  in  the  Hull  and  East  Riding 
College.     Globe  8vo.  [/b  thep-ess. 

Eggleston.— THE  household  HISTORY  OF  THE  UNI- 
TED STATES  AND  ITS  PEOPLE.  By  Edward  Eogleston. 
With  Illustrations.     410.     i2j. 

English  Statesmen,  Twelve. — a  Series  of  Short  Bio- 
graphies, not  designed  to  be  3  complete  roll  of  Famous  Statesmen, 
but  to  present  in  historic  order  the  lives  and  work  of  those  leading 
actors  in  our  a.ffair5  who  by  their  direct  influence  have  left  an 
abiding  mark  on  the  poHcy,  the  institutions,  and  the  position  of 
Great  Britain  among  States. 
The  foUoviring  list  of  subjects  is  the  result  of  careful  selection.  The 
great  movements  of  national  history  are  made  to  follow  one 
another  in  a  connected  course,  and  the  series  is  intended  to  form  a 
■e  of  English  freedom,  order,  and  powi 


9  follow,  Crown  Svo,   : 


E  Conqueror.    By  Edward  A,  Frermi 


volumes  a 
preparatio' 

William  t; 
LL.D. 

Henrv  II.     By  Mrs.  J.  R.  Green. 

Edward  I.    By  F.  York  Powet.i,. 

Henry  VII.     By  James  Gairdner, 

Cakdihal  Wolsky.     By  Professor  M.  Creighton. 

Elizabeth.    By  E.  S.  Beeslev. 

Olivier  Cromwell.     By  Frederic  Harrison. 

William  HI.     By  H.  D.  Traill. 

Walpole.    By  John  Morley. 

Chatham.    By  John  Morley. 

Pitt.    By  John  Morlev, 

Peel.    By  J.  R.  Thprspield. 
Fiske. — Works  by  John  Fzske,  formerly  Lecturer  o 

at  Harvard  University,  author  of  "  Outlines  of  Cosmic  P  ^   , , 

based  on  the  Doctrine  of  Evolution,  with  Criticisms  on  the  Positive 
Philosophy,"  "  Darwinism,  and  other  Essays,"  "American  Politi- 
cal Ideas  viewed  from  the  Standpoint  of  Universal  History," 

THE  CRITICAL  PERIOD  IN  AMERICAN  HISTORY,  1783 


'Remfy. 


\In  the  pre, 


sophy 


-1789.     Extra 


r.  6(/. 


Freeman. — Worlis  by  Edward  A.  Freeman,  D.C.L.,  LL.D., 
Regini  Professor  of  Modern  History  in  the  University  of  Oxford,  &c 
OLD  ENGLISH  HISTORY.     With  Five  Coloured  Maps.     New 
Edition.    Exlra  fcap.  8vo.    6j. 
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Freeman.— A  SCHOOL  HISTORY  OF  ROME.     Clown  8vo. 

[/«  p-eparalioH. 

METHODS  OF  HISTORICAL  STUDY.     A  Cotuse  of  Lectures. 

8to.    ioj.  dd. 
THE  CHIEF    PERIODS   OF   EUROPEAN   HISTORV.     Si>: 
Lectures  read  in  Hie  UHiversitf  of  Oxford  in  TriniLy  Term,  18S5. 
With  an  Essaj  on  Greek  Cities  under  Roman  Rule.    8vo.   101.  6rf. 
HISTORICAL  ESSAYS.     First  Series.     Fourth  Edition.      8vo. 
loj.  6rf. 
Contenl?:— The  Mylhical  and  Romanic  Elemenls  ia  Early  English  History— 
The  Continuity  of  Eogliah  Hislory-The  RelatLona  belnreen  the  Crown  of 
England  and  Scotland— Si.  Thomas  of  Canttrburir  and  his  Biographers,  &c 
HISTORICAL  ESSAYS.     Second  Series.     Third   Edition,  witli 
addition^  Essays.     Svo.     10^.  dd, 

■     ■       '             A  Mediseval  Ilaly-Mr.  Gladstone's  Homer  and 
i— The, Athenian  Demoerany— 


i— Liteins  Cornelius  Sulla— The  Flavian  Catsara.  &c.,  &c. 

HISTORICAL  ESSAYS.     Third  Series.     8va     I2.t. 
Con,Jnts^— Fiisl  Impressions  of  Rome— The  IIliTlan  Emperoisand  their  Land 
—Augusta  Trevepotum— The  Goths  at  Ravenna— Race  and  Language- The 
Byiantine    Empire— First    Impressions  of  Athens— Mediieval   andljodera 
Greece— The  Southern  Slaves— Sicilian  Cycles— The  Normans  at  Palermo. 
THE  GROWTH  OF  THE  ENGLISH  CONSTITUTION  FROM 
THE  EARLIEST  TIMES,     Fourth  Edition.     Crown  8vo,     51. 
GENERAL    SKETCH    OF    EUROPEAN    HISTORY.      Ne>v 
Edition.     Enlai^ed,  with  Maps,  Sc.     l8mo.     3J,  6^.     (Vol.  I.  of 
Historical  Course  for  Schools.) 
EUROPE.     iSmo.     rj.     {Hislory  Primers.) 
Fyffe.— A  SCHOOL  HISTORV  OF  GREECE.  By  C.  A.  FypFE, 
M.A.     Crown  Svo.  \In  f  reparation. 

Green.  — Works  by   John   Richard  Green,    M.A.,    LL.D., 
late  Honorary  Fellow  of  Jesus  College,  Oxford. 
A  SHORT  HISTORY  OF  THE  ENGLISH  PEOPLE.      New 
and  Thoroughly  Revised  Edition.     Wiih  Coloured  Maps,  Genea- 
logical Tables,  and  Chronological  Annals.     Crown  Svo.     St.  (xt. 
i^th  Thousand. 
Also  the  same  in  Four  Ports.     Parts  I.,  II„  and  III.  ready  ;  Part 
IV.   shortiy.       With   the   corresponding  portion  of  Mr.   Tail's 
"Analysis.'*'   Crown  Svo.    3  j.  each.    Pavt  I.  607— 1265.    Part  II. 
1304-1553.      Part  HI.  1540—1689.      Part  IV.  1660 — 1873. 
HISTORY  OF  THE  ENGLISH  PEOPLE.     In  four  vols,     Svo. 
Vol.  I.— EARLY  ENGLAND,   449— ro? I— Foreign    Kings^ 
1071-1214— The  Charter,  1214-1201— The  Parliament,  1307- 
1461.    With  eight  Coloured  Maps.     Svo,     161. 
Vol.  IL— THE  MONARCHY,  1461-1540— The  Reformation, 

1 540- 1 603.     Svo.     i6j. 
Vol.  HL— PURITAN  ENGLAND,  1603-1660— The  Revolu- 
tion, 1660-168S.     With  four  Maps.     Svo.     161. 
Vol.  IV.— The  Revolution,  1688-1760— Modem  Ergknd,I76o 
1815.    With  Maps  and  IndcK.      Svo.      i6r. 
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8vo.     i8j, 
ANALYSISOF  ENGLISH  HISTORY,  bas^d  on  Green's  "Short 

History  of   the  English  People."     By  C.    W.   A.   Tait,  M.A., 

Asastant-Masler,  Clifton  College.    Crown  8vo.     3s.  dd. 
READINGS     FROM    ENGLISH    HISTORY.       Selected    and 

Edited  by  John  Richard  Green.     Three  Paris.     Globe  8vo, 

\s.  6d.  each.     I.  Hengist  to  Cressy.     II.  Cfes5y  to  Cromwell. 

III.  Cromivell  to  Balaklava. 
Guest. — LECTURES   ON    THE  HISTORY  OF   ENGLAND, 

By  M.  J,  Guest.     With  Maps.     Crown  8vo.     6s. 
Historical  Course  for  Schools — Edited  bjEcwAEoA. 

Freeman,  D.C.L.,  LL.D.,  late  Fellow  of  Trinity  College,  Oxford, 

Regius  Professor  of  Modern  History  in  the  University  of  Oxford. 
I.— GENERAL  SKETCH  OF   EUROPEAN   HISTORY.      By 

Edward    A.    Freeman,    D.C.L.     New  Edition,   revised   and 

enlarged,  wilh  Chronological  Table,  Maps,  and  Indei.  iSmo,  p.6d. 
II.— HISTORY  OF  ENGLAND.     By  Edith  Thompson.     New 

Ed.,  revised  and  enlai^d,  «ith  Coloured  Maps.     iSmo.    2r.  6d. 
IIL— HISTORY  OF  SCOTLAND.    By  Margaret  Macarthur. 

New  Edition.     i8nio.     2t. 
IV.-HISTORY  OF  ITALY.     By   the   Rev.    W.    Hunt,    M.A. 

New  Edition,  with  Coloured  Maps.     iSmo.     31.  td. 
v.— HISTORY  OF  GERMANY.      By  J.    Stme,    M.A,      New 

Edition  Revised.     181110.     jj. 
VI.— HISTORY  OF  AMERICA.     By  John  A.  Doyle.     With 

Maps.     iSmo.     41.  6d. 
VII.— EUROPEAN  COLONIES.     By  E.  J.  Payne,  M,A.     With 

Maps.     l8mo.     4^.  6d. 
VIII.— FRANCE.      By  Charlottk  M,  Yonge.       With    Maps. 

l8mo.     31.  Gd. 
GREECE.     By  Edward  A.  Freeman,  D.C.L.     \In preparation. 
ROME.     By  Edward  A.  Freeman,  D.C.L,  \In pre^aralion. 

History  Primers— Edited  by  John  Richard  Green,  M.A., 

LL.D.,  Author  of  "A  Short  History  of  the  English  People." 
ROME.   I^  the  Rev.  M,  Creightoh,  M.A.,   Dixie   Professor  of 

Ecclesiastical  History  in  the    University  of  Cambridge.      With 

Eleven  Maps.     iSmo.     xs. 
GREECE.     By  C.  A.   Fyffe,   M.A.,   Fellow  and  late  Tutor  of 

University  CoUfge,  Oxford.    With  Five  Maps.    i8mo.     \s. 
EUROPEAN  HISTORY.      By  E.  A.  Freeman,  D.C.L.,  LL.D. 


rated,      i8mo.      __. 

CLASSICAL  GEOGRAPHY.  By  H.  F.  TozER.  M.A.  i8mo.  is. 
GEOGRAPHY.  By  Sir  G.  Grove,  D.C.L.  Maps.  iSmo.  is. 
ROMAN    ANTIQUITIES.      By    Professor    Wilkins,    Litt.D,, 

LL.D.     Illustrated.     18010.     Ii. 
FRANCE.     Ey  Charlotte  M.  Yonoe.     iSmo.     ii. 
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Hole.— A  GENEALOGICAL  STEMMA  OF  THE  KINGS  OF 
ENGLAND  AND  FKANCE.  By  the  Rev,  C.  Hole.  On 
Sheet.     IJ. 

JenningS—CHRONOLOGICAL  TAULES,  A  synchronistic 
arrangement  of  the  events  of  Ancient  History  (with  an  Index). 
By  tlie  Rev.  Arthur  C.  Jennings,  Rector  of  King's  Stanley, 
Glouceateishiie,  Author  of  "A  Commentary  on  the  Psalms," 
"Ecclesia  Anglicansi,"  "Mnnnal  of  Church  History,"  &e. 
8vo.      5^- 

Labberton.— NEW  insTORlCAL  atlas  and  general 
HISTORY.  ByR.  IL  Labberton,  Lill;.IIum.D.  4to.  New 
Edition  Revised  and  Enlarged.     I5r. 

Lethbridge.— A  short  manual  of  the  history  of 

INDIA.  With  an  Account  of  India  as  it  is.  The  Soil, 
Climate,  and  Productions  ;  the  People,  their  Races,  ReligiorLi, 
Public  Worlis,  and  Industries  ;  the  Civil  Services,  and  Sj^tem  ol 
Administration.  By  Sir  Roper  Lkthbbidge,  M.A.,  C.I.E.,  late 
Scholar  of  Exeter  College,  Oxford,  formerly  Principal  of  Kishn.ighut 
College,  IBengal,  Fellow  and  sometime  Examiner  of  the  Calcutta 
University.     With  Ma])s.     Crown  8vo.     $s. 

Mahaffy.— GREEK  LIFE  AND  THOUGHT  FROM  THE 
AGE  OFALEXANDER  TO  THE  ROMAN  conquest.  By 
theRev.  J.P.  Mahaffy,  M.A.,  D.D.,  Fellow  of  Trinity  College, 
Dublin,  Author  of  "  Social  Life  in  Greece  from  Homer  to  Menan- 
der,"  "  Rambles  and  Studies  in  Greece,"  «c.  Crown Svo.   I2J.  6t/. 

Marriott.— THE  MAKERS  OF  MODERN  ITALY:  Mazzini, 
Cavouk,  Garidaldi.  Three  Lectures  delivered  at  Oxford.  Sf 
J,  A.  R,  Marriott,  M.A.,  New  College  and  Worcester  College, 
Oxford,  Lecturer  in  Modem  History  and  Political  Economy. 
Crown  Svo,      ls.6d. 

Michelet. — a  summary  of  modern  history.  Trans- 
lated from  the  French  of  M.  Michelet,  and  confinned  lo  the 
Present  Time,  by  M.  C,  M.  Simpson     Globe  Svo.    ^.  6d. 

Norgate,— ENGLAND  UNDER  THE  ANGEVIN  KINGS. 
By  Kate  Norgate.     With  Maps  and  Flans.     2  vols.  Svo.     321. 

Ott^.— SCANDINAVIAN  HISTORY.  By  E.  C.  OlTe.  With 
Maps.    Globe  Svo.     6s, 

Seeley. — Works  by  J.   R.    Seei.ev,    M.A.,  Regius   Professor  of 
Modem  History  in  the  University  of  Cambridge. 
THE  EXPANSION  OF  ENGLAND.     Crown  8vo.     41.  <^- 
OUR   COLONIAL   EXPANSION.      Extracts  from  the   above. 
Crown  Svo      Sewed,     i^. 

Tait.— ANALYSIS  OF  ENGLISH  HISTORY,  based  on  Green's 
"Short  History  of  the  English  People."  By  C.  W.  A.  TAIT, 
M.  ft.,  Assistant-Master,  Ciiflon  College,     Crown  Svo.     3s.  6d. 
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Wheeler. — Works  by  J.  TdLBOVs  Wheeler. 
A  SHORT  HISTORY  OF  INDIA  AND  OF  THE  FRONTIER 
STATES  OF  AFGHANISTAN,  NEPAUL,  AND  BURMA. 
With  Maps.     Crown  8va.     lii. 
COLLEGE   HISTORY  OF  INDIA,   ASIATIC  AND  EURO- 
PEAN,    With  Maps,     Crown  8vo.     3s.  6d. 

Yonge  (Charlotte  M.).  — CAMEOS  FROM  ENGLISH 
HISTORY.  By  Charlotte  M.  Yome,  Antbor  of  "The  Heir 
of  Redclyffe."  Extra  fcap.  Svo.  New  Edition,  5 j.  each,  |l) 
FROM  ROLLO  TO  EDWARD  II.  (a)  THE  WARS  IN 
FRANCE.  (3)  THE  WARS  OF  THE  ROSES.  (4)  REFOR- 
MATION TIMES.  (5)  ENGLAND  AND  SPAIN.  (6)  FORTY 
YEARS  OF  STUART  RULE  (1603— 1643).  (7)  THE  RE- 
BELLION AND  RESTORATION  (1642— 1678.)  [SAoi^ly. 
EUROPEAN  HISTORY.  Narrated  in  a  Saies  of  Historical 
Selecdotis  from  (he  Best  Authorities.  Edited  and  arranged  bv 
E.  M.  Rkwell  and  C.  M,  Yonge.  Fii-st  Serie?,  1003 — 1154. 
New  Edition.  Crown  8vo.  61.  Second  Series,  1088—1228, 
New  Edition.  Crown  Svo.  61, 
THE  VICTORIAN  HALF  CENTURY— A  JUBILEE  BOOK. 
With  a  New  Portrait  of  the  Queen.  Crown  8vo,,  paper  covers,  is. 
Cloth,  u.  6:i. 


Anglo-Saxon  Law,  Essays  on. — Contents;  Anglo-Saxon 
IJ1.W  Courts,  Land  and  Family  I_in-,  and  Legal  Procedure. 
Medium  Svo.     I  Si. 

Ball.— THE  STUDENT'S  GUIDE  TO  THE  BAR.  By 
Walter  W.  R.  Ball,  M.A.,  of  the  Inner  Temple,  BmTster-at- 
Law  ;  Fellow  and  Assistant  'I'utor  of  Trinity  Collie,  Cambridge, 
and  Fellow  of  University  College,  London.  Fourth  Edition 
Revised.      Crown  Svo.      21.  6rf. 

BigelOW.  —  HISTORY  OF  PROCEDURE  IN  ENGLAND 
FROM  THE  NORMAN  CONQUEST.  The  Norman  Perio<l, 
1066-1204.  By  Melville  Madison  Bigelow,  Ph.D.,  Harvard 
University.     Demy  Svo.     16s. 

Bryce.— THE  AMERICAN  COMMONWEALTH.  Ey  James 
Bryce,  M.P.,  D.C.L.,  Regius  Professor  of  Civil  Law  in  the 
University  of  Oxford,  Author  of  "  The  Holy  Roman  Empire." 
Two  Volumes.  Extra  Crown  Evo.  2!^.  Part  I.  THE 
NATIONAL  GOVERNMENT.  Part  I!.  THE  STATE 
GOVERNMENTS.  Part  Hi:  THE  PARTY  SYSTEM.  Part 
IV.  PUBLIC  OPINION.  PartV.  JLLUSTRATION.S  AND 
REFLECTIONS.     Part  VL  SOCIAL  INSTITUT IONS. 
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Buckland.^— OUR  national  institutions,    a  short 

Sketch  for  Schools.  By  Anna  Buckland,  New  Editioa. 
With  Gldssiuy.  l8mo.  ii. 
Dicey.— INTRODUCTION  TO  THE  STUDY  OF  THE  LAW 
OF  THE  CONSTITUTION.  By  A.  V.  Dicey,  B.C.L.,  of 
the  Inner  Temple  ;  Barrister-at-Law  ;  Vinerian  Professor  of  English 
Law  in  the  University  of  Oxford  ;  Fellow  of  AH  Souls'  College  ; 
Hon.  LL.D.  Glasgow.     Third  Editioii.     Demy  8vo,     lir.  6rf. 

English   Citizen,  The.— a   Series  of   Short   Books   on    his 
Rights  and  Respoiisibililies.     Edited   by  Heney  Craik,  C.B. 

M.A.  (Oxon.),  LL.D.  (Glasgow).     Crown  8vo.     31.  6^.  each. 
CENTRAL   GOVERNMENT.      3y    H.   D.    Teaill,    D.C.L., 

late  FeUow  of  S£,  John's  CoUege,  Oxford. 
THE    ELECTORATE     AND    THE     LEGISLATURE.       By 

Spencer  Walpole,  Author  of  "The  History  of  England  from 

1815." 
THE  POOR  LAW.     By  the  Rev.  T.  W.  Fowle,  M.A. 
THE   NATIONAL    BUDGET;   THE    NATIONAL    DEBT; 

TAXES  AND  RATES.     By  A.  J.  WlLSON. 
THE  STATE  IN  RELATION  TO  LABOUR.    By  W.  Stanley 

JEVOKS,  LL.D.,  F.R.S. 
THE   STATE   AND   TilE   CHURCH,     By  the  Hon.  Arteiur 

Elliot,  M.P. 
FOREIGN  RELATIONS.     By  Spencer  Walpole. 
THE   STATE   IN   ITS    RELATION    TO   TRADE.      By   Sir 

T.    H.    Farrer,   Bavt.,   Permanent   Secretary  to   the   Board  of 

Trade. 
LOCAL  GOVERNMENT.     By  M.  D.  Chalmers,  M.A. 
THE   STATE   IN   ITS    RELATION   TO  EDUCATION.     By 

Henry  Craik,  C.B.,  M.A.,  LL.D, 
THE  LAND  LAWS.     By  Sir  F.  Pollock,  Bart,  late  FeUow  of 

Trinity   College,   Cambridge,    Professor   of  Jurisprudence  in  the 

University  of  Oxford,  &c.     Second  Edition. 
COLONIES  AND  DEPENDENCIES.      Part  I.     INDIA.     By 

J.   S.  COTTON,   M.A.      IL  THE   COLONIES.      By  E.   J. 

Payne,  M.A. 
JUSTICE  AND  POLICE.     By  F.  W.  Maitland. 
THE  PUNISHMENT  AND  PREVENTION  OF  CRIME.     By 

Colonel   Sir  Edmukd  du  Cane,   K.C.B.,    R.E„  Chairman  of 

Commissioners   of  Prisons,   Chalnnaji  of   Directors   of  Prisons, 

Inspector- General    of    Military    Prisons,     Surreyor- General    of 

Prisons. 
Holmes.— THE  COMMON  LAW.    By  O.  W.  Holmes,  Jun. 

DemySvo.     i;j. 
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Maitland.— PLEAS  OF  the  CROWN  FOR  the  COUNTY 
OF  GLOUCESTER  BEFORE  THE  ABBOT  OF  READING 
ANn  HIS  FELLOW  JUSTICES  ITINERANT,  IN  THE 
FIFTH  YEAR  OF  THE  REIGN  OF  KING  HENRY  THE 
THIRD,  AND  THE  YEAR  OF  GRACE  I22r.  Edited  by 
F,  W.  Maiti.*kd.     Svo.     7j,  6d. 

(See  also  under  English  Ct/iceu  Seiiss.) 

Paterson.— Works  by  James  Patekson,  Bmrister-at-Law. 
COMMENTARIES  ON  THE  LIBERTY  OF  THE  SUBJECT, 
AND  THE  LAWS  OF  ENGLAND  RELATING  TO  THE 
SECURITY  OF  THE  PERSON.     Cheaper  Issue.     Two  Vols. 

THE  LIBERTY  OF  THE  PRESS,  SPEECH,  AND  PUBLIC 
WORSHIP.  Being  CommentarieR  on  the  Libecly  of  the  Subject 
and  the  Laws  of  England.     Crown  Svo.     I2J. 

Phillimore.— PRIVATE  law   among    the    ROMANS. 

From   the    Pandects.       By   John    Geoegb    Phillimore,    Q.C. 

Pollock,— ESSAYS  IN  JURISPRUDENCE  AND  ETHICS- 
By  Sir  FREDERICK  POLLOCK.  Baft.,  Bai'rister-at-Law,  M.A,, 
Hon.  LL.D.  Edin. ;  Corpus  Christi  Ftofessor  of  Tnrisprudenee  in 
the  UniYei'slly  of  Oxford  j  late  Fellow  of  Trinity  CoII^e, 
Cambridge.     8vo.     lar.  61^. 

(See  also  under  English  Citixm  S^ri^s.) 

Richey.— THE  IRISH   LAND    LAWS.      By  Alexakder   G. 

RlCHEY,    Q.C,    LL.D.,    Deputy   Regius   Professor    of   Feudal 

English  Law  in  the  University  of  Dublin.     Crown  8vo.     3^.  6^. 

Stephen. — Works  by  Sir  J.  FiTZj AMES  Stephen,  Q.C,  K.C.S.L, 

a  Judge  of  the  High  Court  of  Justice,  Queen's  Bench  Division. 

A  DIGEST  OF  THE  LAW  OF  EVIDENCE.  Fiflh  Edition, 
revised  and  enlarged.     Crown  Svo.     61. 

A  DIGEST  OF  THE  CRIMINAL  LAW ;  CRIMES  AND 
PUNISHMENTS.     Fourth  Edition,  revised.     Svo.     161. 

A  DIGEST  OF  THE  LAW  OF  CRIMINAL  PROCEDURE 
IN  INDICTABLE  OFFENCES.  By  Sir  James  F.  Stephen, 
K.C.S.L,  &c.,  and  Herbert  Stephen,  LL.M.,  of  Ihe  Inner 
Temple,  Barrister-at-Law.     Svo,     12s.  6if. 

A  HISTORY  OF  THE  CRIMINAL  LAW  OF  ENGLAND, 
New  and  Revised  Edition.     Three  Vols.     Svo.     48J:. 

GENERAL  VIEW  OF  THE  CRIMINAL  LAW  OF  ENGLAND. 
Second  Edition.  Svo.  The  first  edition  of  this  work  was  pub- 
lished in  iS63,  The  new  edition  will  be  substantially  a  new 
work,  inleuded  as  a  text-book  on  the  Criminal  Law  for  ifniveraly 
and  other  Students,  adapted  to  the  present  day.  [In  Ike  pnst. 
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MODERN    LANGUAGES    AND 
LITERATURE. 

(i)  English,  fa)  French,  (3)  German,  (4)  Modern 
Greek,  (5)  Italian,  (6)  Spanish. 

ENGLISH. 
Abbott.— A  SHAKESPEARIAN  GRAMMAR.  An  atlempt  to 
illnsti'ate  some  of  the  Differences  between  Elizabethan  and  Madera 
English.  By  the  Rev,  E.  A,  Abbott,  D,n.,  formerly  Head 
Master  of  the  City  of  London  School.  New  Edition.  Extm  fcap. 
Svo.     &. 


3j.  6d. 

Burke,— REFLECTIONS  ON  THE  FRENCH  REVOLUTIONS. 
Edited  by  F.  G.   Selby,  M.A.     GlobeSvo.  [In  the firess. 

Brooke.— PRIMER  OF  ENGLISH  LITERATURE.  By  the 
Rev.  Stopfoed  A.  Brooke,  M.A.  i8mo.  ii.  {Literaiuri  Primtrs.'^  ; 

Butler.— HUDIBRAS.  Edited,  with  Irtrodnetion  and  Notes,  by 
Alfred  Milnes,  M.A.  Lon.,  late  Student  of  Lincoln  College, 
Oxford.  Extra  fcap  Svo.  Parti.  31.  6rf.     Tarts  IL  andllL  41.6-/. 

Campbell, — selections.  Edited  by  Cecil  M.  Bakmw 
M.A.,  Principal  and  Professor  of  English  and  Classics,  Doveton 
College,  Madras.  {la  preparation-., 

Cowper's  TASK-,  an  epistle  to  JOSEPH  HILL,  ESQ.; 
TIROCINIUM,  or  a  Review  of  the  Schools ;  and  THE  HIS- 
TORY OF  JOHN  GILPIN.  Edited,  wiihNotes,  by  William  Ben- 
HAM,  B.D.  GlobeSvo.  u.  (Globe  Readings  from  Stattdard  Aulhors.), 
THE  TASK,  Edited  by  F.  J.  EowE,  M,A.,  and  W.  T.  Webb,, 
M.A.,  Professors  of  Engli^  Literature,  Presidency  Collie, 
Calcutta.  [/« preparai'ma. 

Dowden. — SHAKESPEARE.  By  Professor  Dowde«.  l8mo. 
II.     {LiitralKre  frimtri.) 

Dryden. — SELECT  PROSE  WORKS.  Edited,  with  Introduction 
and  Notes,  by  Professor  C.  D.  Yonge,     Fcap.  8vo.     aj.  6d. 

Gladstone.— SPELLING  reform  from  an  edoca- 
TIONAL  POINT  OF  VIEW,  By  J.  H,  Gladstone,  Pb,D., 
F.R,S.,  Member  of  the  School  Board  for  Loiidon.     New  Edition. 


y  Google 


73         MACMILLAN'S  EDUCATIONAL  CATALOGUE. 

Globe    Readers.      Foe    Standards   I.— VL      Edited  by    A.    F. 
MuRlSOH,  sometime  English   Master    at  tHe  Aberdeen  Giaminar 
School.     With  Illustrations.     Globe  8vo. 
Primer  1.    (48  pp.)        3°'-         I        Book  III,  (233  pp.)  ij.  3;;. 
Primerll.    (48pp.)        y.  Book  IV,  (328  pp.)  is.  ^d. 

Book      I,   (96  pp.)        (d.  Book    V.  (416  pp.)  2i, 

Book    II.  {136  pp.)        ijd.         I        Book  VI.  (448  pp.)  ai.  (xl. 
"  Among  the  nunnroua  sets  of  rtadere  before  the  public  the  present  series  (s 
honourably  dbtiDjzuished  by  the  marked   snperioriEy  of  its   mateti^   and    the 
oareful  ability  with  wbLcb  they  have  been  adapted  to  the  growing  capaoltv  of  the 
piipiJs.    The  plan  of  the  turn  primers  is  esceUent  for  feciffialing   the  child'!  fiiat 

taini^B  read^g.'.  .  .  .  *Beitet  food  for  yoaag  minds  could^  hardly  be  foiintL"— 
The  ATHaB.t;uM. 

*The  Shorter  Globe  Readers. — with  illustrations.  Globe 
8vo. 
Primer        I.     (48  pp.)  S^.       I    Standard  III.  (178  pp.)  U. 
Piimer      IL      (48  Pp.)  3'^-  Standard  IV.  [182  pp.)  U. 

Standard    I.     (92  pp.)  erf.  Standard    V.  (216  pp-l  U- 3^. 

Standard  II.  (124  pp.)  9^^-      I    Standard  VI.  (228  PP-)  It.  6rf. 
'  lids  Series  has  been  ahtideedlrom  '■The  Giohe  Headers"  10  meet  the  demand 

Goldsmith.— THE    traveller,    or  a    Prospect   of  Sodely; 

and  THE  DESERTED  VILLAGE.  By  Oliver  Goldsmith. 
With  Notes,  Philological  and  Explanatory,  by  J.  W.  Hales,  M.A. 
Crown  8vo.     6ii. 

THE  VICAR  OF  WAKEFIELD.  With  a  Memoir  of  Goldsmith 
by  Professor  MassOH.  Globe  Svo.  ii.  {Claid  Readings  from 
Standard  Authors.) 

SELECT  ESSAYS.  Edited,  witli  Introduction  and  Notes,  by 
Professor  C.  D.  YoNGE.     Fcap.  Svo.     2S.  &/. 

THE  TRAVELLER  AND  THE  DESERTED  VILLAGE. 
Edited  by  Arthur  Barrett,  B.A,,  Professor  of  English  LJtera- 
Inre,  Elphinstone  College,  Bombay.     Globe  Svo.     u.  bd. 

THE  VICAR  OF  WAKEFIELD.  Edited  by  Harold  Little- 
DALE,  B.A.,  Professoi:  of  History  and  English  Literature,  Baroda 
College.     Globe  Svo.  \ln  jrrefaTOtimt. 

<jOSSe.— A  HISTORY  OF  EIGHTEENTH   CENTURY  LIT- 
ERATURE (l660'l78o).   By  Edmund  GossE,  M.A.   Crown  Svo. 
71.  bd. 
Oray. — poems.     By  John  Bradshaw,  LL.D.     \ln  f  reparation. 

Hales.— LONGER  English  poems,  with  Note?,  PMioiodcai 

aiid  Explanatory,  and  an  Introduction  on  the  Teaching  of  English, 
Chiefly  for  Use  in  Schoob^.  Edited  by  J.  W.  Hales,  M.A., 
Professor  of  English  Literalnre  at  Kill's  College,  London.  Neiv 
Edition.  Extra  foap.  Svo.  41.  &i. 
Helps. — ESSAYS  WRITTEN  IN  THE  INTERVALS  OF 
BUSINESS.  Edited  by  F.  J.  Rowe,  M.A.,  and  W.  T.  Webb, 
M.A.,  Professors  of  English  Literature,  Presidency  College, 
Calcutta.      Globe  Svo.      2i.6rf. 
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Johnson's  lives  of  the  poets.  The  six  Chief  Lives 
(Milton,  Diyden,  Swift,  Addison,  Pope,  Gray),  with  Macaulay's 
"Life  of  Joliiisoii,"  Edited  ivith  Pre&ce  and  Notes  by  Matthew 
Arnold.     New  and  cheaper  ediiion.     Crowo  8vo.     4^.  &/. 

Lamb  (Charles).— TALES  from  Shakespeare.  Edited, 

with    Preface,  by  the  Rev.  Canon  Ainger,  M.A.     Globe   Svo. 
2j.     {Glolie  Rmdings  from  Standard  Authors.') 
Literature    Primers— Edited  by   John    Richard   Grisen, 
M.A.,  LL.D.,  Author  of  "  A  Short  History  of  the  English  People." 

ENGLISH  COMPOSITION.     By  I^-ofessor  NlCHOL.    iSmo.     ir. 

EXERCISES  ON  ENGLISH  COMPOSITION.     By  the  same. 
[/» the  fres;. 

ENGLISH  GRAMMAR.  By  the  Rev.  R.  MoEEls,  LL.D.,  some- 
lime  President  of  the  Philolt^ical  Society.     iSmo.     11. 

ENGLISH  GRAMMAR  EXERCISES.  By  R.  Morris,  LL.D., 
and  H.  C.  BowEN,  M.A.     i8mi.     is. 

EXERCISES  ON  MORRIS'S  PRIMER  OF  ENGLISH 
GRAMMAR.  By  John  Wetherell,  of  the  Middle  School, 
Liverpool  College.     iSmo.     \s. 

ENGLISH  LITERATURE.  By  Stopfoed  Brooke,  M.A.  New 
Ediiion.     iSmo.     u. 

SHAKSPERE.    By  Professor  Dowden.     iSmo.     11. 

THE  CHILDREN'S  TREASURY  OF  LYRICAL  POETRY. 
Selected  and  arranged  with  Notes  by  Francis  Turner  Pal- 
grave,     ill  Two  Parts.     iSnio.     ts.  each, 

PHILOLOGY.     By  J.  Peile,  M.A.     i8rao.     u. 

ROMAN  LITERATURE.  By  Profosoi-  A.  S.  Wilkins, 
Litt.D.,  LL.D.  \Just  ready. 

A  History  of  English  Literature  in  Four  Volumes. 

Crown  8vo, 

EARLY  ENGLISH  LlTEiiATURE.      By  Stopford  Brooke, 

M.A.  \Iii  preparation. 

ELIZABETHAN    LITERATURE.       1560—1665.     By  George 

Saintsborv.    71. 6d. 
EIGHTEENTH  CENTURY  LITERATURE.     1660-1780.    By 

Edmund  Gosse.    M.A.    71.  6d. 
THE  MODERN  PERIOD.  By  Professor  E.  Dowden.   [laj^rep. 
Macmillan's  Reading  Books. — Adapted  to  the  English  and 

Scotch  Codes.     Boiuid  in  Cloth. 
PRIMER.   iSmo.  (48  pp.)     2d. 
BOOK  I.  for  Standard  I.     l8mo. 

(96  pp.)    4^- 
BOOK  II.  for  Standard  II.  iSmo. 

(144  PP-)    S^- 
BOOK  V.  for  Standard  V.  iSiiio. 
(380  pp.) 


BOOK  IV.  for  Standard  IV' 
iScio.     (176  pp.)    Zd. 

BOOK  VI.  for  Standard  VI.  Cr. 
Svo.     (430  pp.)    2S. 
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Macmillan's  Copy-Books — 

Published  in  two  sizes,  viz,  :— 

1.  Large  Poit  4to.     Price  41I.  each. 

2.  Post  Oblong.     Price  zd,  each. 

I.  INITIATORY  EXERCISES  AND  SHORT  LETTERS, 
a.  WORDS  CONSISTING  OF  SHORT  LETTERS 
*3.  LONG  LETTERS.    Wilt  Words  cmlainine  Loi^  Letters— Figurcs. 
'4.  WORDS  CONTAINING  LONG  LETTERS. 
4a.  PRACTISING  AND  REVISING  COPY-BOOK.    For  Nos.  1  to  4. 
•5.  CAPITALS  AND  SHORT  HALF-TEXT.  Word?  beginning  with  a  Cajntil. 
"6.  HALF-TEXT  WORDS  begionine  with  CttiHlals—Figura. 
•7.  SMALI^HAND  AND  HALF-TEXT.    Wilh  Cajnials  and  Figures. 
■B.  SMALL.HAND  AND  HALIf-'iTEXT.    Wth  Capitals  and  Figures. 
PRACTISING  AND  REVISING  COPV-BOOK.    For  Noa,  5  to  8. 
SMALI.HAND  SINGLE  HEADLINES— Figures. 
SMALL-HAND  SINGLE  HEADLINES- Figures, 
SMALL-HAND  DOUBLE  HEADLINES- Figures. 
COMMERCIAL  ANU  ARITHMETICAL  EXAMPLES,  &c. 
ua.  PRACl'ISING  AND  REVISING  COPY-BOOK.    For  Nos,  3 10  11, 
•  TAesi:  numbers  may  be  had  ivith  Goodman's  Faltnl  SliJing 
Copies.     Liii^e  Post  4I0.     Price  dd.  each. 
Martin. — THE  POET'S  HOUR  :  Poetry  selected  and  arranged  for 
Children.    ByiFRANCES  Martin.    New  Edition.    iSmo.    zs.  dd. 
SPRING-TIME    WITH    THE    POETS  :    Poeti-y    selected    by 
Frances  Maetin.     New  Edition.     iSm  ■.     31  dd. 

Milton. — By  Htopford   Brooke,   M,A.      Fcap.   Evo.      is.    6d. 
{C/assical  Writers  Series.) 

Milton.— PARADISE  LOST.  Books  I.  and  IL  Edited,  with 
iDlcoduction  and  Notes,  by  Mii^Haei.  Macmillan,  B.A.  Oxon, 
Professor  of  Logic  and  Moral  Philosophy,  ElpMnstone  College, 
Bombay.  Globe  8vo.  zs.  6d.,  or  separately  u.  6d.  each. 
L'ALLEGRO,  IL  PENSEROSO,  LYCIDAS,  ARCADES, 
SONNETS,  &c.  Edited  by  WrLLiAM  Bell,  M.A.,  Prof,  of 
Philosophy  and  Logic,  Government  College,  Lahore.    Globe  8vo. 

COMUS.     By  the  same  Editor.     11,  6d. 

SAMSON  AGONISTES.  By  H.  M.  Pbrcival,  M.A.,  Professor 
of  English  Literature,  Presidency  College,  Calcutta.  [jj«;  ready. 
Morley.— ON  THE  STUDY  OF  LITERATURE.  The  Annual 
Address  to  the  Students  of  the  London  Society  for  the  Extension 
of  University  Teaching,  Delivered  at  the  Mansion  House, 
Febtuaiyae,  1887.    ByJoHNMoRLEV.   Globe Svo.  Cloth,    is.  6d. 

Also  a  Popular  Edition  iii  Pamfhlrt  form  for  DislrOulioH,  price  zd. 

APHORISMS.     By  the  same.     Being  an  Address  delivered  before 
the  Philosophical   Society  of  Edinbai^h,    November   II,   1887. 
Globe  3yo.     11.  6d. 
Morris. — Worlcs  by  the  Rev.  R.  Morris,  LL.D. 

HISTORICAL  OUTLINES  OF  ENGLISH  ACCIDENCE, 
comprising  Chapters  on  the  History  and  Developnient  of  the  Lan- 
gafige,ar.d  on  Word  formation.   New  Edition,   Extra  fcap.   8vo,  6j, 
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Morris.— ELEMENTARY  LESSONS  IN  HISTORICAL 
ENGLISH  GRAMMAR,  conlaining  Accidence  aiid  Woi-d- 
formalioii.  New  Edilion.  iSmo,  2f.  6ii. 
PRIMER  OF  ENGLISH  GRAMMAR.  iSrao.  11.  (See  also 
Literature  Primers.) 
Morris  and  Kellner — HISTORICAL  OUTLINES  OF 
ENGLISH  SYNTAX,  By  Rev.  R.  MoEKis  and  Dr.  L. 
Kei.lnbb.  yn  preparaliait. 

Oliphant.— THE  OLD  AND  MIDDLE  ENGLISH.     A  New- 
Edition  of  "THE  SOURCES  OF  STANDARD  ENGLISH," 
revised  and  greatly  enlarged.     By  T.  L.   KiNGTON  Oliphant. 
EKlta  fcap.  8vo.     gi. 
THE  NEW  ENGLISH.  By  the  same  Author.   Zvols.  Cr.  8vo.   3U. 
Palgrave.^THE  children's  treasury  OF  LYRICAL 
POETRY.      Selected    and   arranged,  with   Notes,  by   Fbancis 
TuRNia  Palgkave.  iSmo.  zj.  dd.  Also  in  Two  Parts,   u.  each. 
Patmore. — THE   children's   garland    from   THE 
BEST  POETS.     Selected  and  ari-aiised  by  Coventry  Patmore. 
Globe  Svo.      21.     (Gkie  Readings  frortt  Standard  AnHiors.) 
Plutarch.- — ^Belng  a  Selection   from   the   Lives   which   Illiistfate 
Shakespeare.     North's  Translation.     Edited,  with  Iiilroductions, 
Notes,  Index  of  Names,  and  Glossarial  Index,  by  the  Rev.  W. 
W.  SkeAT,  M.A.      Crown  8vo.     61. 
Ryland.— CHRONOLOGICAL    OUTLINES    OF    ENGLISH 
IJTERATURE,  by  F.  Rylakd,  M.A.  Cr.  8vo.      [/n  ike prtss. 
Saintsbury.— A  HISTORY   OF  ELIZABETHAN  LITERA- 
TURE.  1560-166J.    By  Geokcie  Saintsbury.  Cr.  8vo.    ^s.  dd: 
Scott— LAY  OF  THE  LAST  MINSTREL,  and  THE  LADY 
OF    THE  LAKE.   Edited,   with    Intiodnctioii   and  Notes,  by 
Francis  TtiRNSR  Palgrave.    Globe  Svo.    is.    (Globe  Readings, 
from  Standard  Aulhari.) 
MARMION  ;  and  THE  LORD  OF  THE  ISLES.     By  the  same 
Editor.   Globe  Rto.    u.   {GIo&s  Readings Jrem  Slandard  Aalhors.) 
MARMION.     Edited,  with  Introduction  and  Notes,  by  Michael 

Macmii.LAN,  B,  A.     Globe  Svo.     31.  6rf. 

THE  LADY  OF  THE  LAKE.     Edited  by  G.  H.  Stuart,  M.A., 

Professor  of   English    Literature,   Presidency   College,   Madras. 

Globe  Svo.  [In  the  fress. 

THE  LAV  OF  THE  LAST  MINSTREL.     By  the  same  Editor. 

Globe  Svo,      Cantos  I.  lo  III.      is.  6d. 
ROKEBY.     By  Mickaei,  Macmillan,  B.A.     Globe  Svo.    31.  dd. 

Shakespeare.— A  Shakespearian  grammar.  By  Rev. 

E   A.  Abbott,  D.D.,  Head  Masta- of  the  City  of  London  SchooL 

Globe  Svo.     6j. 
A   SHAKESPEARE  MANUAL.      By  F.  G.  Fleay,  M.A.,  late 

Head  Master  of  Skipton  Grammar   School.      Second   Edition. 

Extra  fcap.  Svo.    v.  dd. 
I'RIMER  OF  SHAKESPEARE.     By  Professor  Dowde.\.     iSmo. 

IS.     (Literature  Friniers.) 
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Shakespear  e — continued. 
THE  TEMPEST.      Edited  by  -K.   Deigh'1-on,  late    Principal    of 

Agta  College.     Globe  8vo.      u.  M. 
MUCH  ADO  ABOUT  NOTHING.    By  the  same  Editor.  Globe 

8yo.    21. 
TWELFTH  NIGHT.     By  the  same  Editor.     Globe  8vo.     \s.  dd. 
THE  WINTER'S  TALE.  By  the  same  Editor.  Globe  8vo.  2r.  dd. 
KING  JOHN.     By  the  same  Editor.  [In preparation. 

HENRY  V.     By  llie  same  Editor.     Globe  Svo.     ac. 
RICHARD  in.     Edited  by  C.  H.  Tawney,  M.A.,  Principal  and 

Professor  of  English  Literature,  Elphinstone  College,  Calcutta. 

Globe  Svo.      21.  dd. 

IULIUS  C-ESAR.     By  the  same  Editor.  \In  prcparoHon. 

lACBETH.     By  K,  Deightok.  [In  preparatmi. 

OTHELLO.     By  the  same  Editor.     Globe  8ra.     zs.  6d. 
CYMBELINE.     By  the  same  Editor.     Globe  Svo.     2j.  &/, 
Sonnenschein    and    Meiklejohn.  —  THE    ENGLISH 
METHOD  OF  TEACHING  TO   HEAD,      By  A.  Soknes- 
SCHEIN  and  J.  M.  D.  Meiklejohn,  M.A.     Fcap.  Svo. 


THE  NURSERY  BOOK,  t 

in  the  Language,     id. 

School  Walls,    is.) 
THE  FIRST  COURSE,  consisting  of  Short  Vowels  ii'ith  Sii^le 

Consonants.    6d. 
THE  SECOND   COURSE,   with  CombiHations  and   Bridges, 

consisting  of  Short  Voivels  with  Double  Consonants,     dd. 
THE  THIRD  AND  FOURTH  COURSES,  consisting  ofLong 

Vowels,  and  al!  the  Double  Vowels  in  the  Language,     td. 
"  These  are  ad  iniraWe  books,  because  Ihey  ateconstrucied  on  aprinripie,  and  that  the 

Southey. — life  of  NELSON,  Edited  by  Michael 
Macmij.lan,  B,A.  [/«  ths press. 

Taylor. — WORDS  AND  PLACES  ;  or,  Etymolodcal  Illustra- 
tions of  History,  Ethnology,  and  Geography.  By  Ibe  Rev. 
Isaac  TS-Vlor,  M,A.,  Litt.  D.,  Hoq.  LL.D.,  Canon  of  York. 
Third  and  Cheaper  Edition,  revised  and  compressed.  With  Mai>s. 
Globe  Svo.     6s. 

Tennyson.— The  collected  works  of  lord  tenny- 

SON,  Poet  Lauraite.     An  Edition  for  Schools.     In  Four  Parts. 
Crown  Svo,   2s.  6d.  e:   ' 


SELECT  P 

and  Notes.  By  F.  J.  RowE,  M,A,,  and  W.  T,  Webb,  M.A., 
Profesiors  of  English  Literaluie,  Presidency  College,  Calcutta. 
Globe  Svo,     31.  6k. 

—  ■      -     ■  ■         -- inNffilits,""ThaLad!'ot 

.,_ie5,"  •^■■nthonus,"  "Mortt 

__    ....  jn  the  Death  of  Ihe  Duke  of 

WelliDBtoi;,"  and  "  The  Revenge," 
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Thring,— -THE  elements  OF  GRAMMAR  TAUGHT  IN 
ENGLISH,  By  Edward  Thring,  M.A,,  Jate  Head  Master  of 
Uppingham.    With  Qiieslions.    Fourih  Edition.  iSrao.   21. 

Vaughan  (CM.).— WORDS  from    the    poets,      rv 

C.  M,  Vaughan.     New  Edition.     iSino,  clolb,     u. 
Ward.— THE    ENGLISH    POETS.       Selections,    with   Critical 

Introductions  bj  various  Writers  and  a  General  Introduction  by 

Matthew  Arnold.     Edited  by  T,  H.  Ward,  M.A.     4VoN, 

Vol.   I.   CHAUCER  TO    DONNE,— Vol,   IL   BEN  JONSON 

TO  DRVDEN.— Vol.  IIL  ADDISON  to  ULAKE,— Vol.  IV. 

WORDSWORTH  TO  R03SETTI.    Crown  8 vo.     Each  71.  W. 
Wetherell. — EXERCISES    ON     MORRIS'S    PRIMER    OF 

ENGLISH    GRAMMAR,      By    John     Wbtherell,    M.A. 

iSroo.     IJ.     {Literature  Primers.) 
Woods.— A   FIRST    POETRY   BOOK.     Compiled   by  M.  A, 

Woods,   Head  Mistress  of  the  Clifton  High    School   for  Gitis, 

Fcap,  8vo.     21,  dd. 
A  SECOND  POETRY  BOOK.     Compiled  by  the  same,     Fcap. 

Svo.     In  two  Parts,  21,  6i.  each, 
A  THIRD   POETRY   BOOK.     Compiled  by  the   same.     Fcap. 

Wordsworth.— SELECTIONS.  Edited  by  William  Words- 
worth,  B.A.,  Principal  and  Professor  of  History  a.nd  Political 
Economy,  Elphinstone  College,  Bombay.  [In  pre^ralieti. 

Yonge  (Charlotte  M.). — THE  ABRIDGED  book  of 
GOLDEN  DEEDS,  A  Reading  Book  for  Schools  and  general 
readers.  By  the  Author  of  "The  Heir  of  Redclyffe."  iSmo, 
cloth.     IS,      Globe  Readings  Edition.     Globe  8vo.     zs. 


FRENCH. 

Beaumarchais. — le  barbier   de    SEVILLE.     Edited, 
with  Introduction  and  Notep,  by  L.  P.  Blouet,  Assistant  Master 
in  St.  Paul's  School.     Fcap.  Svo.     31,  €d. 
Bowen.— FIRST   LESSONS    IN   FRENCH,      By  H.   Cofr. 
THOPE  BowEN,  M.A.,  Principal  of  the  Finsbury  Training  College 
for  Higher  and  Middle  Schools.     Esfra  fcap.  Svo.     is. 
Breymann. — Works   by    Hermann   Breymann,    Ph.D.,    Pro. 
fessor  of  Philology  in  the  University  of  Munich, 
A    FRENCH    GRAMMAR    BASED     ON     PHILOLOGICAL 

PRINCIPLES.     Second  Edition.    Extra  fcap.  8to.    41.  6/. 
FIRST  FRENCH  EXERCISE  BOOK.    Extra  fcap,  Svo.   41.  6a'. 
SECOND  FRENCH  EXERCISE  BOOK.  Estra  fcap.  Svo.  21.  6rf, 


y  Google 


78        MACMILLAN'S  EDUCATIONAL  CATALOGUE, 

Fasnacht. — Works  by  G.  EuGfeNE  Fasnaoh-t,  Amhor  of  "  Mac. 
millan's   I'lT^resEive   French   Course,"   Ktiilor  of  "  Macmillan's 
Foreign  School  Clnssic^,"  &c. 
THE  ORGANIC  METHOD  OF  STUDYING  LANGUAGES. 
Extra  fcap.  Svo.      I.   French.      31.  &/. 

,    A   SVNTHETJC    IRENCH    GRAMMAR    FOR    SCHOOLS. 
Crown  8vo.     31.  61/. 
GRAMMAR   AND   GLOSSARY   OF   THK   FRENCH    LAN- 
GUAGE  OF   THE   SEVENTEENTH   CENTURY.      Crown 
8vO.  \^[fi  preparation. 

Macmillan's  Primary  Series  of   French  Reading 
Books. — Edited  by  G.  Eugene  Faskacht,  formerly  Assistant- 
Master  in  Westminster  SchooL     With  Illustrations.      Globe  8vo. 
CORNAZ— NOS  ENFANTS  ET  LEUR.S  AMIS.      Par   Su- 
zanne CoRKAZ.     Edited   by   Edith   Haevev.      With    Notes, 
Vocebulary,  and  Exercises.     Globe  Svo.     is.  6d. 
DE  MAISTRE— LAJEUNE  SIBERIENNE  ET  LE  LiliPREUX 
DE  LA   CITE  D'AOSTE.     Edited,  with  Introduction,  Notes, 
and  Vocabulary.     By  Stephake  Baklet,  B.Sc.  Univ.  Gall,  and 
London ;  Assistant- Master  at  the  Mercers'  School,  Examiner  to 
the  Collie  of  Preceptors,  the  Royal  Naval  College,  &c.     Ii.  6rf. 
FLORIAN—FABLES.    Selected  and  Edited,  with  Notes,  Vocabu- 
lary, Dialogues,  and  Exercises,  by  the  Rev.  Chakles  Yeld,  M.A., 
HeadMasterofUniversitySchool.Nottingham.  Illustrated,  u.dd. 
LA  FONTAINE— A  SELECTION  OF  FABLES.     Edited,  with 
Introduction,  Notes,  and  Vocabulary,  byL.  M.  Moriarty,  B.A., 
Assistant  Master  at  Harrow,     a.  6^. 
MOLESWORTH.— FRENCH  LIFE  IN  LETTERS,      By  Mrs. 

MoLEswonTH.     With  Notes  on  Idioms,  &c,     u.  6d. 
PERRAULT— CONTES  DE  FIEES,     Edited,  with  Introduction, 
Notes,  and  Vocabulary,  by  G.  E.  Fasnacht.     New  Edition  with 
Exercises,     ir.  6d. 

(See  also  German  Authors,  page  81.) 
Macmillan's   Progressive   French   Course.— By  G. 
EuGtNE    Fasnacht,    formerly   Assistant- Master    in    Westminster 
School. 

I. — First   Year,    containing   Easy   Lessons     on    the    Regular 
Accidence.     New  and  thoroughly  revised  Edition.     Extra  fcap. 
Svo,     IS. 
11. — Second  Year,   containing  an   Elementary  Grammar  with 
copious  Exei-cise?,  Notes,  and  Vocabularies.     A  new  Edition, 
enlarged  and  thoroughly  revised.     Extra  fcap,  Svo.     is. 
III. — Third  Year,  containing  a  Systematic  Syntax,  and  Lessons 
in  Compoation.     Extra  fcap.  Svo.     is.  6d. 
THE    TEACHER'S      COMPANION      TO      MACMILLAN'S 
PROGRESSIVE  FRENCH  COURSE.     With  Copious  Notes, 
Hints  for  Different  Renderings,  Synonyms,  Pbiloiogtoal  Remarks, 
&c.      By  G.  E.  Fasnacht.      Globe  8ra.      Firsl  Vmr  4^,  6d., 
Second  Vear^i,  6d.,  Third  Ytar  ^.  6d. 
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Macmillan's  French  Composition. — By  G.  E.  Fas- 
NACHT.  Part  I.  Elementary.  Extra  Fcap.  3to.  2s.  6d  [R^sdy. 
Part  II.     Advanced.  iPart  IT.  in  Ike  press. 

THE  TEACHER'S  COMPANION  TO  MACMll.LAN'S 
COURSE  OF  FRENCH  COMPOSITION.  By  G.  Eugene 
FasnacHT.      First  Course.     Extra  fcap.  8vo,      4J.  td. 

Macmillan's    Progressive     French     Readers.     By 

G.   EUGfeBE  Fasnacht. 

I.— First  Year,  containing  Tales,  Historical  Eitcacts,  Letters, 
Dialogues,  Ballads,  Nursery  Songs,  &c.,  with  Two  Vocabularies : 
(l)  in  the  order  of  ■Jubjects  ;  (a)  in  alphabelical  order.  A  new 
and  thoroughly  revised  Edition,  with  ImitatiTe  Exercises,  Extra 
fcap.  Svo.      zr,  fid 

H.  —  Second  Year,  containing  Fiction  in  Prose  and  Verse, 
Historical  and  De  inptne  Extncts,  Ei  ay?,  Letters,  Dialogues, 
&c.     New  Edition,  nith   Imitative  Eternises.     Extra  fcap.  Svo. 


FRENCH, 
CORNEILLE— LE  C!D,     Edited  by  G.  E,  Fasnacht.    i.. 
DUMAS— LES    DEMOISELLES    DE    ST.  CYR.      Edited   by 

Victor  Oger,  Lecturer  in  Univeisity  College,  Liverpool,   u.  dd. 
LA  FONTAINE'S  FABLES.     Books  I.— VI.     Edited  by  L.  M. 

MoRlAXTY,  B.A.,  Assistant  Master  at  Harrow.     \In  preparation. 
MOLlfiRE— L'AVARE.      By  the  same  Editor,     is. 
MOLlfiRE— LE  BOURGEOIS  GENTILHOMME.     By  the  same 

Editor,      \s.  6d. 
MOLlfiRE— LES  FEMMKS  SAVANTES.   By  G.  E.  Fasnacht. 

MOLIERE— LE  MISANTHROPE,     By  the  same  Editor,     11. 
MOLliiRE— LE    MEDECIN    MALGRE    LUL      By   the   same 

Editor,     ij. 
RACINE— BRITANNICUS.     Edited   by  Eug£n-e    Pellissieh, 

Assistant- Ma-ter  in  Clifton  College,  and  Lecturer  in  University 

College,  Bristol.     21. 
FRENCH  READINGS  FROM  ROMAN  HISTORY.     Selected 

from  Various  Authors  and  Edited  by  C.  CoLHECK,  M.A.,  late 

Fellow   of     Trinity   College,    Cambridge;    Assistant -Master   at 

Harrow.     4(.  60'. 
SANI>,  GEORGE  -LA  MARE  AU  DIABLE,     Edited  by  W,  E. 

Russell,  M.A.,  Assistant-Master  in  Haileybnry  College,     ii. 
SANDEAU,  JULES-MADEMOISELLE  DE  LA  SEIGLIERE. 

Edited  by  II.  C.  Steel,  Assistant-Master  in  Winchester  College. 

is.6d. 
THIERS'S  HISTORY  OF  THE  EGYPTIAN  EXPEDITION. 

Edited   by    Rev.    H.    A.    Bull,    M.A.       Assi:itant-Master   in 

Wellington  College.  {In  pripiiralion. 
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Macmillan's  Foreign  School  Classics  {continued) — 
VOLTAIKE— CHARLES  XIL  Editedby  G.  E,  Fasnacht.  31.6.1'. 
*,*  Other  volumes  to  follow. 
(See  also   German  Authors,   page  81,) 
Masson    (GuStave).~A    COMPENDIOUS  DICTIONARY 
OF  THE  FRENCH  LANGUAGE  (Ffench- English  and  English- 
French).     Adapted  from  the  Dictionaries  of  Professor  Alfred 
Elwall.      FoUowetl    by   a   List  of   the    Principal    Diverging 
Derivations,  and  preceded  by  Chronolt^cal  and  Historical  Tables. 
By  GusTAVE  Masson,   Assistants  Master  and  Librarian,  Harrow 
School.      New  Edition.      Crown  Svo.     6j. 
Moliere. — LE  MALADE  IMAGINAIRE.     Edited,  wilh  Intro- 
duction and  Notes,  by  FaANCts  Taever,  M.A.,  Assistant- Master 
at  Eton.     Fcap.  Svo,     21,  dd. 

(See  also  MacnUlan's  Foreign  Sehool  Classics.') 
Pellissier.— FRENCH  ROOTS  AND  THEIR  FAMILIES.  A 
Synthetic  Vocabukiy,  baaed  upon  Derivations,  for  Schools  and 
Candidates  for  Public  Examinations.  By  Eugene  Pei.LiSSIeR, 
M.A.,  B.Sc,  LL.B.,AsBislant- Master  at  Clifton  College,  Leclurer 
at  University  College,   Bristol.     Globe  Svo.     61. 


HUSS. — A  SYSTEM  OF  ORAL  INSTRUCTION  IN  GERMAN, 
by  means  of  Progressive  Illustrations  an-1  Applications  of  the 
leading  Rules  of  GramniOT.  By  Heemann  C.  O.  Hus  PhD 
Crown  Svo.      S^- 

Macmillan's  Progressive  German  Course  By  G 
EUGtNE  Fasnacht. 

Part  I. — First  Year.  Easy  Lessons  and  Rnles  on  the  Regular 
Accidence.     Extra  fcap.  Svo.     u.  dd. 

Part  II. — Second  Year,  Conversational  Lessons  in  Systematic 
Accidence  and  Elemenlai^  Syntax.  With  Philological  Illu  t  alions 
and  Etymological  Vocabulary.  New  Edition,  enlarged  and 
thoroughly  recast.     Extra  fcap.  Svo.     3J.  6rf. 

Part  III.— THIRD  Year.  (/« ths^r  ss 

TEACHER'S  COMPANION  TO  MACMILLAN'S  PROGRES 
SIVE  GERMAN  COURSE.  Wilh  copious  Notes,  Hints  for 
Different  Renderings.  Synonyms,  Philological  Remarks,  &c.  Bj 
G.  E.  Fasnacht.     Estra  Fcap.  Svo.    First  Year.     +)■.  6ii, 

Second  Year.    4r.  6d. 
Macmillan's    Progressive    German    Readers.     By 
G.  E.  Fasnacht. 

X. — First  Year,  contiUning  an  Introduction  to  the  German  order 
of  Words;  witli  Cojiious  Examples,  extracts  from  German  Authors 
in  Prose  and  Poetry  j  Notes,  and  Vocabularies.  Extra  Fcap.  Svo., 
xs.6d. 
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Macmillan's    Primary    German    Reading    Books. 

(See  also  French  Authors,  page  78.) 
GRIMM— KINDER   UND    HAUSMARCHEN.      Selected  and 
Edited,  with  Notes,  and  Vocabulary,  by  G,  E.  Fasnacht.     New 
Edition,  with  Eseteises,     2s.  6ii. 
HAUFF.— DIE  KARA  VANE.    Edited,  with  Notes  and  Vocabu- 
lary, by  Herman  Uager,  Ph.D.  Lecturer  in  the  Owens  College, 
Manchester.     New  Edition,  with  Exercises,  arranged  by  G.   E. 
Faskacht.     js. 
SCHMID,   CHR.   VON.— H.   VON   EICHENFELS.      Edited, 
with  Notes,  Vocabulary,  and  Exercises,  by  G.  E.  Fasnicht.  2j.  611'. 

Macmillan's    Foreign    School    Classics.     Edited  by 
G.  EuGfiNE  Faskacht,  i8mo. 

GERMAN. 

FREYTAG  (G.).— DOKTOR  LUTHER.  Edited  by  Fkancjs 
Stork,  M.A.,  Head  Master  of  the  Modern  Side,  Merchant  Tay- 
lors' School.  {In  preparation. 

GOETHE— GOTZ  VON  BERLICHINGEN.  Edited  by  H.  A. 
Bull,  M.A.,  Assistant  Master  at  Wellington  College-     zs. 

GOETHE— FAUST.  Part  I.,  followed  by  an  Appendix  on  Paiit 
II.  Edited  by  Jane  Lee,  Lecturer  in  German  Literaiure  at 
Newnham  College,  Cambridge,  4r.  &/. 
-  HEINE— SELECTIONS  FROM  THE  REISEBILDER  AND 
OTHER  PROSE  WORKS.  Edited  by  C.  Colbeck,  M.A„ 
Assistant-Master  at  Harrow,  late  Fellow  of  Trinity  College, 
Cambridge,     ar.  ^d. 

LESSING.— MINNA  VON  BARNHELM.  Edited  by  Jajies 
SlME,  M,A.  [In  preparalion. 

SCHILLER— SELECTIONS  FROM  SCHILLER'S  LYRICAL 
POEMS.  Edited,  with  Notes  and  a  Memoir  of  Schiller,  by  E.  J. 
TURKBR,  B.A,,  and  E.  D.  A.  MorsheaB,  M.A.  Assistant- 
Masters  in  Winchester  College.     2s.  6ii. 

SCHILLER— DIE  JUNGFRAU  VON  ORLEANS.  Edited  by 
Joseph  Gostwick,    21.  6rf. 

SCHILLER— -MARIA  STUART.  Edited  by  C.  Sheldo.s',  M.A., 
D.Lit.,  of  the  Royal  Academical  Imstitution,  Belfast,     ss.  6d. 

SCHILLER— WILHELM  TELL.      Edited  by  G.  E.  Faskacht. 

2S.6<t. 

SCHILLER.— WALLENSTEIN.  Parti  DAS  LAGER.  Edited 
by  H.  B.  CoTTEKiLL,  M.A.     21. 

UHLAND— SELECT  BALLADS.  Adapted  as  a  First  Easy  Read- 
ing  Book  for  Beginners.     With  Vocabulary.     Edited  by  G.  E. 

*^*  Olhir  Volumes  to  follo-w. 
(See  al:o  Fftnch  Authors,  page  79,) 
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Pylodet.— NEW  GUIDE  TO  GERMAN  CONVERSATION; 
containing  an  Alphabedcal  List  of  nearly  800  FamEiar  Words} 
followed  by  Exerdses ;  Vocabulary  of  Words  in  frequent  use  ; 
Familiar  Phrases  and  Dialogues  ;  a  Sketcli  of  German  Ijteratare, 
Idiomatic  Expressions,  &o.  By  L.  Pylodet.  iSmo,  cloth  limp, 
2J.  td. 
Whitney. — Wovks  by  W.  D.  Whitney,  Professor  of  Sanskrit 
and  Instructor  in  Modern  Languages  in  Yale  College. 

A  COMPENDIOUS  GERMAN  GRAMMAR.  Crown 8vo.  41.61/. 

A  GERMAN  READER  IN  PROSE  AND  VERSE.  WithNoles 
and  Vocabulary.  Crown  8vo.  Jr. 
Whitney  and  Edgren. — a  COMPENDIOUS  German 
AND  ENGLISH  DICTIONARY,  with  Notation  of  Correspon- 
dences and  Brief  Etymologies.  By  Professor  W.  D.  Whitney, 
assisted  by  A.  H.  Eduren.      Crown  8vo,     ^s.  6ri. 

THE  GERMAN -ENGLISH  PART,  separately,  $!. 

MODERN  GREEK. 
Vincent  and  Dickson.  —  HANDBOOK  TO  MODERN 
GREEK.  By  Sir  Edgar  Vincent,  K.C.M.G.  and  T.  G, 
DiCESON,  M,A.  Second  Edition,  revised  and  enlarged,  with 
Appendix  on  the  relation  of  Modern  and  Classical  Greel;  by 
Professor  Jerb.      Crown  8vo.      6j. 

ITALIAN. 
Dante.  —  THE    PURGATORY    OF    DANTE.      Edited,   with 
Translation  and  Notes,  by  A.  J.  Butler,  M.A.,  late  Fellow  of 
Trinity  College,  Cambridge.    Crown  8vo.     121.  6d. 
THE  PARADISO  OF  DANTE.     Edited,  with  Translation  and 

Notes,  by  the  same  Author.  Crown  8vo.  lis.  6d. 
READINGS  ON  THE  PURGATORIO  OF  DANTE.  Chiefly 
based  on  the  Commentary  of  Eenvenuto  Da  Imola.  By  the  Hon. 
William  Waeken  Vernon,  M,  A,  With  an  Introduction  by 
the  Very  Rev.  the  Dean  of  St.  Paul's.  2  vols.  Crown  8to, 
24J-. 

SPANISH. 

Calderon. — FOUR  PLAYS    OF   CALDERON.     Edited,   with 

Introduction   and    Notes,    by   NOEMAN    MacColl,    M.A.,    late 

Fellow  of  Downing  College,  Cambridge.     Crown  8vo.     14J. 

The  fonr  plays  here  given  are  B!  Prmcipi  CmislanU,  La  Vida  es 

Sueno,  El  Alcalde  de  Zalaiiiia,  and  El  Escondiday  La  Tapada. 

DOMESTIC  ECONOMY. 

Barker.-FIRST  LESSONS  IN  the  principles  of 
COOKING,      By  Lady  Barker.     New  Edition,      i8mo.     u. 

Berners. — FIRST  LESSONS  ON  HEALTH.  By  J.  Bernsks. 
New  Edition.     iSmo.     u. 
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Cookery  Book.— THE  middle-class  cookery  book. 

Edired  by  tlie  Manchesler  School  of  Domestic  Cookery.  I'oat  Svo. 

Craven  —a  GUIDE  TO  DISTRICT  NURSES.  By  Mi-s. 
Dacre  Cravun  {nh  Florence  Sarah  Lees),  Hon.  Associate  of  Ihe 
Oi-der  of  St.  John  of  Jerusalem,  S;c.     Crown  8vo.     zj.  6rf. 

FaWCett.— TALES  in  political  economy.  By  Mrs. 
Henry  Fawcett.     Globe  Svo.     31. 

Frederick. — hints  to  housewivp;s    on    several 

POINTS,  particularly  ON  THE  PREPARATION  OF 

ECONOMICAL     AND    TASTEFUL    DISHES.     By    Mrs. 

Frederick.     Crown  8vo.     u. 

"lliis  unprelending  and  useful  lillle  vjluma  disiincily  Eupplits  a   d«id!ralum 

....  Thft  author  sleadiiy  keeps  in  view  ihe  ^Tjnple  aim  nf  '  loalciiie  evety^day 

Grand'homme.— CUTTING-OUT  and  dressmaking. 
From  Ihe  French  of  Mdlle.  E.  Grand'homme.     Willi  Diagrams, 

Jex-Blake.— THE  care  of  infants,  a  Manual  for 
Mothers  and  Nurses.  By  SoPHiA  Jex-Blake,  M.D.,  Member 
of  the  Irish  College  of  Physicians  ;  Lecturer  on  Hygiene  nf 
the  London  School  of  Medicine  for  Women.     iSmo,     u. 

Tegetmeier.— HOUSEHOLD  MANAGEMENT  AND 
COOKKRY.  With  an  Appendix  of  Recipes  used  by  the 
teachers  of  the  National  School  of  Cooliery.  By  W.  B. 
Tegetmeieb.  Compiled  at  the  request  of  the  School  Board  for 
Londou.      i8mo.      is. 

Thornton.— FIRST  LESSONS   in    book-keeping.     By 
J.  Thornton.     New  Edition.     Crown  8vo.     21.  dd. 
The  object  of  llus  volume  is  to  make  Ihe  theory  of    Book-ketping   suffidenlly 

plain  for  even  children  to  understand  it, 

A  KEY  TO  THE  ABOVE  FOR  THE  USE  OF  TEACHERS 
AND  PRIVATE  STUDENTS.  Containing  all  the  Exercises 
wori.ed  out,  with  brief  Notes.  By  J.  Thornton,  Oblong  410. 
loj.  6rf. 
Wright.— THE  SCHOOL  COOKERY-BOOK.  Compiled  and 
Edited  by  C,  E.  GuTHRIE  WRIGHT,  Hon  Sec,  to  the  Edinburgh 
School  of  C-Jokcry,     iSmo.     u. 


ART  AND  KINDRED  SUBJECTS. 

Anderson.— LINEAR  PERSPECTIVE,  AND  MODEL 
DRAWING.  A  School  and  Art  Oass  Manual,  with  Questions 
and  Exercises  for  Examination,  and  Examples  of  Examination 
Papers.     By  Lai;rence  Anderson.      With  Illustrations,   Royal 
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Collier — A  PRIMER  OF  ART.  Wiih  lilastialioiis.  By  John 
Collier.     i8mo.     u. 

Cook.— THE  NATIONAL  GALLERY  :  A  POPULAR  HAND- 
BOOK TO.  By  Edward  T.  Cook,  wilh  a  Preface  by  Jotln 
RusElN,  LL.D.,  and  Selections  fiom  his  Writings.  Second 
Edition.  Crown  Svo.  Half  Moiocco,  14J. 
",j*  A!so  an  Edition  on  lai^e  paper,  limited  to  250  copies.  3  vols. 
Svo. 

Delamotte.— A  BEGINNER'S  drawing  book.  By 
P.  H.  Delamotte,  F.S.A.  Progressively  ii-ranged.  New 
Eflition  improved.     Crawn  Svo.     31.  fia'. 

Ellis, — SKETCHING  FROM  NATURE.  A  Handbook  for 
Students  and  Araatenrs.  By  Tristram  T.  Ellis.  With  n 
Frontispiece  and  Ten  IllustrationF,  by  H.  STACY  Maeks, 
K.A.,  and  Thirty  Sketches  by  the  Author.  New  Edition,  revised 
nnil  enlai^ed.     Crown  Svo.     31.  6//.   ' 

Hunt.— TALKS  ABOUT  ART.  By  William  Hunt.  With  a 
Letter  from  Sir  J.  E.  MiLLAls,  Bart.,  E.A.     Crown  Svo.    31.  61^. 

Meldola.— THE  CHEMISTRY  OF  PHOTOGRAPHY.  By 
Raphael  Meldola,  F.R.S.,  Professor  of  Chemistry  in  the 
Technical  College,  Finsbury,  City  and  Guilds  of  Lonclon  Institute 
for  the  Advancement  of  Technieai  Education.  Crown  Svo.  6s. 
{Nature  Scries.) 

Taylor.— A  primer  OF  PIANOFORTE  PLAYING.  By 
FkanklinTayloe.    Edited  by  Sir  George  Grove.    iSmo.     is. 

Taylor.— A  manual  OF  sight  singing.  By  Sedle\ 
Taylor,  M.A.,  Autliorof  "Sound  and  Music."        [In  thi  fress. 

Tyrwhitt.— OUR  SKETCHING  CLUB.  Letters  and  Studies 
on  Landscape  Art.  By  t!ie  Rev.  R.  St.  John  Tyrwhitt,  M.A. 
With  an  authorised  Reproduction  of  the  Lessons  and  Woodcuts 
in  Prof.  Ruskin's  "Elements  of  Drawing."  Fourth  Edition. 
Crowii  Svo.     7J.  6d. 


WORKS  ON  TEACHING. 

Arnold. — reports  ON  ELEMENTARY  SCHOOLS.  1852- 
iSSa.  By  MArniEv^  Arnold,  D.C.L.,  LL.D.  Edited  by  the 
Right  Hon.  Sir  Frakcis  Sakdfokd,  K.C.B.  Cheaper  Issue. 
Crown  Svo.     31.  6d. 

Ball.— THE  STUDENT'S  GUIDE  TO  THE  BAR.  By  Walter 
W.  R.  Ball,  M.A.,  of  the  Inner  Temple,  Barrister- at-Law ; 
Fellow  and  Assistant  Tutor  of  Trinity  College,  Cambridge,  and 
Fellow  of  University  College,  London.     Fourth  Edition  Revised. 
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Blakiston— THE  TEACHEH.     Hints  on   School  Maur^emeilt. 

A   Handbook  for    Managers,   Teachers'   Assistants,    and    Pupi! 

Teachers.      By  J.  R.  Blakisi'om,   M.A,     Crown  Svo.     zs.  td. 

(Recommended    by    the    London,    Birmingham,    and    Leicester 

School  Boards.) 
■'  Into  a  comparalLvely  small  bonk  ht  has  crowded  a  great  deal  of  exceedingly  use- 
ful and  sound  advice.    Il  is  a  plain,  cimnan-sense  boak,  full  of  hinls  to  the  teacher 

Calderwood. — on  teaching.  By  Professor  Henry  Calder- 
WOOD.      New  Edition.      Extra  fcap.  8vo,     2i.  (>d. 

Geikie. — the  teaching  of  GEOGRAPHV.  a  Practical 
Handbook  for  the  use  of  Teachers.  By  Archibald  Ghikie, 
F.R.S.,  Director-General  of  the  Geological  Survey  of  the  United 
Kingdom,  &c.  (Being  the  Introductory  Volume  to  Mncmillan's 
Getgraphical  Series. )    Crown  8  vo.     2s. 

Gladstone.— OBJECT  teaching,  a  Lecture  delivered  at 
the  Pupil-Teacher  Centre,  WiJliara  Street  Board  School,  Ham- 
mersmith. By  J.  H.  Gladstone,  Pli.D.,  F.R.S.,  Member  of 
the  London  School  Board.  'With  an  Appendix.  Crown 
Svo.  3^. 
■'It  is  a  short  but  inttreslmgond  instrucdve  piibV.oa'ion,    and  our  younger 

teachers  will  do  well  to  read  it  carelulls'  and  thoroughly.    There  is  much  m  these 

fev.  pages -which  they  can  learn  and  prjfic  by.'*— Ths  Schooi.  GunnctAN. 

Hertel. — OVERPRESSURE  IN  HIGH  SCHOOLS  IN  DEN- 
MARK, By  Dr.  Hertel,  Municipal  Medical  Officer,  Copen- 
hagCD.     Tmnskted  from  the  Danish  by  C.  Godfrey  Sokei 


Abbott  (Rev.  E.  A.)— bible  LESSONS.  By  the  Rev. 
E.  A.  Abbott,  D.D.,  formerly  Head  Master  of  the  Cily  of 
London  School.     New  Edition.     Crown  Svo.     41.  &/. 

"Wi?e,    auKiestive,    and    really    profnund    initiation    into    i-eligiou!    thouaht." 

Abbott— Rushbrooke.—TtIE  COMMON  TRADITION  OF 
THE  SYNOPTIC  GOSPELS,  in  the  Te>:t  of  the  Revised 
Version.  By  Edwin  A.  Abbott,  D,D.,  formerly  Fellow  of  St, 
John's  College,  Cambridge,  and  W,  G.  Rushbrooke,  M.L.,. 
formerlyFellowof  St. John'sColIege,  Cambridge.  Cr.  Svo.   31.  &£- 

The  Acts  of  the  Apostles.  ~  Being  the  Greek  T^t  as- 
revised  by  Professors  Westcott  and  Hort.  With  Explanatory 
Notes  for  the  Use  of  Schools,  by  T.  E.  Page,  M,A.,  late  Fellow 
of  St.  John'sColIege,  Cambridge;  Assistant  Mastei  at  the  Chartcr- 
houw.      Fcap.  Svo.      4f.  6d. 
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Arnold. — works  ty  Matthew  Arnold,  D.C.L.,  formerly  Pro- 
fessoc  of  Poelry  in  the  University  of  Oifoitl,  and  Kellow  of  Oriel, 

A  BIBLE-READING  FOR  SCHOOLS.— THE  GREAT  PRO- 
PHECY OK  ISRAEL'S  RESTORATION  (Isaiah,  Chapters 
:tl,— Ixvi.).  Arranged  and  Edited  for  Yonng  Learners.  New 
Edition.     iSmo,  cloth,     li. 

ISAIAH  XL.— LXVI.  With  the  Shorter  Prophecies  allied  to  i(. 
Arranged  and  Edited,  with  Notes.     Crown  8vo.    $s. 

ISAIAH  OF  JERUSALEM,  IN  THE  AUTHORISED  ENG- 
LISH VERSION.  With  Introduclion,  Corrections,  and  Notes. 
Crown  8vo.     41.  6d. 

Benham.— ACO\lFANIONTOTHELECTIONARy.  Being 
a  Commentary  on  the  Proper  Lessons  for  Sundays  and  Holy  Days. 
By  Rev.  W.  Benham,  B.D.,  Rector  of  S.  Eduiund  with  S, 
Nicholas  Aeons,  &c.    New  Edition.     Crown  Svo.     41.  6i/. 

■Cassel.— MANUAL  OF  JEWISH  HISTORY  AND  LITERA- 
TURE; preceded  by  a  BRIEF  SUMMARY  OF  BIBLE  HIS- 
TORY. ByDk.  D.  Cassei^  Translated  by  Mrs.  Hbnuy  Lucas. 
Fcap.  8vo,     zs,  6d, 

Cheetham.— A  church  history  of  the  first  six 
CENTURIES.  By  the  Veil.  Archdeacon  Cheetham, 
Crown  Svo.  [In  the  press. 

Cross, — BIBLE  READINGS  SELECTED  FROM  THE 
PENTATEUCH  AND  THE  BOOK  OF  JOSHUA.  liy 
the  Rev.  John  A.  Cross.  Second  Edition  enlarged,  with  Notes. 
Glohe  Svo.     21.  6rf, 

Curteis.— MANUAL  OF  THE  THIRTY-NINE  ARTICLES. 
By  G.  H.  Curteis,  M.A.,  Principal  of  the  Lichfield  Theo- 
logical College.  \_In  preparation. 

Davies.— THE  epistles  of  ST.  paul  to  the  ephe- 

SIANS,  THE  COLOSSIANS,  AND  PHILEMON;  witli 
Introductions  and  Note=,  and  an  Essay  on  the  Traces  of  Foreign 
Elements  in  the  Theology  of  these  Epistles.  By  the  Rev.  J. 
Llewelyn  Davies,  M.A.,  Rector  of  Christ  Church,  St.  Maiy- 
lebone;  bte  Fellow  of  Triiily  College,  Cambridge.  Second 
Edition.  Demy  8vo,  7J-.  6rf. 
Drummond.— THE  STUDY  OF  THEOLOGY,  INTRO- 
DUCTION  TO.  By  James  Drumjiond,  LL.D,,  Professor  of 
Theology  in  Manchester  New  College,  London.     Crown  Svo.     51. 

Gaskoin.— THE  children's    treasury  of   bible 

STORIES.  By  Mrs.  Herman  Gaskoin.  Edited  with  Preface 
hy  Rev.  G.  F.  Macleak,  D,D.  Part  I.— OLD  TESTAMENT 
HISTORY.  iSmo.  IJ.  Part  II.— NEW  TESTAMENT.  iSnio, 
IS.  Fakt  III,— the  APOSTLES:  ST.  JAMES  THE  GREAT, 
ST.  PAUL,  AND  ST,  JOHN   THE  DIVINE.     iSmo,     u. 
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Golden  Treasury  Psalter.— stiideiits'  Edition.    Being  an 

Edition   of    "Tlie    Psalms    Chronologically   arranged,    by    Four 
Friends,"  ulth  briefer  Notes.      iSmo.      31.  td. 
Greek    Testament. — Edited,    ivith   Inlroduetlon   and   Appen- 
dices, by  Canon    Westcott  and  Dr,   F,   J,  A.   Hdrt.      Two 
Vols.     Croivn  Svo.     ios.  &i.  each. 
Vol  I.  The  Text. 

Vol.  II.  Introduction  and  Appeiidis. 
Greek  Testament. — Edited  by  Canon   Westcott  and  Dr. 
HORT.     School  Edition  of  Text.     izmo.  clotli.     41-.  6d.     iSmo. 
roan,  red  edges.      Sr.  6d, 
GREEK  TESTAMENT,  SCHOOL  READINGS  INTHE.    Being 
Ihe  outline  of  the  life  of  our  Lord,  as  ^iven  by  St.   Mark,  with 
additions  from  the  Text  of  the  other  Evangelists.     Arranged  and 
Edited,  with  Notes  and  Vocabulary,  by  the  Rev.   A.   Calvebt, 
M.  A.,  late  Fellow  of  St.  John's  College,  Cambridge.     Fcap.  Svo, 
4S.6J. 
THE   ACTS   OF   THE   APOSTLES.     Being  the  Greek  Text  a^ 
revised  by  Drs,  WesTCOTT  and  Hort.      With  Explanatory  Notes 
by  T,  E.  Page,   M.A.,   Assistant   Master  at  the   Charterhouse. 
Fcap,  8vo,      4J.  &/. 
THE  GOSPEL  ACCORDING  TO  St.  MATTHEW.     Being  the 
Greek   Text  as  revised  by  Drs,   Westcott  and  IIORT.     With 
EKpIanatory  Notes  by  Rev,   A.   SlojiAN,  M.A.,  Head  Master  of 
Birkenhead  School,  [j'lJ''  ready. 

THE  GOSPEL  ACCORDING  TO  St.  MARK.  Being  the  Greek 
Text  as  revised  by  Drs.  Westcott  and  Hort.  With  Esplanatoiy 
Notes  by  Rev.  ^.  0.  F.  Murray,  M.A.,  Lecturer  in  Emmanuel 
College,  Cambridge.     Fcap.  Svo.  \Iii  prefaraiion. 

THE  GOSPEL  ACCORDING  TO  St.  LUKE.     Being  ihe  Greek 
Text  as  revised  by  Dcs.  Westcott  and  Hort.     With  Explana- 
tory Notes  by  Rev.  John  Bond,  M.A.  \[n  freparation. 
Hardwick. — Works  by  Archdeacon  Hardwick  \  — 
A   HISTORY  OF    THE    CHRISTIAN    CHURCH.      Middle 
Age.      From   Gregoiy  the   Great  to   the    Excommunication   of 
Lutfcei-.     Edited  by  William  Stubbs,   M.A.,  Regins  Professor 
of  Modern  History  in  the    University  of  Oxford,      With  Four 
Maps.     New  Edition,     Crown  Svo,     loi,  W. 
A    HISTORY   OF  THE   CHRISTIAN   CHURCH   DURING 
THE  REFORMATION.     Ninth  Edition.      Edited  by  Professor 
Stubbs.     Crown  Svo.     loi.  6c/. 

Hoole.— THE  CLASSICAL  ELEMENT  IN  THE  NEW 
TESTAMENT.  Considered  as  a  Proof  of  its  Genuineness,  with 
an  Appendix  on  the  Oldest  Authorities  used  in  the  Formation  of 
the  Canon.  By  Charles  H.  Hoole,  M.A,,  Student  of  Chrial 
Church,  Oxford.     Svo.     lOr.  6J. 
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Jennings  and  Lowe. — the  psalm.S,  WITH  INTRO- 
DUCTIONS AND  CRITICAL  NOTES,  By  A.  C.  Jbnnings, 
M.A. ;  assisted  in  parts  by  W.  H,  Lowe,  M.A.  In  2  vols. 
Second  Edition  Revised.     Crown  8vo.     loi.  6d.  eacli. 

Kay.— ST.  PAUL'S  TWO  EPISTLES  TO  THE  CORIN- 
THIANS, A  COMMENTARY  ON.  By  the  late  Rev.  W. 
Kay,  D,D.,  Reetov  of  Great  Leghs,  Essex,  and  Hon.  Canon  of 
St.  Albans ;  formerly  Principal  of  Bi^op's  College,  Calcutta;  and 
Fellow  and  Tutor  of  Lincoln  College.     DemySvo.     gr, 

Kuenen.— PENTATEUCH  AND  BOOK  OF  JOSHUA:  an 
Hist orico- Critical  Inquiry  into  the  Origin  and  Composition  of  the 
Hexateucb.  By  A.  Kuenen,  Professor  of  Theology  at  Leiden, 
Translated  from  the  Dutch,  with  the  assistance  of  the  Author,  by 

Phillip  H.  Wicksteed,  M.A.    8vo.     us- 

The  Oxford  Magaiikh  says:— "Tbe  worlc  is  ebsoluleiy  indispensable  iq  all 

Lightfoot. — Works  by  the  Right  Rev.  J.  B.  Lightfoot,  D.D., 

D.C.L.,  LL.D.,  late  Bishop  of  Durham. 
ST.  PAUL'S  EPISTLE  TO   THE  GALATIANS.      A  Revised 

Text,    wiith    Inlrodaciion,     Notes,    and    Dissertations.       Ninth 

Edition,  revised.    8vo.     121. 
ST.  PAUL'S  EPISTLE  TO  THE  PHILIPP-IANS.     A  Revised 

Text,    with    Introdnclion,    Notes,     and   Dissertations.       Ninth 

Edition,  revised,     8vo.     121. 
ST.   CLEMENT    OF  ROME— THE    TWO    EPISTLES    TO 

THE  CORINTHIANS.     A  Revised  Text,  with  Introduction  and 

Notes.    8ro.     8j.  bd. 
ST.  PAUL'S  EPISTLES  TO  THE  COLOSSIANS  AND  TO 

PHILEMON.     A   Revised   Text,    with    Introductions,     Notes, 

and  Dissertations.     Eighth  Edition,   revised.    8vo.     121. 
THE    APOSTOLIC    FATHERS.     Part   II.     S.   IGNATIUS— 

S.   POLVCARP.      Revised   Texts,   with    Introductions,   Notes, 

Dissertations,  and  Translations.  Second  Edition.  3  vols.  Svo.  481. 
APOSTOLIC  FATHERS.     Abridged  Edition.     With  short  Intro- 
ductions,   Greek   Text,  and   English  Translation.     By  the  same 

Author.     Svo.  [In  the  p-ess. 

ESSAYS  ON  THE  WORK  ENTITLED  "SUPERNATURAL 

RELIGION."   (Reprinted  from  the  Conlsniporary  Review.)    Svo, 

loj.  (,d. 
Maclear. — Works  by  ihe  Rev.  G.  F.  Macleae,  D.D.,  Canon  of 

Canterbury,  Warden  of  St,  Augustine's  College,  Canterbury,  and 

late  Head-Master  of  King's  College  School,  London  : — 
ELEMENTARY  THEOLOGICAL  CLASS-BOOKS. 

A  CLASS-BOOK  OF  OLD  TESTAMENT  HISTORY.  New 
Edition,  with  Four  Maps.     iSmo.     4J.  dd. 

A  CLASS-BOOK  OF  NEW  TESTAMENT  HISTORY, 
including  the  Connection  of  the  Old  and  New  Testaments. 
With  Four  Maps.     New  Edition.     l8mo.     51.  (J. 

AN  INTRODUCTION  TO  THE  THIRTY-NINE  ARTI- 
CLES. [Intliefress. 

CLAS;;  BOOK  OF  THE  CREEDS.     iSmo.     zs.  td. 
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Maclear. — a  shilling  book  of  old  testament 

HISTORY,  for  National  and  Eieraeiilary  Schools.     With  Mnp. 

iSmo,  clalli.      New  Edilion. 
A   SHILLING  BOOK  OF   NEW   TESTAMENT   HISTORY, 

for  National  and  Elementary  Schools.     With  Map.     iSmo,  clolh. 

New  Edition. 
These  worls  have  been  carefully  abridged  from   the  Author's 

large  mauuaJs. 
CLASS-BOOK  OF  THE  CATECHISM  OF  THE  CHURCH 

OF  ENGLAND.     New  Edition.     i8ino.     u.  td. 
A  FIRST   CLASS-BOOK   OF  THE  CATECHISM   OF  THE 

CHURCH  OF  ENGLAND.     With  Scripture  Proofs,  for  Junior 

Classes  and  Schools.     New  Edition.     iSmo.    diL 

A  MANUAL  OF  INSTRUCTION  FOR  CONFIRMATION 
AND  FIRST  COMMUNION,  WITH  PRAYERS  AND 
DEVOTIONS.     32m(>,  cloth  extra,  red  edges.     2J. 

Maurice.— THE  LORD'S  PRAYER,  THE  CREED,  AND 
THE  COMMANDMENTS.  A  Manual  for  Parents  and 
Schoolmasters.  Towhich  is  added  the  Order  of  tlie  Scriptures. 
BytiieRev.  F.  Den  i  sou  Ma  UK  ice,  H.A.     iSmo,  cloth,  limp.    ij. 

Pentateuch  and  Book  of  Joshua  :  am  Historico-Critieal 
Inquiry  into  the  Origin  and  Composition  of  the  Hexateuch.  By 
A.  KuEKEN,  Professor  of  Theoloijy  at  Leiden.  Trans'ated  from 
the  Dutch,  with  the  assistance  of  the  Author,  by  PHILIP  H. 
Wjcksteed,  M.A.     8vo.     I4r. 

Procter.— A  HISTORY  OF  THE  BOOK  OF  COMMON 
PRAYER,  with  a  Rationale  of  its  Offices.  By  Rev.  F.  Peocter. 
M.A.    i8th  Edition,  revised  and  enlarged.    Crowa  8vo.    icu.  M. 

Procter  and  Maclear.— AN  ELEMENTARY  INTRO- 
DUCTION to  tpie  BOOK  OF  COMMON  PRAYER.  Re- 
arrar^ed  and  supplemented  hy  an  Explanation  of  the  Morning 
and  Evening  Prayer  and  the  Litany.  By  the  Rev.  F.  Procter 
and  the  Rev.  Dr.  Maclear.  New  and  Enlarged  Edition, 
containing  the  Communion  Service  and  the  Coimrmalion  and 
Baptismal  Offices.     iSmo.     2j,  &/. 

Psalms,   The,    with   Introductions    and    Critical 

Notes. — By  A,  C,  Jennings,  M..A..,  Jesus  College,  Cambridge, 
Tyfwhitt  Scholar,  Ciosse  Scholar,  Hebrew  University  Prizeman, 
and  Fry  Scholar  of  St.  John's  College,  Cams  and  Scholefield 
Prizeman,  Vicar  of  Whittlesford,  Cam&. ;  assisted  in  Parts  by  W. 
H,  Lowe,  M.A.,  Hebrew  Lecturer  and  late  Scholar  of  Christ's 
College,  Cambridge,  and  TynvhitI  Scholar.  In  2  vols.  Second 
Edition  Revised.     Crown  8vo.     loi.  dd.  each. 
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